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ABSTRACT

Let R be a completely primary finite ring of characteristic p¥, where p is a prime and % is
a positive integer. Such finite rings have been studied extensively in recent years and the
tools necessary for describing completely primary finite rings have been available for some
time. However, their characterization is not exhaustive. Several attempts have been made
in the recent past in the characterization of the unit groups of this class of rings though not
in general. The characterization of a finite abelian group is precisely known and from the
fundamental theorem of finitely generated abelian groups, it has been represented as a direct
product of cyclic groups. If R is a finite field then U(R) the unit group of R is cyclic. Suppose
S is a saturated multiplicative subset of R so that Rg is a total quotient ring of R obtained
by the localization of R at the maximal ideal J(R). Since R is local, then R = Rg. We have
characterized the unit groups of Rg, denoted U(Rs) as U(Rs) = Zy—1 % (1 + J(Rs)) by
determining the generators of the group % + J(Rs). The methods used include construction
of Rg using the method of idealization, proofs and verification of the proposed statements
and claims. The results obtained, provide an alternative understanding of the structures of
unit groups of these classes of finite rings and provides a partial solution to the problem of
isomorphic rings with similar groups of units. This results also find practical applications in
various fields including Computer Algebra and forms and structure of elements in chemistry.
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CHAPTER ONE
INTRODUCTION

1.1 Background information

Finite commutative ring theory is a fast-developing subject and has recently been seen to
have important applications in theoretical areas like Combinatorics, Finite Geometries and
the Analysis of Algorithms. Moreover, in the last twenty years, there has been a growing
interest in application of finite commutative rings and ideals over finite Non-Commutative
rings to Algebraic Cryptography and Coding Theory [17, 20]. In fact, several codes over
finite fields, which are widely used in Information and Communication Theory, have been
investigated as images of codes over Galois rings (especially over the ring of integers modulo
4).

Although finite rings have been studied extensively in recent years by Corbas [12, 13],
Edmund [16], Janusz [22], Ganesan [18], Raghavendran [35] and Wilson [39], and the tools
necessary for describing completely primary finite rings have been available for some time,
their classification into well known structures (which is essentially given in Chikunji [6], [7],
8], Ayoub [5], Dolzan [15], Owino [29, 30, 31, 32], Clark [10] and [27]) is not exhaustive. As
such is the case, since completely primary finite rings have not been characterized in general.
Furthermore, given a completely primary ring R and a subset S of invertible elements of R,
the ring of quotients S™'R is representative of local rings. In this context, the process of
obtaining quotient rings from R is called Localization

Several attempts have been made in the recent past in the characterization of the unit
groups of some commutative rings though not in general [27]. Moreover, other previous studies
for instance in [6, 7, 8, 12, 13, 29, 35] have restricted the classes of rings under consideration.
On the other hand, the characterization of a finite abelian group is precisely known and from
the fundamental theorem of finitely generated abelian groups, it has been represented as a

direct product of cyclic groups. If R is a finite field then U(R) the unit group of R is cyclic.



Moreover, if R is a finite commutative ring, then, U(R) is isomorphic to a direct product of
cyclic groups [35]. It is known that all completely primary finite rings are local.

Much of the recent work on these rings has demonstrated the fundamental importance
in the structure theory of finite rings with identity. These rings play an important role in
the classification of finite rings with identity [35]. Generally, in ring theory, localization is a
useful technique. Problems dealing with properties of objects that may be preserved under
localization may be best dealt with by viewing the localization in a specific category of those
objects with the property under consideration and morphisms preserving that property. This
study therefore seeks to determine and classify in general the structures of the unit groups of
some classes of localized completely primary finite rings which have been constructed in terms

of quotient rings.



1.2 Basic Concepts

In this section we recall some known definitions and results required in the sequel.

Definition 1.2.1 ([36]). A commutative ring R with identity 1 is a non-empty set endowed

with two binary operations of addition and multiplication such that;
(1) R is an abelian group under addition
(i1) R is a multiplicative semigroup
(111) Multiplication is commutative, that is ab = ba Ya,b € R
(i) Multiplication distributes over addition a(b+ ¢) = ab+ ac and (a + b)c = ac + be
(v) 3z € R such that for each x € R, z1 = 1z = x.

Definition 1.2.2 ([36]). Let R be a commutative ring and S be the set of elements which are
not zero divisors in R, the localization of the ring R with respect to the set S yields a total

quotient ring ST'R = Rg.

Definition 1.2.3. [36] A group G is called soluble if it has a subnormal series whose factor

groups are all abelian.

Definition 1.2.4 ([23]). An ideal I of a ring R is called a nil ideal if all its elements are nil

potent; if for some positive integer n, I"™ = (0),then I is called a nil potent ideal of R.

Definition 1.2.5 ([36]). Let R|x] be the ring of polynomials over a commutative ring R. A
polynomial f(x) € R[z] is called monic if the coefficient of highest power of x in f(x) is equal
to 1, the identity in R.

Definition 1.2.6 ([36]). Let R be a ring and T be a sub-ring of R. The Centralizer of T in

R is the set {r € R:rt =trvt € T} and is denoted by Zr(T).

Definition 1.2.7 ([36]). The Jacobson radical of a ring R,J(R) is the intersection of all
mazximal left[right] ideals of R. Indeed it contains all left,right nil ideals of R and if r € J(R),

then 1 +1r is a unit in R



Definition 1.2.8 ([37]). An Ideal in a commutative ring R is a subset I of R such that;
(i))0el
(ii) a,b € I implies that a +b € I
(i11) a € I and r € R then ra = ar € 1.

Definition 1.2.9 ([36]). An element x of a ring R is quasi-reqular if 1 + x is a unit or
equivalently there exists y € R such that x +y+yx =0 and v +y+2xy = 0. Thus, a one-sided

tdeal I is quasi- reqular provided that it consists of quasi-reqular elements.

Definition 1.2.10 ([36]). Let R be a ring , m > 1. Then m is called the index of nilpotency
of J(R) if (J(R))™ = {0} and (J(R))™~" #{0}.

Theorem 1 ([36]). Let R be a local ring, then J(R) is nilpotent.

Theorem 2 ([36]). Let R be a ring and I a quasi-reqular ideal of R. Then a € R is a unit if

and only if a + I is a unit in R/I.

Definition 1.2.11 ([36]). A ring R is called a duo ring if every right or left ideal of R is a
two-sided ideal of R.

Definition 1.2.12 ([23]). Let R be a ring U be an R—module which has a composition series
of R—submodules

U=UyD>U, D..D>U,={0}
Then n is called the length of U as an R—module.

Theorem 3 ([23]). Let R be a ring and U an R—module. If

and

V=WeVie. oV, V;#{0} Vj0<ji<m
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such that n < m and U; C V; for each i, 0 <i <mn and 0 < j < m, then U; =V} and

n=m

Remark 1 ([27]). Let R be a ring, U an R—module and I an ideal of R such that IU = {0}.
Then U is an R/I—module such that for any a+1 € R/I and u € U,

(a+Du=au+1
Theorem 4 ([27]). (Primary decomposition)

(i)Every finite abelian group G is a direct sum of its p-primary components, that is G =

G @Gy @ ... ® Gy

(1) Two finite abelian groups G and G" are isomorphic iff G, = G|, for every prime integer

P.

Definition 1.2.13 ([23]). A subset S of a ring R is a subring if;
(i)1 €8S
(it) a,b € S implies that a —b € S
(ii1) a,b € S implies that ab € S

Definition 1.2.14 ([23]). A field F is a commutative division ring, that is, a commutative
ring in which every non zero element is invertible. So, Va € F, there is an element a=! € F

1

with aa™ = a™la = 1. In other words, a commutative ring R is a field if and only if the non

zero elements of R forms a multiplicative group.

The ring R itself and the subset consisting of zero alone denoted {0} are always the trivial

ideals in R. An ideal I # R is called a proper ideal.

Definition 1.2.15 ([23]). An ideal I is called prime if ab € I implies that either a € I or

bel.

Definition 1.2.16 ([36]). An ideal I of a ring R is said to be mazximal if;



(i) #R
(i1) Given an ideal J D I then I =J or J =R
A ring R is said to be local if it has a unique mazimal ideal.

Definition 1.2.17 ([36]). The Nilradical N(R) of a ring R is the set {x € R|z" = 0} of

nilpotent elements of R for some positive integer n

Definition 1.2.18 ([9]). The Jacobson radical J(R) of a ring R is the intersection of all the
mazimal ideals of R. Since all mazximal ideals are prime, the Nilradical is contained in the
Jacobson radical.

The Nilradical of R is the intersection of all the prime ideals of the ring.

Definition 1.2.19 ([3]). Let R be a ring with unity. Suppose I is an ideal of R, then an
annihilator of I is the set ann(I) = {z € R|Ix = xI = (0)}

Definition 1.2.20 ([5]). Two non-zero elements a and b of a ring are respectively called a left
zero divisor and right zero divisor if ab = 0. An element that is both a left and a right zero
divisor is called a two-sided zero divisor. If the ring is commutative then the left and right zero

divisors are the same.A non zero element of a ring that is not a zero divisor is called reqular.
We have the following characterization of local rings;

Proposition 1 ([35]). For a ring R the following statements are equivalent:

(i) R is a local ring;

(i1) R has a unique mazimal left ideal;

(i1i) J(R) is a maximal left ideal;

(iv) The set of elements of R without left inverses is closed under addition,

(v) R/J(R) is a division ring;

(vi) J(R)={z€R:z¢ UR)}:



(vii) If x € R, then either x or 1+ x is a unit.

Definition 1.2.21 ([11]). Let R be a ring and S a multiplicatively closed subset of R which
does not contain zero element. The set Rg = {[(r,s)] : r € R,s € S} is called the ring of

quotients of R with respect to S. The process of passing from R to Rg is called localization at

S.

