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Abstract

Let R be a completely primary finite ring and J be its Jacobson
radical. A class of such rings in which J* = (0), J?> # (0) has been
constructed. Moreover, the structures of their groups of units have
been determined for all the characteristics of R.
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1 Introduction

The background information on completely primary finite rings can be ob-
tained from [1, 5]. The notations used in this paper are standard, see e.g [5].
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The classification of finite rings, still remains open. Several authors have con-
structed finite rings whose Jacobson radical or group of units yield a particu-
lar structure. For instance, in [2], the author has obtained structures of unit
groups of classes of completely primary finite rings in which the product of any
three zero divisors is zero. It is well known that if R is a finite field, then the
group of units is cyclic. In [3], Gilmer characterized all rings whose groups of
units are cyclic. In this paper, we have constructed rings in which the product
of any four zero divisors is zero. Moreover, their groups of units have been
characterized. From the well known Raghavendran’s result (see[5],Theorem
2), we notice that if J* = (0),J3 # (0), then characteristic of R is p, p?, p
and p*.

2 Rings of characteristic p

Let R = GR(p",p) be the Galois ring of order p” and characteristic p. Sup-
pose U, V and W are finitely generated R modules such that dimy U = s,
dimyV =t¢, dimpyW = Xand s +¢ + A = h. Let {uq,...,us}, {vi,...,v} and
{wy, ..., wy} be the generators of U, V and W respectively so that R = R @U@
VoW is an additive abelian group. Further, assume that s =1,t =1, A= h—2
so that R = R/@R/U@RIU@Z?;IQ R/wj and pu =pv = pw; =0,1 < j < h—2.
On R, define multiplication as follows:

(70,71, 72y «ovy Th) (05 S1, -+, Sn) = (T0S0, T0S1 47150, ToS2+T250+T151, T0S3+ T3S0+
7189+ 17981, ..., ToSh + ThSo + 1152 + 1r981). It is easy to verify that the given mul-
tiplication turns R into a commutative ring with identity (1,0, ..., 0).

Proposition 1. The ring constructed in this section is completely pri-
mary of characteristic p and

A
J=Ru®Rv® ) Ruj

7=1

Proposition 2. seee.g [2]. Let R be a completely primary finite ring (not
necessarily commutative). Then, the group of units, R* of the ring R contains
a cyclic subgroup < b > of order p" — 1 and R* is a semi direct product of
1+ Jand <b>.
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Proposition 3. Let R be the ring constructed in this section, and J be
its Jacobson radical. Then

R* 2 Ly X Ly X (Z0) if p 2
for every prime integer p and positive integer r.

Proof. Let &, ...,& € R with & = 1 such that &, ....& € R /pR form a
basis for R’ / pR’ regarded as a vector space over its prime subfield F,.
For every prime integer p, 1 + J is a direct product of the following r(h — 1)
cyclic subgroups with their respective orders

{4+ &u)™ |1 <a, <p*L1<v<r
{1+ &w)? [1<B, <ph1<v<rl1<j<A

The structure of R* follows from the above Proposition 2. O

3 Rings of characteristic p?

Let R = GR(p*,p?) be the Galois ring of order p* and characteristic p?.
Suppose U, V and W are finitely generated R modules such that dim rU = s,
dimyV =t, dimpyW = Xand s +¢ + A = h. Let {uy,...,us}, {vi,..., v} and
{wy, ..., wy} be the generators of U, V and W respectively so that R = R U
VoW is an additive abelian group. Further, assume that s = h—1,t =1,A =0
so that R = R & Z?;ll R/uj ® R'v where pu; # 0, p*u; = 0,1 < j < s and
pv = 0. On R, define multiplication as follows:

(70, 71, 72y ey The1, Th ) (805 S1, -+, Sh—1, Sn) = (T0So + pZ?;:ll iS5, ToS1 + 7150, ...,

T0Sh—1 + Th—150, 05K + Thso) where 7,5, € R'/pR It is easy to verify that the
given multiplication turns R into a commutative ring with identity (1,0, ..., 0, 0).

Proposition 4. The ring constructed in this section is completely pri-
mary of characteristic p* and

J=pR @ ZR,uj ® Rv

J=1

J? = pR/ @pz Rluj @ Rv

j=1

JP=p i R,uj
j=1

J = (0).
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Proposition 5. Let R be the ring constructed in this section, and J be
its Jacobson radical. Then

R* = Ty % (Z0)* x (Z)?
for every prime integer p and positive integer r.

Proof. Let &y,....& € R with & = 1 such that &,....& € R /pR form
a basis for R / pR’ regarded as a vector space over its prime subfield F,. It
therefore suffices to characterize 1+ J, for the structure of R* will easily follow
from Proposition 2.
For every prime integer p, 1 + J is a direct product of the following r(s + 2)
cyclic subgroups with their respective orders

{A+p&)}[1<a<phl<v<r
{1+ &u) 1< <p’h1<v<rl1<j<s
{(L+p&o)f | 1<k, <phl<v<r

The structure of R* follows from the above Proposition 2. O

4 Rings of characteristic p’

Let R = GR(p*,p?) be the Galois ring of order p*" and characteristic p®.
Suppose U, V and W are finitely generated R modules such that dim rU = s,
dimyV =t, dimyW = X and s+t + A = h. Let {uy,...,us}, {v1,...,0:} and
{wy, ..., wy} be the generators of U, V and W respectively so that R = R @U@
VoW is an additive abelian group. Further, assume that s = h—1,t =1,A =0
so that R = R & Z;:ll Ruj @ R'v where p*u; # 0,p’u; = 0,1 < j < s and
pv = 0. On R, define multiplication as follows:

(70, 71,2, -y Th=1,Th) (80, 51, -, Sh—1, 5n) = (7050, T051 +T150, ---, T05h—1 + Th—150,
roSn + ThsSo + Z?J_:llm) where 7;,5; € R /p*R’ and 7,5, € R /pR It is
readily verified that the given multiplication turns R into a commutative ring
with identity (1,0, ...,0,0).

Proposition 6. The ring constructed in this section is completely pri-
mary of characteristic p* and

J=pR @ ZR/uj ® Rv

J=1

J? = p*R’ @pz Ru; @ Rv

j=1
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J? :pR,v
Jt = (0).

Proposition 7. Let R be the ring constructed in this section, and J be
its Jacobson radical. Then its group of units is characterized as follows:

Dgr 1 X Ty X Ty X T X L5 X 7 x (Z5)* L if p=2

124

R*
Liyr—1 X Ly X Ly X (Z;;Q)S if p=£2
Proof. Let &, ...,& € R with & = 1 such that &, ....& € R /pR form a
basis for R’ / pR’ regarded as a vector space over its prime subfield F,.
If p =2, consider v = 1,...,7 and y € R such that 22 + 2 +7 = 0 over R /pR’
has no solution in the field R'/pR". We easily notice that 1 4 .J is a direct

product of the following r(s + 2) + 1 cyclic subgroups with their respective
orders.

{(-144&) |a=1,2}
{(1+4y)7 [ 5=1,2}

{(1+25)™ |k, =1,...4},2<v<r
{A+26u;)7 |1, =12} v=1,.,r;j=1,..,s—1
{1+ &us 1 +&Eu)” | v =1,..,4hv=1,..r
{Q+&u,+&0) | 6,=1,...8,v=1,..r

If p# 2,1+ Jis a direct product of the following r(s + 2) cyclic subgroups
with their respective orders:

{A+p&)™ |, =1,..,p°hv=1,..r
{(1 +§Vuj)ﬂjy | /8]y = 1’ "'ap2}7j = 1, LS V= ]_...,T’

{(A+&0)™ |a, =1,..,p*hv=1,...,r

In both cases, the structure of R* follows from Proposition 2. O

5 Rings of characteristic p*

Let R = GR(p*,p*) be the Galois ring of order p*" and characteristic p?.
Suppose U, V and W are finitely generated R modules such that dim rU = s,
dimyV =t, dimpyW = Xand s +¢ + A = h. Let {uy,...,us}, {vi,...,v} and
{wy, ..., wy} be the generators of U, V and W respectively so that R = R @U S
V@ W is an additive abelian group. Further, assume that s = h,t = 0, A\ = 0so
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that R = RIGBZj:l R'uj where pu; = 0,1 < j < s. On R define multiplication
as follows:

(70,71, T2, --os Th)(S05 515 -+, Sn) = (T0S0, 7051 +T1S0, ---» T0SK +ThSo) Where 75,55 €
R /pR', 1 < i,j < s. This multiplication turns R into a commutative ring
with identity (1,0, ...,0).

Proposition 8. The ring constructed in this section is completely pri-
mary of characteristic p* and

J=pR @ iR/uj

j=1
J? =p’R
J=p’R
J = (0).

Proposition 9. Let R be the ring constructed in this section, and J be
its Jacobson radical. Then its group of units is characterized as follows:

Dogr 1 X Ty X Ty X Z5 1 x (Z5)* if p=2

R* =
Lyr -y % Ly x (Z})* if p # 2
Proof. See Proposition 5 in [4]. O
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