Definition 1.2.22 ([11]). Let R be a ring. Then the smallest sub-ring P of R containing the
identity 1 # 0 s called a prime subring of R if for any integer n, n — 1 is a unit in R, and

(n—1)"t € P. If P is a field, then it is called the prime subfield of R.

But the prime sub field of R/J(R) is isomorphic to Z/pZ = Z,. Hence P + J(R)/J(R) is
the prime subfield of R/J(R)

Proposition 2 (see [35]). Let R be a Galois ring of the form GR(p",r). Then R = Zyn[b],
where b € R is a root of monic polynomial g(x) over Zy which is irreducible modulo p and of

degree r.

Proposition 3 ([11]). Let R be a finite local ring. Then R is a Galois ring if and only if

J(R) = pR for some prime number p.

Proposition 4 ([35]). Let R be a Galois ring of the form GR(p",r). Then R has a unique

Galois sub-ring of the form GR(p",t) if and only if t|r.

Proposition 5 ([3]). A sub-ring of a Galois ring is not necessarily Galois and a ring is Galois

if and only if it is the principal ideal ring.

Proposition 6 ([?]). Let R, R’ be two Galois rings of the same characteristic. Then R = R’

if and only if R/J(R) = R'/J(R').

All symbols introduced in this section will retain their meaning throughout this thesis

unless otherwise stated.



1.3 Localization

Let R be a commutative completely primary finite ring with identity 1. A subset S C R is

multiplicative if 1 € S;0 € S and zy € S if x,y € S. Moreover, S is saturated if y ¢ S implies

x ¢ S and y does not divide x. The set of equivalence classes R x S under the equivalence

relation (r,s) ~ (r/,s') if and only if there exists v € S such that v(rs’ — r’s) = 0 shall be

denoted by Rg or S™'R. The equivalence class of (r,s) is denoted by [g] . Using addition

and multiplication of quotients, it is easily verified that ST1R = {[ﬁ |r€R,s€ S} is a
1

commutative ring with identity [T] . We may also regard S~'R as an R—algebra with the

r

structure morphism f : R — SR defined by r [ﬂ verifiable as a ring homomorphism.

The R—algebra structure on S7'R is defined by r - [Z] =[] [11].

Let f : Ry — Ry be a ring homomorphism then R, is an R;—algebra (via f). Suppose
I C Ry is an ideal, then I can be expanded to Ry via I, = (f(I)) = f({)Rey = >, a;ri,a; €
f),r; € Ry.
If J C Ry is an ideal, then Jo = f~!(J) = f~'(J) N Ry is the contraction of J to R;. The

following result is easily proved using Zorn’s Lemma.

Theorem 5 ([36]). Let R be a commutative ring with identity 1. Suppose S C R is a multi-
plicative, then there exists a prime and maximal ideal P with respect to inclusion among all

the ideals in the complement of S in R.

Theorem 6 ([36]). Let R be a commutative ring with identity 1. Then the following are

equivalent:
i. S is saturated
. R— 8 = U;jenP; where {P;} = Spec(R) such that P,N S = ¢

Proof. Let S be a subset of R consisting of units and x € S. Then (z) NS = ¢. By Zorn’s
Lemma, there exists an ideal P with (x) C P such that PN S = ¢ and P is a prime ideal.

This implies x € U;ea FP;. On the other hand, let © € U;cp P, then, there exists a prime ideal



P such that r € P. But PNS=¢sox e R—S.
Now, suppose (i7) holds. If x € S and y | z, then x = yr for some r € R. Since = € S, then
x € R — P;,Vi. Suppose y ¢ S. Then y € P, for some i implying that z = ry € P, to mean

x ¢ S, a contradiction. Thus y € S, so S is saturated, which completes the proof. n
The following are examples of saturated sets

e Let R be a commutative ring with identity 1. The set of all units in R, denoted U(R) is
a saturated multiplicative set and the complement of U(R), that is R—U(R) = Ujen M;

where M; are maximal ideals in R.
e The set of all non-zero divisors is a saturated multiplicative set.
e R — P is a saturated multiplicative set if P is a prime ideal.

Theorem 7 ([36]). (Universal property of the Quotient Ring) The canonical homomorphism
f: R — SR defined by f(r) = [;—”] Vs € S is an R—algebra homomorphism, so that f

satisfies the following axioms
i. fis a ring homomorphism and f(s) C U(ST'R)Vs € S.

ii. If 0 : R — R’ is a ring homomorphism with 0(S) C U(R’), then there ezists a unique
homomorphism ¢ : STYR — R’ such that ) - f = 0.

Property (ii) is called the universal property of the ring of quotients.

Proof. To prove (i), f(s) = [£] and [2] [2] = [}] implies that f(s) is invertible.

Now suppose f and 6 are described as in (ii). If ¢ ([£]) = 6(r)(6(s)) ", then ¢ o f = § easily

follows from the diagram: ]
Theorem 8 ([11]). Let S be a multiplicative set of a unital commutative ring R. Then

(i) Proper ideals of the ring ST'R are of the form ISR = S7'1 = {[t] |iel,s € S}

z
s

with I C R an ideal and I NS = ¢.

(ii) Prime ideals in SR are of the form S™'P where P is prime in R and PN S = ¢.



2O
4

SR
Universal property of the Quotient Ring

Proof. (i) Let J be a proper ideal of S™'R, and I = J N R. Since J N R is an ideal, I is an
ideal. Next, suppose I NS # ¢. Take s € SN I = [ﬂ € J = J = R, a contradiction ,
therefore I NS = ¢.

Now, we prove that J = S7'I. Let [£] = [£] - [1] € J, so that S7'] C J. On the other

hand, let j € J. Then j € [£] so that [£]-[¢] € J= [%] € Jand k € I. Thus J C S7'1I.

(ii) Consider I = S7'P where PNS = ¢. Note that P = INR. Suppose [ is prime, p;ps € P
so that [’%] el = [%} e [ or [’?} €l =p € Porpy,e P. Then P is prime and
PNS = ¢ implies S~'P is prime. Let % . 7;—; = % € S7'P, then we can prove that
{{Z—i] e ST'Por [ﬁ] e STIP.

52

]

Proposition 7 ([11]). Let S C R be multiplicative. Let I and J be ideals in R. Then S™'(I +
J) =8+ S

Proof. Consider *2 € S~1(I +.J) where i € [ and j € J. Then £ =1 4+ 1 € §-11+ S71] 50

that S™1(I + J) € S~'I + S~'J. The other containment can be shown easily. O

The following theorem shows that localization commutes with taking quotients.

10



Theorem 9 ([11]). Let R be a commutative ring with identity and S C R a multiplicative
subset, I is an ideal of R and S = Im(S), the natural image of S in R/I, then ST'R/S™1T =
S~V (R/I) as an R—algebra.

Proof. The canonical map R — R/I — S™'(R/I) induces an R—algebra homomorphism
R — STY(R/I) by r — [£] . This map sends S to U (S~ (R/I)).

By the universal property of quotient rings, this map induces an R—algebra homomorphism
SR — SY(R/I) by [£] — [£] . This map also sends S~'I to 0, which induces an R—algebra
homomorphism o : ST'R/S™'T — S~(R/I). To establish isomorphism, it is possible to define
by a similar sequence of steps, an R—algebra homomorphism 6 : S~ (R/I) — S™*R/S™1I by

0 ([f]) = [g] . Consequently o6 = 0o = idgom- O

s

11



1.4 Statement of the problem

The problem of classification of finite rings has been overarching for decades. Several re-
searchers have classified some classes of finite associative, commutative and non-commutative
rings in to well known structures. For instance, Alkhamees [3] and Corbas [13] have classified
finite rings in which the product of any two zero divisors is zero. On the other hand, Raghaven-
dran [35], Chikunji [6],[7],[8], Owino [31] and Owino and Chikunji [30] among other scholars
have characterized the groups of units of some classes of completely primary finite rings of
characteristic p*. However, the process of classification has not been done in a general setting
for all unit groups. In particular, if R a finite ring and S C R is the saturated multiplicative
subset of R, the structure of the total quotient ring Rg is still scanty in the literature. In this
thesis, we have characterized the unit groups of these rings of characteristic p*, where p is a
prime integer and k£ is a positive integer. We have determined the generators of the groups of

units and represented them in terms of direct product of cyclic groups of prime power order.

1.5 Objective of the study

1.5.1 Main Objective

The primary objective of this study was to characterize unit groups of total quotient rings of

characteristic p* with k =1,2,3,...,n.
1.5.2 Specific Objectives

(i) To construct a total quotient ring of completely primary finite rings of characteristic p*

with £k =1,2,3,...,n.
(ii) To determine the generators of the unit groups of the rings constructed in (7).
(iii) To characterize the unit groups determined in (7).

1.6 Significance of the study

The study of the structure of unit groups of total quotient rings of characteristic p* is an

important contribution to knowledge towards the classification of finite rings. Our results

12



mark a useful step in the classification of total quotient finite rings.
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CHAPTER TWO

LITERATURE REVIEW

In this chapter, we give a review of the literature related to our work.

2.1 Finite Rings

Determination and characterization of the structure of finite rings has been a subject of dis-
cussion in the past few decades. For instance, Alkhamees [3] has classified finite rings in which
the product of any two zero divisors is zero. On the other hand, Raghavendran [35], Chikunji
6],]7],[8], Owino [31], Owino and Chikunji [30] among other scholars have characterized the
groups of units of some classes of completely primary finite rings of characteristic p*.

If we consider f(x) € Z,[x] as a monic polynomial of degree r irreducible modulo p, then,
it is well known that Z,[z]/(f(x)) is the Galois ring of order p*” and characteristic p* and
denoted as GR(p*", p*). Basically then, a Galois ring is an irreducible algebraic extension of

degree r of the cyclic ring Z,», and, any two irreducible algebraic extensions of Z,. of degree r

Pk
are isomorphic. This class of rings was first studied by Krull in 1924 and later rediscovered by
Janusz [22], Raghavendran [35] among others in subsequent studies . In deed, Raghavendran
described the structure of the multiplicative group of every Galois ring. The importance of
Galois rings at least in our case is that if R is a completely primary finite ring of characteristic
pk, with Jacobson radical J such that R/J = GF(p"), then, R contains a unique copy ( up to
inner isomorphism) of GR(p*", p¥) = R (see Janusz, [22]); hence a completely primary finite
ring is a GR(p*", p¥)-bimodule whose structural theory was developed by Robert Wilson in
[39]. Any finite ring contains a cyclic subring and it is quite possible that the cyclic subring is
the largest Galois ring. So in essence, Wilson’s work does not represent much of a step forward
in the study of general finite rings. However in the study of completely primary finite rings,
one can obtain a tractable complete characterization if one studies the Szele’s representation

over the largest Galois subring [39]. This can in particular include the complete characteriza-

tion of their groups of units which is our main objective.

14



In [35], Raghavedran proved that any finite ring with identity will contain at least one Galois
ring. The structures of the prime power rings were determined. This result gave an idea on
how to prove the well known Wedderburn Theorem on finite division rings and a generalization
of this Theorem to the case of completely primary finite rings (not necessarily commutative)
which is exhibited as a ring of matrices over a field. Similarly, Raghavendran considered a
problem posed by Ganesan, [18] and generalized by Eldridge in two private communications
to Ganesan .

On the other hand, the paper illustrates the structures of all rings not necessarily possessing
identity with p? elements and the structures of all rings possessing identity with p® elements
where p is any prime integer. In particular it establishes that there is essentially only one
non-commutative ring of order p? and to within isomorphism, there is only one ring of order
p® with identity which is not commutative e.g the ring of all 2 x 2 upper triangular matrices
over the field, GF(p). This was noted by Edmund [16] in a series of papers.

Snapper [37] discussed extensively the properties of completely primary rings, primary rings
and associated topics for the commutative case. His work extended some of these theories
to the non-commutative case; most of them extend intact for the duo rings in which the left
zero divisors are the right zero divisors and every left ideal is a right ideal. He considers a
ring R to be completely N primary provided R/N is a field; in this definition if we substitute
for N the symbols J and P, we have the definitions for completely J-primary and P-primary
rings where P is a two sided ideal whose structures were exhausted in Edmund [16]. The work
however did not give detailed structures of the ideals, zero divisors and even the units of that
ring and therefore does not give complete structures of completely primary finite rings with
which Edmund’s rings share properties.

In Ganesan, (18], a ring with a finite number of zero divisors have been characterized. The main
result which is contained in Theorem 1 of this paper is that, such a ring is finite and contains
not more than (n +1)? elements, where n > 1 is the number of non-zero zero divisors. In such
a case , 0 is also included as a zero divisor. Consequently, suppose the ring R possesses only

the following n > 1 of non-zero zero divisors 21, 23...2, and A; = xz; = 0 is the annihilator ideal

15



consisting of all annihilators of z; for : = 1,2,3...n and x € R, then clearly, since z; # 0, A; is a
finite ideal of R. Also, any finite commutative integral domain is a Galois field of p* elements
where p is a prime integer and k any positive integer.

In order to examine further the extent to which the claims by Ganesan in [18] hold, Janusz [22]
restricts the findings to commutative separable algebras over commutative rings. The main
ideas here are based on the classical Galois theory of fields. An arbitrary commutative ring
with no idempotents except 0,1 and R-algebras separable and projective as R-modules are
structured. The study dropped the assumptions that the algebras are projective and placed
a restriction on R to be a local ring. This gives an external characterization of separable
algebras. This is a very important result because it automatically characterizes local ring
upon that restriction. However, not all local rings are completely primary thus there is need

to deeply study the latter rings which is our main focus.

2.2 Completely primary finite rings

Suppose R is a ring and U(R) its multiplicative group of units, then all such local rings with
cyclic groups of units were determined by Ayoub [5] and the same case was also considered by
Gilmer [21]. Gilmer showed that it is sufficient to consider (finite) primary rings. In this note,
after proving a preliminary result (Theorem 1 in [22]), Ayoub restricted attention to finite
primary rings and showed some connections between the additive group of N, the radical of
the ring R and the multiplicative group 1 + N. Clark [10] has investigated U(R) where the
ideals form a chain and has shown that if p > 3,k > 2 and r > 2 then the units of the Galois
ring GR(p*", p*) are a direct sum of a cyclic group of order p” — 1 and r cyclic groups of order
p¥ — 1 (This was also done independently by Raghavendran in [35])

Stewart [38] considered a more general problem by proving that for a given finite group G(not
necessarily abelian), there are upto isomorphism, only finitely many directly indecomposable
finite rings having groups of units isomorphic to G. Ganske and McDonald [19] provided a

solution for U(R) when the local ring R has a Jacobson radical J such that J* = (0) by
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showing that

nt

UR)= (@) e(m) Be(K]| 1),

i=1

where n =dimg(J/J?) |K| = p' and ¢(7) denotes the cyclic group of order .

2.3 Total quotient rings

Little has been done with regard to the structure theory of quotient rings. Kainrath[25] has
studied the quotients formed by unit groups of a semilocal ring R. He set two subrings Ry, R
of R such that Ry C R is an extension of rings such that R; is noetherian and semilocal and
Rs is a finitely generated R;—module. The study established the properties of the quotients
of Ry and Ry and their units. This study is limited to semilocal rings and therefore does not

give an exact picture on the structures of local rings and their units.

Owino, Ojiema and Mmasi[33] have characterized the quotient groups of subgroups of the unit
groups of a class of completely primary finite rings. They adopted the same constructions used
in [32] and varied the invariants throughout before giving the general structures of the unit
groups and consequently the quotients of the subgroups in question. Ongati and Owino in [28]
determined the structures of the quotient groups 1+ J*/1 + Ji! for every characteristic of R
such that 1 < i < k — 1. The results in [33], are not exhaustive since the authors restricted
their findings to subgroups of the unit groups characterized. As such is the case, quotient

rings have not been characterized in general in terms of the structures of their unit groups.

2.4 Unit groups

The works of Chikunji [6, 8] focused on the structure of the groups of units of the ring
R = Ry® U @V where Ry = GR(p"",p"*) is the Galois sub-ring of the ring R while V
and U are finitely generated Rgp-modules such that J3 = (0),J? # (0). Owino [29] however
extended this result and determined the generators of U(R) the group of units of R where R
is completely primary finite ring. Upon consideration of s,t, A to be the number of elements

in the generating sets for U, V, W respectively where U, V,W are Ryp-modules, Chikunji [§]
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determined the general structure of 1 + W of the unit groups of R = Ry U &V & W
and the structure of U(R) of R when s = 3,t = 1,A > 1 and char R = p. Furthermore,
Owino, [29, 30] generalized the solutions of the cases when s = 2,t = 1,¢t = s(s + 1)/2 for
a fixed s and p < charR < p* and when s = 2,t = 2,charR = p to the case when the
annihilator ann(J) = J? + W so that A > 1. Indeed both [8] and [31] have a point of shift
from the works of Corbas, Koh, Wilson, Janusz and many other scholars who never studied
unit groups of completely primary finite rings in particular but just mentioned them while
studying associative and general finite rings. However, they have restricted the classes of rings
under consideration. As such is the case, the characterization of the groups of units of the
ring R has not been exhausted.

A more general study on the unit groups done by Owino , et al [32] characterized the units of
Commutative completely primary finite rings of Characteristic p* for a prime p and a positive
integer k. This paper has very important properties of such unit groups with regards to their
structures upto £ = 3 and to some extent, the Jacobson radical of the rings constructed in
the paper coincide with the ideals considered in this thesis especially for a generalized case
when k£ > 3. Kainrath[25] has studied the quotients formed by unit groups of a semilocal ring
R. He set two subrings R;, Ry of R such that Ry C Ry is an extension of rings such that R,
is noetherian and semilocal and R, is a finitely generated R;—module. The study established
the properties of the quotients of R; and Ry and their units. This study is limited to semilocal
rings and therefore does not give an exact picture on the structures of local rings and their
units.

Owino, et al [33] have characterized the quotient groups of subgroups of the unit groups of a
class of completely primary finite rings. They adopted the same constructions used in [32] and
varied the invariants throughout before giving the general structures of the unit groups and
consequently the quotients of the subgroups in question. The procedure used in [33] is more
of a routine check based on the same procedures used by Ongati and Owino in [28] where they
determined the structures of the quotient groups 1+ J*/1 + J**! for every characteristic of R

such that 1 < i < k — 1. From the results in [33], these quotient groups are not exhaustive
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since they restricted their findings to subgroups of the unit groups characterized.
Its apparent that so much has been done on unit groups of certain classes of completely
primary finite rings for instance some of the results recently obtained by researchers include

the following;

Theorem 10. (See, [7]). The unit group U(R) of a commutative completely primary finite
(0) and J(R)?

ring R with mazimal ideal J(R) such that J(R)? # (0); and with the

wvariants p; k;r; s;t; and X > 1 ; is a direct product of cyclic groups as follows:

(1) If s =2,t =1, > 1 and charR=p,then

Loyr 4 X Ty X Ty x (Z5)™, or;
U(R) = Zor X T x Ty x 7 x (Z5)>, if p = 2;
Loy X Ly X Lo X T x (L), if p # 2
(ii)If s = 2,t = 1,A > 1 and charR=p?,then
U(R) = Loy 1 X Ly X Ly X Ly X T, X (Z;)A,/\ or;
Lyr—1 X Ly X Z;Q X ZI’;Q X Ly, X (Z;) . if p#£ 2.
and if p = 2 then,
( (ZQ X Zz) X (ZQ X ZQ) X ZQ X (ZQ)/\, Zf?“ =1 andp eJ— ann(J);
Loyr 1 X Ty X Ty x Ty x (Z5)™, ifr>1andpe J—ann(J);
. ZQT,l X ZZ X ZZ (ZT> , or;
UR) = Lgr— X Ty x Ty x 75 x (Z5), ifp € J%;
Doy X T x Ty x 75 % (Z5)*, or;
(| Zor—y X Ly X Ty X Ty x (Z)*, if p € ann(J) — J?.
(iii)If s = 2,t = 1,\ > 1 and charR=p?,then
r r r r r r\A .
U(R) = L —1 X Z$2 X Z’ﬁ X Zprx Zprx Z;, 7>"<A(Zp) ) on;
L1 X Zp2 X Zp2 X Ly, X Ly X (Zp) , if p# 2.
and
Doy _y X Ty X Ty x 75 < (Z5)™, or;
UR) =< Zor1 XLy X L X Zly x 7 X (Zr) , or;
Dgr_y X Ty x T x T x T x T x (Z5)*, if p=2.

() If s =2,t=2,A>1 and charR=p,then

Loy -1 X I X Lo X T x Z5 x (ZE)Y, if p # 2;

UR) ={ Zor_y x Z7 x 7,

Lor 1 X Ly X L

x (Z5),
X 2k X
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(v) If t = s(s+1)/2,\ > 1 for the various characteristics of R,then

Ury = § Lo X (B0 < (Zy)' < (Z5)", if p="2;
T Zoa } (Z) < (Z)" x () < (Zy)s if p# 2

for Char R = p,

U(R) = § Lo X T x (Z5)" X (Zh)° x (Zy) X (Z5), ifp=2;
T Zpoa X 2y X (Zy)* < (Zip)* % (Zy) % (Zy)Y, if p # 2.

for Char. R = p? and,

DRy { B X B X B X ZT X (B x (B)° x (B) < (B), ifp=2;
T\ Zora X B X (Z)° X (Za)* X (Z) % (Z), ifp# 2.

for Char.R = p*, where v = (s* — s)/2

Theorem 11. (See, [29]) The unit group U(R) of the commutative completely primary finite
ring R of characteristic p* with mazimal ideal J(R) such that J(R)*™! = (0) and J(R)* # (0),

with the invariants p, k,r and h where p € J(R), is a direct product of cyclic groups as follows:

(1)) If h > 1, r > 1 and Char R = p, then

U(R) = Zy—1 % (Z))"

(ii) If h > 1,r > 1 and Char R = p*then

U(R) = Zyr—1 X Z) x (Z)"

iii) If h > 1,0 > 1 and Char R = p¥; k > 3,then
(1ii)

Zoyr—1 X Ly X Lgr—s X LY, X (Zh )", if p=2;
U(R) = 7 ar ar h 2 ; ; dd
pr—1 X Lpge—y X ( pk) , if p is odd.
Proof. Follows from the proofs of propositions 3,4 and 5 of [29] O

Theorem 12. (See, [32]) The unit group U(R) of the commutative completely primary finite

ring of characteristic p* with mazimal ideal J(R) such that (J(R))* = (0) when n = 1,2;
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(J(R)k = (0),(J(R))k1 # (0), when k > 3 and with invariants p(prime integer), p €

J(R),r > 1 and h > 1 is a direct product of cyclic groups as follows:

(1) If Char R = p,then
U(R) = Zy—1 x (Z)"

(ii) If Char R = p?, then

U(R) = Zy—1 x L) x (Z)"

(iii) If Char R = p* k > 3, then

oy = | L1 X Lo X Loz X 25, < (Zy)h, if p=2;
(R) = Dr 1 X Ly % (zy)h, ifp#2.

but little has been done on the determination and characterization of unit groups of lo-
calized finite rings. In this study we have determined the generators of the unit groups of
total quotient rings of characteristic p¥. A characterization of the unit groups has also been

achieved.

2.5 Preliminary results

Proposition 8 ([11]). Let R be a local ring with J(R) a nil ideal and P the prime sub-ring
of R, then

(i) If charR =0, then P = Q.
(ii) If charR = p", then P = Zyn.
Proof. Let P={(n+1)(m+1)"t:n,meZ,(m+1)""! exists in R }.

(i) CharR =0. Then CharR/J(R) =0. Form € Zm #0, m+1 € P, m+1 ¢ J(R), gives
(m+1)"texists. AlsoZ+1={n+1:ne€Z}=2Z. SoP={(n+1)(m+1)":nmeZ
with m # 0} = Q.
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(ii) CharR=p". Then Z+1={m+1:m € Z} = Z,». Here m + 1 has an inverse in R if
and only if ged(m,p™) = 1; that is ged(m,p) = 1. But any m+ (p") € Z,» has an inverse

in Z,n, whenever gcd(m,p) = 1. So
P={m+1:meZ}=Zy.

]

Proposition 9 ([11]). Let R be a local ring with J(R) a nil ideal and P the prime sub-ring
of R. Then P+ J(R)/J(R) is the prime subfield of R/J(R).

Proof. Case 1: charR =0. Then P = Q, PNJ(R) =0. SoP = P/PNJ(R) = P+J(R)/J(R)
and hence P + J(R)/J(R) = Q. Thus P + J(R)/J(R) is the prime subfield of R/J(R).
Case 2: charR = p". Then P = Zyn, J(P) =pP =P N J(R). So

7.)pZ7. =~ P/pP =P + J(R)/J(R).

The following results due to Raghavendran [35] shall be useful in the sequel;
Lemma 1 ([35]). Let R be a completely primary finite ring with mazimal ideal J(R), then
(i) |[R| = p*" where p is a prime integer , k,r are positive integers
(11) J(R) is the Jacobson radical.

(111) (J(R))™ = (0) , where m < k and the residue field R/J(R) is a finite field GF(p") for

some prime integer p and positive integer r
(iv) Char R = p" where n is a positive integer such that 1 <n <k

Theorem 13. Let R be a completely primary finite ring and let J(R) be its unique mazimal
ideal then, J(R)" = (0), |R| = p™ and |J(R)| = p""~V" for some prime integer p and positive

mntegers n,r.
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Proof. (See, [8]). Let z € J(R). Since R is finite, 2 = 27 for i < j. Hence, z'(z7~* — 1) = 0
and 277" — 1 is invertible since /=" — 1 is not contained in J(R). Hence x = 0; ie J(R) is a
nil ideal. But again, finiteness of R implies that J(R) is nilpotent, say J(R)" = (0) for some
positive integer n. On the other hand, we can consider J(R)"/J(R)™! as a vector space over
R/J with respect to

(r+ J(R))(z + J*Y) = ra + J

Therefore |J(R)"/J(R)™| = p%" for some positive integer c¢;

Taking into account that J" = (0), we have
Rl = |R/J(R)| - |J(R)[T(R)?| - - - | J(R)" 2 T (R)* '] = p""

where n =1+ ¢y + ... + ¢;_1, for some positive integer h
Notice that since ¢; > 1, we have h < n. But R/J(R) = GF(p") and hence , |J(R)| =
|RI/|Epr| = pr fp" = pr" Y O

The above stated theorems show the characterization of the unit groups of certain classes of
completely primary finite rings . In the next chapter, we shall focus on the construction of the
total quotient ring of a completely primary finite ring R of characteristic p*; k = 1,2,3,...,n.

and finally in chapter five we shall determine the structure of their unit groups.
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CHAPTER THREE

LOCALIZATION OF COMPLETELY PRIMARY RINGS OF
CHARACTERISTIC p*

3.1 Introduction

The construction of completely primary finite rings of characteristic p* has been done in [32].

3.2 Localization of the Completely Primary Finite Ring

The following results are useful in our construction

Definition 3.2.1. Two elements (a,b) and (c,d) in ST'R are equivalent denoted by (a,b) =

(¢,d) if and only if ad = be.

Proposition 10. The relation = on S™'R as described in the above definition is an equivalence

relation.
Proof. (i) Reflexive: (a,b) = (a,b) since ab = ba, for multiplication in R is commutative.

(ii) Symmetric: If (a,b) = (¢, d), then ad = be.
Since multiplication in R is commutative (see [32]) we deduce that ¢b = da and conse-

quently (¢, d) = (a,b).

(iii) Transitive: If (a,b) = (¢,d) and (c,d) = (e, f), then ad = bc and cf = de.
Using these relations and the fact that multiplication in R is commutative, we have:
afd = fad = fbc = bef = bde = bed. Now d # 0, and R is completely primary,
cancellation is valid.

Hence from afd = bed we obtain af = be, so that (a,b) = (e, f).

Now, the = gives a partition of S~'R into equivalence classes.
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Definition 3.2.2. Let [(a,b)] be the equivalence class of (a,b) in S™'R under the relation
=.Define Rs to be the set of all equivalence classes [(a,b)] for (a,b) € ST'R. Rg is called the

localization of R at S.

Let ST'R = {[%] |r € R, s € S} and define addition and multiplication on S™'R by

We check that addition and multiplication are well defined:

!

Suppose [%} = [%] and [lﬂ = [lt’—:} then [9} + [l—’] = [a—,] + [b—,} which is equivalent to showing

s t s’ 4

that

[at+bs] _ [a/turb'sl] or (at +bs)(s't") = (a't' +b's)(st) s

st s't!

Beginning with [£] = [“—:] and [?]

)

[i’—:} . This implies that

as’ = a's 4
bt' =b't 5
We multiply both equations and get
(as")(tt') = (a's)(tt’) 6
(bt')(ss") = (b't)(ss) 5
We now add both equations and get
(as")(tt') + (bt')(ss") = (a's)(tt") + (b't)(s$')
We rearrange terms on the right side and the left side of the equation and get:
(at)(s't) + (bs)(s't') = (st)(a't') + (st)(s'V)

We pull out common terms on each side and get
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(at + bs)(s't') = (a't + V's')(st)

This is equivalent to equation 3 which we wanted to show it is true.
Now we check that multiplication is well defined:

Suppose [¢] = [%] and [¢] =[]

Then for some u,v € S, (as’ — da’s)u =0 and (bt' —b't)v =0

We want to show that

a't!
ke

5]

We have
[(ab)(s't") — (a'V')(st)] uv = (ab)(s't")(uv) — (a'V)(st)(uv) — (a’'s)(bt")(uv) + (a's)(bt") (uv)
= (as’ — d's)u(bt'v) + (bt' — b't)v(a'su) =0+0=10
Thus
5] =[]
which verifies that multiplication is well defined.
We now construct a total quotient ring Rg from the completely primary finite ring R.

Every element [] € Rg where r = 7" + 3" Au; and s = a + pr’ + S \u; where

N €F, pr' + 3" Nu; € J(R) and a € S.

Proposition 11. Let the addition in equation 1 be defined on Rs. Then, the multiplication

given by (2) turns Rg into a finite local ring with identity.

Proof. We start by showing that the abelian group Rg is closed under addition. Let

T'/ + Z?:l )\zuz ]

a+pr’ + Z?Zl it

/ h
S 4D imy Tilli
’ h
a+ps + 3 Tt

€ Rg

for each 1 < i < h, by the addition we have

/ h
s + Zi:1 Til; ]

o+ pr' + Z?Zl Aitl; a+ps + Z?Zl Til;

T” + Z?:l )\’LUZ ] i
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(' + 320 g (a+ ps + 200 ) + (87 + o0 mw) (o pr' 4+ 300 )
(o + pr' + ps’ + p?r's’ + Z?Zl{(r’ + pR) T + Ni(s" + pR)% buy)

Y

Since a? =a € S.

but
h h h h
(r + Z Aiwg) (o +ps + Z Tu;) + (s + Z Tw;) (a4 pr + Z i) € R
i=1 i=1 i=1 i=1
and
h
(a+pr +ps +p°rs + Z{(r’ + pR)1i + Ni(8' + pR)}u;) € S
i=1
Thus

'+ 30 Zu)(a+ps' + 00 mw) + (s + 0 ) (a+ pr + S0 \w)
(o +pr' + ps' + p*r's’ + Z?zl{(r’ + pR"7i + Ni(s' + pR")* ;)

€ Rg.

We now show that commutativity holds in Rg, by our multiplication we have

7“/ + Z?:l )\Zuz ] )

a+pr’ + Z?Zl it

(0 ) (s + S ) ]

/ h

a+ ps + Z?Zl Til;

(4 pr' + 30 Nwg) (e +ps’ + S0 Tug)

r's + Z?Zl{(r’ + pR) 1 + Ni(s" + pR) ™ Y,
a+p(r +5 +pr's) + S0 {0+ pR)T 4+ Mi(s' + pR')%i Jug

Since e’ =a € S

but R is commutative thus

s+ Z?Zl{(s’ + pRON + 7:(r' + pR)* }u,

a+p(s +r +ps'r)+ Z?Zl{(s/ + pRN; + 7i(r' + pR")% bu;
8/ + Z?:l )\ﬂLl

a+ps + Z?Zl Ti;

which establishes commutativity.

7'/ + Z?:l )\lul
a+pr' + Z?Zl Til;

Next we show that given multiplication turns Rg into a commutative ring with identity %.
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Let

7’/ + Z?:l )\zuz
a+pr’ + 2?21 il

be an element of Rg then there exists

' h
S + D iy Tilli
’ h
S

’f'/ + Z?:l )\lul
a+pr’ + Z?Zl il

€ Rg

such that

[
.

a+ ps + Z?Zl Til; a+pr' + Z?Zl it

Sl + E?:l TiW; ] ) .

7”/ —+ Z?:l )\/LLZ ]

s + Z?Zl Til; ] ) _

o+ pS' + Z?:l T; U

7”/ + Z?:l /\Zul ]

o+ pT" -+ Z?:l )\Zuz

7’/ + Z?:l )\zuz
a + p?”' —+ Z?:l )\Zul

then

a+p(s + 7 +ps't) + 0 {(s + pRON + i(r' + pR)* Y a+pr + 0 N

s 4+ S {(s' + pR)N + (1’ + pR')* Ju,) ] _

7’/ + E?:l )\Zuz ]

So

r
r's=r = =—-=1
/r‘al

and

a+pls +7 +psr)=a+p’ = a+ps =1.

On the other hand,

h h
ST + pRON A R+ pR) ui = 3 Ay
i=1

i=1
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Which implies that

[1—(s"+pR)N +7(r' +pR)* =0

foreachi=1,...,h

Thus

o+ pS, + Z?:l TiUj;

In a similar manner we can show that,

S/—}-Z?:lTiui ] - |:(]_,0,

/ h
S+ D iy Till

’ h
S+ 30 ]

o+ pS/ + Z?:l TiU;

o+ pr' + E?:l )\Zuz

then

a+pr’ + Z?:l it
the identity element of Rg.

We now show that the given multiplication is associative.

Suppose that

T, + Z?:l )\[UHL ] .

7"l + Z?:l )\Zul ] _ |:<1,0, e
(1,0,. ..

o+ pSl + Z?:l TiU;

t, + Z?:l V;U;

7"/ + Z'};:l )\,L’U/Z ]

o+ p?“/ + Zzhzl )\zuz

o+ pS/ -+ Z?:l TiU;

/ h
s+ 30 ]

then

a+ pt + E?:l ViU

t/ + Z?:l V;U;

7“/ + Z?:l )\Zuz ] ] (

a+pr’ + Z?Zl it

a+ps’ + Z?:l Till

’ h
s+zhuwi]

a+ pt + Z?:l ViU

|

< Rs,

)

s+ 0 (' + pR)T + v + pR)*iYu;

_- TI+Z?:1)‘iui ]

_Oé + p?”' + Z?:l )\Z’Ul

(' + 2" u) (s + 0 {(8 + pR) T + vi(t + pR)*)

Since e’ =a € S
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By the associativity of R, we have,

(r's' + 3" {(' + pR)N + 7o(s + pR)* Jus) (' + S0 viwy)
(a+p(r' +5 +pr's) + {7 + PR + Mil(s' + pR) Yug) (o + pt' + D0 viy)

_ ( 7 +E?:1/\iui ] ' ) .

o+ p?"/ —+ Z?:l )\lul
therefore the given multiplication is associative.
' h
t + Zi:l V;U; .
a+ pt + Z?Zl ViU

(s + S0 mwg) (a4 pt + 0 vw) + (8 + 0 i) (o + ps” + S0 )
(a+ps + S0 mw)(a+pt' + S0 viwg)

/ h
8 4 D i Tilly
h
a+ps +> 0 T

tl + Z?:l V;U; ]

a+pt + 2?21 ViU

Lastly, consider
T/ + Z?:l )\ZUZ
a+pr’ + Z?Zl it
/ h
r + Zi:l )\Zu,
o+ p?”/ + Z?:l )\ZU,L
—T’/ + Z?:l )\ZUZ ((SI + E?:l Tiui)(a —+ pt/ + E?:l viui) -+ (t/ + Z?:l Uiui)(a -+ pS/ -+ Z?:l Tlul))
(o pr' + 30 Awa) (o + ps’ + 300 ) (a+ pt' + 300 viwg)

s + Z?Zl T ] N t + Z?:l ViU ]

a+ps + Zf’:l Till; a+pt + Z?Zl ViU

8/ + Z?:l TiW; ] 4

a+ps’ + Z?Zl Till

7”, + Z?:l )\ﬂjq
_Oé -+ pT" -+ Z"ilzl )\,LUZ

7’/ + Z?:l )\zuz
a+ p?" —+ Z?:l )\luz

Similarly we can show that,

(

7”, + Z?:l )‘zuz
« + p?”' + Z?:l )\[U/Z

’I“/ + Z?:l /\ﬂbz ] i

o+ p'r’/ + Z?:l /\lul

S’_}_Z?:l’ﬁiui ]) )

o+ pS' + Z?:l TiUj;

tl + Z?:l V; U; ]

a+ pt' + 2?21 ViU

/ h
s + ZZ‘:1 Tils
h
o+ pS' + Zi:l TiU;

t’ + Z?:l V; Uy ] 4

a+ pt' + 2?21 VU,

tl + Z?:l V;U; ]

a+pt' + Z?Zl ViU

]

It remains for us to show that S~'R can be regarded as containing R. To do this, we show

that there is an isomorphism f of R with a sub-domain of S~ R.

Lemma 2. The map f: R — S™'R given by f(x) = [(z,1)] is an isomorphism of R with a
sub-domain of ST'R
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Proof. Consider z,y € R. We have

fle+y) =z +y, D] =[]+ [(v. D] = f(z) + f(y).
Furthermore

fxy) = [y, V)] = [(z, D][(y, D] = f(2)f ()

It remains for us to show only that f is one-to-one. If f(x) = f(y) then,

[(z, D] = [(y, D)].

Let Kerf = {z € R|f(z) = 2} by definition of f. So fis 1 — 1. O

For instance R = Zy, J(R) = 2Z4, S = 1+J(R) = 142Z,. So that Rg = {[2] , [1] . [3], [2]} =
R.

Proposition 12. Any unital commutative finite ring R can be enlarged to the ring of quotients

STLR such that every element of ST'R can be expressed as a quotient of an element of R and

S.

Uniqueness:

S7'R could be regarded in some sense as a minimal ring containing R. Since every ring
containing R must contain all elements [g] for every r € R and s € S.

The next proposition will show that every ring containing R contains a subring of quotients

of R, and that any two localized rings at S of R are isomorphic.

Proposition 13. Let Rg be a localized ring of R at S and let T be any ring containing R.
Then there exists a map ¢ : ST'R — T that gives an isomorphism of S™'R with a subring of

T such that ¢(x) = x for z € R.

Proof. Let [(r,s)] € ST'R we want to map [(r, s)] onto [(1’,s')] € T. W e define ¢ : ST'R — T

such that

W([(r, 5)]) = [(r, 5)] for [(r,5)] € ST'R
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Now every x € S™'R is a quotient (7, s) of some two elements r € R and s € S. Let us define
¥ by ¥(r,s) = (¥(r),¥(s)). We first show that this map is well-defined. Since 1) is the identity
on R, so our definition makes sense.
If [(r,s)] = [(7,s")] € ST'R, then rs’ = 1's € R, so ¢(rs’) = 1(r's). But since v is the identity
on R,
U(rs') = P(r)y(s') and ¢(r's) = ¥ (r')i(s)

Thus (¢(r),¥(s)) = (¢¥(r'),¥(s")) in T, so ¢ is well-defined.
The equations

U(zy) = ¥(@)¢(y) and Y(z +y) = () + P(y)
follow from the definition of ¢ on S™'R and from the fact that 1 is the identity on R.

If ((r,s)) = ¢((r", ) in ST'R, we have (¢(r),¥(s)) = (¥(r'), ¢(s')) in T so yp(r)v(s') =
W (s)1(r'). Since 9 is the identity on R we deduce that rs’ = s1’, so (r,s) = (r',s') in R. Thus

¥ is 1 — 1. By definition, ¢(r) = r for r € R. ]
Corollary 1. FEvery field T' containing a ring R contains a total quotient ring Rg

Proof. In the proof of Proposition 12, every element of the subring ¢(S™'R) of T is a total

quotient ring in 7" of elements of R and S. n
Corollary 2. Any two localized rings of a commutative ring R are isomorphic.

Proof. Suppose in Proposition 13 that T is a localized ring of R, so that every element z of
T can be expressed in the form (r,s) € ST'R for r € R and s € S. Then T as a ring is thus

isomorphic to S7!'R. O

3.3 Properties of the Total Quotient Ring

We now investigate some properties of Rg which are useful in the sequel.

Proposition 14. (¢f. [9]) Let Rgs be a total quotient ring with identity [H , then there is no
distinction between left and right zero-divisors in Rg. Moreover every element of Rg is either

a zero divisor or a unit.
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Corollary 3. Let Rg be a localized ring with identity [H, then every non-trivial ideal of Rg

consists entirely of zero divisors.
The following result demonstrates the importance of zero divisors in a finite ring:

Proposition 15. (¢f. [9]) Let Rs be a total quotient ring containing a finite number n > 2

of left zero divisors, then Rgs is finite and |Rg| < n?.

We see also that if the set of all equivalence classes of J(Rg) of its zero divisors form an
additive group, in other words if Rg is completely primary and with the fact that J(Rg) is a

unique maximal ideal of Rg see [9] , then Rg is a Local ring.

Proposition 16. (c¢f. [9]) Let Rg be the total quotient ring constructed in Section 3.2 and S
be a multiplicative subset of R consisting of units, then Rg is a local ring with unique maximal

ideal

h h h h
J(Rs) = {[(p?”/ + Z)\iui,a —|—pr/ + Zklul)] | r o+ Z)‘i“i €ER « —|—pr/ + Z)‘iui € S}
i=1 i=1 =1 =1

Proof. (For this proof we shall denote the elements of Rg as [£])

Now, [ﬂ € Rg is a unit if and only if there exists t € R, u,v € S such that
u(rt —sv) =0
that is,
t] _ [1

(%] = 3]
For some x € R, if ¢ S, then it would be in R — S. So zy would be in R — S which is a
contradiction. Hence x € S.
Thus every unit in Rg is of the form (x,y) with 2,y € 5; Conversely it is trivial that every
such element is a unit. Hence, the non units in Rg consist precisely elements of the form

(r,s) where r € R — S and s € S. From the argument we see that the J(Rg) forms a unique

maximal ideal and so Rg is a local ring. O]

Corollary 4. (c¢f. [9]) Let Rg be a localized ring and J(Rg) its unique mazimal ideal, then
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Rs/J(Rs) = GF(p")
for some prime p and positive integer r.
Proof. Rs/J(Rg) is a finite division ring and hence Rs/J(Rgs) = GF(p"). O

Proposition 17. (cf. [9]) Let Rs be a total quotient ring of characteristic p* and order p*",

with unique maximal ideal J(Rg) of index nilpotency i, then 1 < k <1 <n.

Proof. We have only to prove that £ < i. We know that J(Rg) # 0, So that i > 2. Since

pk =0, it follows that p € J(Rg) and i > k. O
Rgs has the following property:

Proposition 18. (c¢f. [9]) Let Rg be a total quotient ring with mazimal ideal J(Rg), then Rg

contains an element & = [(r, s)] such that:
i. £+ J(Rg) is a primitive element of Rg/J(Rs)
1. & has a multiplicative order p" — 1 and
iii. if u,v € Kg with u—v € J(Rg) then v =u where Kg =< & > U{(0,1)}.

Proposition 19. (¢f. [9]) Let Rg be a total quotient ring, then any subring Ry of Rs is a
local ring with mazimal ideal J(R) = J(Rs) N RY,. Furthermore there are integers k' and r’

such that |Rly| = p*"', |J(Rs)| = p* "', where r'|r.

Proof. We have J(Rg) N Ry, is the set of all zero divisors of R and J(Rg) N RY, is a subgroup

of RE (by Proposition 13), hence RY, is a local ring with maximal ideal J(Rg) N Rl O

Proposition 20. (¢f. [9]) Let Rs be a total quotient ring, then any quotient of Rg by a two

sided ideal and any homomorphic image of Rg is a local ring.

Proof. Let f: Rs — Rl be a surjective ring homomorphism. Since J(Rg) is the unique maxi-
mal ideal of Rg, Kerf C J(Rg). Also, {[(a,b)] + Kerf | [(a,b)] € J(Rs)} is the set Rg/Kerf,
and hence it is a subgroup of (Rg/Kerf)". So Rg/Kerf is a local ring and hence RY, is also
local. ]
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Proposition 21. (¢f. [9]) Let Rs be a localized ring, then the set Kg = Rg/J(Rg) forms a
subfield of Rg if and only if char Rg = p.

Proof. Since Kg C Rg and addition is associative in Rg, it follows that Kg is a group under
addition. We see that a + = 8 + « for all o, 8 € Kg. The distributive laws follows trivially
since Kg C Rg. But the non zero elements of Kg form a multiplicative group, hence, Kg is a
subfield of Rg.

Conversely, if Kg is a subfield of Rg, then the characteristic of Kg = characteristic of Rg = p,

since the identity element in Rg is that in Kg. O

Proposition 22. (¢f. [9]) Let Rs be a localized ring of order p*", characteristic p* and
maximal ideal J(Rg) such that Rs/J(Rs) = GF(p"). Let Ry = Z,[£] , then Ry is a subring
of Rs with R,/Rs N J(Rs) = Rs/J(Rs) and minimal with respect to R /(R N J(Rg)) =
Rs/J(Rs).

Proof. Let R be a commutative subring of Rg. by Proposition 19, R, is a local ring with
maximal ideal R, NJ(Rg) and residue order p”', where ' | r. But Rl contains < £ >, and its
residue field therefore contains at least p” elements. Hence, R, is a commutative local ring
with residue field isomorphic to Rs/J(Rs) = GF(p").

Let T" be a subring of Rg minimal with respect to 7"/(T" N J(Rs)) = Rg/J(Rs) and let
¥ : Rs — Rs/J(Rgs) be the canonical ring homomorphism. Since 7" N J(Rg) is the unique
maximal ideal of T” the restriction of v to T” is surjective. Hence T” contains an element
< ¢ > of multiplicative order p” — 1 and hence Z,«[{'] C T".

However, 1 has also a surjective restriction to Z,[£'] and so
L (€12 [ 0 I (Rs) = Rs/J (Rs).

But then, by the minimality of 7", we have that 7" = Z,[¢']. By proposition 21, < { >=
[(a,b)] < & > [(a,b)]"" for some element [(a,b)] € U(Rs), and hence Z[¢] is conjugate
to Z,:[¢]. That R is minimal with respect to Ry /(R N J(Rg)) = Rs/J(Rs) is essentially

contained in the above argument. O]
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Lemma 3. (¢f. [9]) Let Rs be a localized ring, then the group of units U(Rs) of Rg is
Rs — J(Rs).

Proof. Follows from the fact that in a finite ring with identity [ﬂ, an element is either a unit

or a zero divisor. OJ

Proposition 23. (c¢f. [9]) Let Rg be a localized ring and let U(Rg) be its group of units, then
U(Rs)| = (p" — 1)p*=r.

Proof. Since | Rs |= p*,| J(Rs) |= p%*~Y" and U(Rs) = Rs — J(Rgs) (by Lemma 4 above),

we see that

| U(Rs) |=| Rs — J(Rs) |=| Rs | = | J(Rs) |= p*" —p*~07 = p*&=0r(pr —1).

]
Proposition 24. (c¢f. [9]) The group U(Rg) contains a mazximal subgroup of order p*~" and
a subgroup of order p" — 1.

I

Proof. Notice that Rg/J(Rs) = GF(p"). So U(Rs)/1 + J(Rs) = Zy—1. Now, 1 + J(Rs)

J(Rs), and |J(Rg)| = ’f: = p*=17. The result easily follows by Langrange’s Theorem. O

Proposition 25. (¢f. [9]) The group % + J(Rg) is a normal subgroup of U(Ryg).

Proof. This subgroup 1 4 J(R,) is normal in U(Rs), [£] (; +J(Rs)) = (1 + J(Rs)) [£]. Since

J(Rg) is the set of all the zero divisors in Rg. O

Proposition 26. (c¢f. [9]) Let Rs be a localized ring, then if G is a subgroup U(Rg) of order

p" — 1, then G is conjugate to < & > in U(Rg).

Proof. This follows from p—solvable groups contained in the variation of Sylow’s theorem,

since the order of G is prime to it’s index in U(Ryg). O

Proposition 27. (c¢f. [9]) Let Rs be a total quotient ring. If U(Rg) contains a normal

subgroup of order p" — 1, then the set Kg is contained in the center of Rg.
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Proof. By Proposition 28 above, < & > <U(Rs) and since (1 + J(Rs)) < U(Rs) with |< & >
N(1+ J(Rs)) |= 1 it follows that < £ > and (7 + J(Rs)) commute element-wise. Hence, by

Corollary 4, £ is in the center of Rg. [
Remark 2. ¢f. [9] Let Rs be a localized ring, then the following conditions hold:

(i) U(Rs) = (1 + J(Rs)) X <& > a semi-direct product;

(it) (1 + J(Rs)*) / (; + J(Rs)*™) = J(Rs)*/J(Rs)* .

Lemma 4. cf. [9] If Rs is commutative, then % + J(Rg) is isomorphic to a direct product of

cyclic p-groups.

Proof. Follows from the fundamental theorem of finitely generated abelian groups. n
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CHAPTER FOUR
UNIT GROUPS OF THE TOTAL QUOTIENT RING

4.1 Introduction

Let Rg be the total quotient ring obtained by the construction in Chapter 3. We recall that Rg

is a ring of fractions consisting of equivalence classes of the form [(r, s)] = [£], which we shall

1

represent as (2) or simply s~ 'r in the sequel, where r = (rg,r1, ..., 7 € R), s = (S0, 51, -+, Sh)-

We see that Rg is a finite ring with identity [888” , which shall be denoted as H] and
J(Rs) its set of zero divisors. Clearly (J(Rg))¥~' # [2]. It is easy to see that J(Rg) together
with the usual fraction addition forms an additive group. As an immediate consequence we
have the result that Rg will, then, be a local ring with J(Rg) as its radical. For, as Rg does not
contain one-sided zero divisors, we see that J(Rg) will be the unique maximal ideal in Rg; so
that J(Rg) will be the Jacobson radical of the ring. As every element of U(Rg) = Rg — J(Rs)

is an invertible element, and that the quotient ring Rg/J(Rgs) is a division ring. In fact we

have the following result

Proposition 28. If R is local, then Rg is also local.

Proof. The proof follows from the above discussion. O
And thus the following property:

Theorem 14. (/11]) The only prime ideals of ST'R are S™'P where P is a prime ideal of R
such that PN S = ¢. That is there exists a one-to-one and onto function say, h : S™*P — P

with P a prime ideal of R and P NS = ¢.
As a consequence we have the following corollary

Corollary 5. The only mazimal ideals of ST'R are S~'J(R) where J(R) is a mazimal ideal
of R such that J(R)NS = ¢
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We now proceed to obtain some properties of Rg in the following proposition which is

essential for the object of this thesis.

Proposition 29. c¢f. [35] Let Rs be a localized ring with multiplicative identity H], whose

zero-divisors form an additive group J(Rg). Then

(1) J(Rs) is the Jacobson radical of Rs.
(ii) |Rs| = p*, and |J(Rs)| = p*~t for some prime p and some positive integer k.

(iii) (J(Rs))*=1[(0,1)]
(iv) the characteristic of the ring Rg is p* for some positive integer k with 1 < k < nand

(v) If the characteristic is p* with k = n, then Rg is commutative.

The following propositions describe the structure of the group of units U(Rg) for the local

ring Rg

Proposition 30. Let Rg be a total quotient ring. Then the group of units U(Rg) contains a

cyclic subgroup & of order p — 1 and U(Rg) is a semi direct product of % + J(Rs) by < & >.

Proof. The cardinality of U(Rg) = Rs — J(Rg) is |[U(Rs)| = p*1(p — 1), and so ¢ : Rg —
Rs/J(Rs) induces an onto multiplicative group homomorphism ¢ : U(Rgs) — U(Rs/J(Rs)).
Since the kernel of ¢ is J(Rg) , we have kernel of ¢ is 1 + J(Rg). In particular, 1 + J(Rg)
is a normal subgroup of U(Rg). Let (3) = (Rs/J(Rs)) and let £ € ¢ 1(B). Then the
multiplicative order of 3y is a multiple of p — 1 and a divisor of | Rg | — | J(Rs |= p* —
P 1 = pF~1(p — 1); hence of the form p*(p — 1). But & = (5,)" has a multiplicative order
p— 1 and (€)”" = Bp*, which is still a generator of U(Rg/J(Rs)), since (p*,p — 1) = 1.
Finally since |U(Rs)| = |} + J(Rs)|.| < £ > |, and 1 4+ J(Rs)N < & >= [{], we have

U(Rs) = (1 + J(Rs)) x (£) hence U(Rs) = 1 + J(Rs) x (£), a semi direct product. O

For complete classification of U(Rg), we need to determine the generators of 1 + J(Rg).
Since U(Rg) is abelian, 1 + J(Rg) is a normal subgroup of U(Rg). If Rg is a ring with the
property in Proposition 37, then %—i— J(Rg) is an abelian p— subgroup of the unit group U(Ryg).

The group has the filtration
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L+ J(Rs) D 2+ (J(Rs)* Dt + (J(Rs))® D . 0 1+ (J(Rs))F = {[}]}
with filtration quotients
1+ J(Rs)/7 + (J(Rs) 1 + (J(Bs))*/3 + (J(Rs))*, s 7 + (J(Rs))'/§ = 1 + (J(Rs))"
Isomorphic to the additive groups

J(Rs)/(J(Rs))?, (J(Rs))?/(J(Rs))?, ... (J(Rs))*

respectively cf. [32].

We now state proposition used in the determination of the structure of % + J(Rg):

Proposition 31. Let annJ(Rg) be the two sided annihilator of J(Rs). Then 1+ ann(J(Rg))

is a subgroup of 1 + J(Rsg).

Proof. Clearly, 1 + ann(J(Rg)) = [1] when char Rs = p, which follows from the above
proposition. When characteristic p* for k > 2, 1 + ann(J(Rs)) = 1 + p* ' J(Rs), Now let

T+ ([%]) € 1 + ann(J(Rs)). Then 1 + p*~*([%]) is an element of 1 + ann(J(Rs)). O

In the sequel, R = GR(p*", p*) = Z,[z]/ < f > where f € Z,[z] is a monic polynomial
of degree r whose image in Z,[z| is irreducible discussed in Section 3.4.1. Moreover, R’ is

considered to be a Galois subring of R which is maximal.

4.2 Total quotient rings of characteristic p*

4.2.1 The construction of the ring

Let Rg be the ring constructed in Section 3.2 and S = U(R) be its multiplicative subset. Then

Rs = {[(r,s)] | r € R,s € S} an additive abelian group with the neutral element [52:8::::8;]

which shall denoted as [%] .

4.2.2 Zero Divisors when the characteristic of Ry is p* with £k =1,2,3,...,n

The construction yields a total quotient ring in which (J(Rg))** # [(0,1)] and (J(Rgs))* =

[(0, DI
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Proposition 32. (c¢f. [30]) Let Rg be the total quotient ring constructed above and J(Rg) be

its Jacobson radical, then

(i) J(Rs) = { (' + Sl i@+ pr' + S0 Aws)| |1 € RN € 2y 0 € Roa € UR)
(i) (JRo))* ' ={[" " a+p )] |7 € R,a e UR)} and

(iii) (J(Rs))* =1[(0,1)]

Proof. We claim that the elements not in J(Rg) are invertible.

Let 7o be non zero, for some

-(7”0,7'1,...,7’h)_

_(80,81, .- -,Sh)_
in Rg, we find that the inverse of

[(ro, 71,y 71) |

_(80,81, .. .,Sh)_

is say,

|:(t07t1a"'7th>:|
(b07b17"‘7bh) .

By multiplication (*), we require that
’l“oto = 1, ’I“otl + 7”1250 = O, Ce ,Toth + ’l“hto = 0, Sobo = 1, Sobl + Slbo =0

and

Sobh + Shbo = 0,

which implies that

—1 —1 -2 —1 -2,
rog = to, oty = —ritg = —1riry T = t1 = —rirg S, roly, = —Trpto = —rpry T =ty = =TTy
= by = by = == -2 sobp, = by = =, = -2
So = 0o, Sob1 = —S10g = —818y = 01 = —818y ", So0p = —Spbg = —SpSy = Op = —SpS,
Therefore

([(ro,rl, . ,rh)})l _ {(7"0_1, —rirg 2, =g )
(SOaslv"'aSh) (5617_818827"'7_8h562>
We notice that there is no distinction between a right and a left zero divisor.
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(i) easily follows from (i).

To prove (iii), we have

(pr' + ) Mg o+ pr' + > Nug) | J(Rg) = [(0,1)].

i=1 i=1

h h
J(Rs) | (pr + Z Nitts, o+ pr + Z )\Zuz)] =

=1 =1

Hence (J(Rs))* = [(0,1)]. O

We begin with the case when k£ = 1:
The construction in section 3.2 yields a total quotient ring in which (J(Rg))? = [(0,1)].
These rings are completely primary and therefore we can employ well known procedures below

to study their unit groups.
4.2.3 The Unit groups when the characteristic of Rg is p

Let Rg be the total quotient ring of the construction above with maximal ideal J(Rg) such
that (J(Rs))? = [(0,1)]. Then Rg is of order p"". Since Ry is of the given order and U(Rg) =
Rs — J(Rs), then |U(Rs)| = p"(p" — 1) and |} + J(Rs)| = p"". So 1 + J(Rs) is an abelian

p-group.

Proposition 33. Let Rg be a local ring of characteristic p. Then the group of units U(Rg)
of Rs contains a cyclic subgroup < & > of order p" — 1 and U(Rg) is a semi direct product of

1+ J(Rs) by < & >.
Proof. See Proposition 30. []

We now determine the structure of I + J(Rg) for this case since U(Rs) = Zy_y X

(1 +J(Rs))-

Proposition 34. Let Rg be the ring constructed in section 3.2. If r = 1,k =1 and h > 1,

then
Zh if p=2;
UR o~ 2 : i
(Fs) {Z,,_lng if p# 2.

Proof. Given that k = 1, then it is easily shown that

S

A NN\
J(RS>:{[ WUy e+ huh} ’)\igzp,uiER,lgigh,sEU(R)}
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and (J(Rg))? = [2] . Since [2] € J(Rs), [2] - [2] = [2#] = [9] for any [2] € J(Rs).

s 52

Also | J(Rg) |= p" for some positive integer h such that | U(Rg) |= p"(p — 1). But

A o)
U(Rs):{[oZ+ it "“"} |oz,seU(R),)\iGZp,uieR,lgigh}

S

Let p = 2.

Suppose A1 € Z, and consider the element

1 S

{1 + Alul} € U(Rs).

Then

(since u3 =0 )

(since char R =2 and 2214 = 0),

S0 H + %] generates a cyclic subgroup of U(Rg) of order 2.

Next, consider the element

1 S

1 2T
([ie2e]) = [ie22
1 S 1 S

F + Am} € U(Rs).

Then

(since uz =0 )

(since char R =2 and 2222 = 0 ),

So

1 )\QUQ
B

generates a cyclic subgroup of U(Rg) of order 2.

Continuing inductively up to the element
)
1 s
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we notice that the element also generates a cyclic subgroup of U(Rg) of order 2. Since U(Rg)
is abelian, each cyclic subgroup is normal, the intersection of any pair of the cyclic subgroups
is the identity group H] and the order of the group generated by the direct product of the h
cyclic subgroups coincides with | U(Rg) | . Hence, the direct product exhausts U(Rg).

Let p be odd.

It is well known that U(Rs) = (U(Rs)/%+ J(Rs)) x (3 + J(Rs)) =< & > x (3 + J(Ry)),
where £ is of order p — 1.

Next, we show that % + J(Rg) is isomorphic to a direct product of h cyclic subgroups each of
order p.

Consider, the elements

1 My 1 Aous 1 Aup
[I+ : Hﬁ : },...{ﬁ : }

where Ay, ..., A\, € U(Zy),uy,...,u, € R, s € U(R). Clearly, each of the elements generates a
cyclic subgroup of % + J(Rg) of order p. Since % + J(Rg) is abelian, each cyclic subgroup is
normal.

Moreover, the order of the group generated by the direct product of the h subgroups coincides
with | 1 + J(Rs) | . So the direct product of the subgroups exhausts 1 + J(Rg). Therefore,
| U(Rs) |=|< & >| - | 1+J(Rs) |implying that U(Rs) = Z,_1 % (; + J(Rs)) , which completes

the proof. O

Proposition 35. The unit group U(Rs) of a total quotient ring constructed in section 3.2

with characteristic p and r > 1 is isomorphic to Zy—1 x (Z3)"

Proof. Let Ay,..., A\, € R’ with \; = 1 such that \j,...,\. € R'/pR' form a basis for R'/pR’
regarded as a vector space over its prime subfield F,. Further, let sq1,...,s, € S = U(Rg).
Since J(Rg) is a maximal ideal of Rg, (Rs/J(Rs)) is a field, so that U (Rs/J(Rg)) is a
cyclic group of order p” — 1 with respect to the equivalence relation on fractions in Rg. But

U (Rs/J(Rs)) = U(Rs)/1 + J(Rs). So
U(Rs> =U (Rs/J(Rg» . (% + J(RS)) = Zpr_l X (% -+ J(Rs)) .
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Next, we determine the structure of 1 + J(Rsg).
2
For every = 1,...,rand 1 < i < h, [% —l—’\é—’:} € 1+ J(Rs), [%—i— ’\’—“] = % For positive

Si

integers aqy, ayy, . .., ap with ayy < p,ag < p....,an < p, we assert that

() (G ) A (G [

will imply a; = p forevery [ =1,...,rand 1 <17 < h.

If we set

1 Nup ] \™
Shl:{<|:1+2:|> |ah:17"'7p};
Sh

it is easily noticed that Sy, Soy, ..., Sp are cyclic subgroups of the group % + J(Rg) and each

is of order p. Since
- 1 /\lul . 1 )\ZUQ - 1 )\luh hr
< | = — | > < | = — > < | = — | >|=
VR R (R R SR | (R F s B

the intersection of any pair of the cyclic subgroups yields the identity group < % >, then the

product of the hr subgroups Sy, Sa, - .., Sy is direct, exhausting the group % + J(Rs).

]

Example 1. From the above proposition, let r = 1, p = 2 and h = 1 so that R = Zy &
Zs, J(R) = 275 = {0}, S = {1} and

S_lR_{(Ov()) 0,1) (1,0) (1,1 (0,0) (0,1) (1,0) (1,1)}
~ 1(1,0)" (1,0)" (1,0) (1,0)" (1,1)" (1,1)" (1,1)" (1,1)

By definition 3.2.2 we see that Rg consists of the following equivalence classes
sl o) 55 (59
i ={ |85 79 )
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and

(1,1)

(1,0)
(1,0)

'

|} =vin

(1,0)

=+ J(Rg) and U(Rg) coincide. Here we see that [E

+ J(Rs)

(1,0)
o)

—~

] generates

1,1
1,0

(1,0)
(1,0)

In this case we see that

5+ J(Rs) since

(L.0)
(1,0)

the abelian group

—~

’ ] is of order 2, thus

(1.1)
)]

we notice that the element [

> 7,

1 and h =1 then

Example 2. Whenp =3, r

(0,0) (0,1) (0,2) (1,0) (1,1) (1,2) (2,0) (2,1) (2,2) (0,0) (0,1) (0,2) (1,0)

(1,0)” (1,0)’ (1,0)’ (1,0)" (1,0)" (1,0)" (1,0)" (1,0)" (1,0)" (1,1)" (1,1)" (1,1)" (1,1)’

{

(LD (L2) (20) (1) 2.2) 0,0 (0,1) (0,2) (LO) (L1) (1,2) (2,0) 2.1) (22)

STIR =

(1,1)7(1,1)"(1,1)" (1,1)" (1,1)" (1,2)" (1,2)" (1,2)" (1,2)" (1,2)" (1,2)" (1,2)" (1,2)" (1,2)’

(0,0) (0,1) (0,2) (1,0) (1,1) (1,2) (2,0) (2,1) (2,2) (0,0) (0,1) (0,2) (1,0) (1,1)

(2,0)”(2,0)” (2,0)” (2,0)” (2,0)" (2,0)" (2,0)" (2,0)" (2,0)" (2,1)" (2,1)" (2,1)" (2,1)" (2,1)’

b
(2,2)

(1,2) (2,0) (2,1) (2,2) (0,0) (0,1) (0,2) (1,0) (1,1) (1,2) (2,0) (2,1) (2,2)

(2,1)7(2,1)7(2,1)7(2,1)7(2,2)" (2,2)" (2,2)" (2,2)7 (2,2)" (2,2)" (2,2)" (2,2)" (2,2)

By definition 3.2.2, we have the following equivalence classes

re=|
Now we have

o) L) las) L6 o)) [Es) 16
I}

'

(0,0)
(1,0)

o) Lo

0,1)

Il

(0,0)
(1,0)

U

J(Rs)

| el [e9))

(2,0)
(1,0)

<1,0>} ’ [833] [ |

(1,1)

'

-{[it5
+ J(Rs)

Rs — J(Rs)

U(Rs) =

and

}
1
|
a O
— [
~— | ~—
1
1
—~|—
— |
— [
~— | —
1
1
|
[l fan)
— [
~— | ~—
|
—

(1,0)
(1,0)
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Through inspection we see that the only generator is [%} . This can be verified as follows

([55) - ]
([ - [52] - [G9] - S
it

We see that the element [ } generates the group 8 8% + J(Rs) and is of order 3.
Thus

< |:— > 7g

Next, we consider the case when k = 2:

The construction in section 3.2 yields a total quotient ring Rg in which (J(Rg))? = [(0,1)].
4.2.4 The Unit groups when the characteristic of Ry is p?

Let Rs be the total quotient ring with maximal ideal J(Rg) such that (J(Rs))? = [(0,1)].
Then Ry is of order p"*27. Since Ry is of the given order and U(Rg) = Rg — J(Rg), then

[U(Rg)| = p" ™7 (p" — 1) and |1 + J(Rs)| = p" ™. So 1 + J(Rs) is an abelian p-group.

Proposition 36. Let Rg be the ring constructed in Section 3.2. If r =1,k =2 and h > 1,

then
~ Zg X Zg’ pr = 2,’
UlRs) = { Zpr X Ly X T if p £ 2.

Proof. Now

U(Rs) = U (R (Rs) - (1 +9(09)) = By x (1 4+ T(R9)).

The structure of 1 + J(Rg). is obtained as follows:

A+ A C A
J(RS):{{]U 1+ 1U1;i- - huh} |)\iEZP,uiGR,lgigh,seU(R)}

and (J(Rg))? = [(0,1)]. Also | J(Rg) |= p"** for some positive integer h such that | U(Rs) |=
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ph+1 ( ) But

A A A
U(RS>:{[a+p 1+ 1u81+ + huh]

Let p = 2.

Suppose Ay € Z,2/pZ,2 and

|:I—|—T:| ) |:I+ . } GU(RS)

Now, consider the element
Then
(since p? =0 )

(since char R = p? and 2221 = 21 = 0,
So H p’\l} generates a cyclic subgroup of U(Rg) of order p.

Next, consider the element

1 S

1 A P 1 A
([F+20]) = o]
1 S 1 S

{1 + Alul} € U(Ry).

Then

(since u? =0 )

(since char R = p* and pAtit = 2 ),

So,

1 )\1U1
B

generates a cyclic subgroup of U(Rg) of order p.
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Next, consider the element

F + AQ“Q} € U(Rg).

Then

(since u3 =0 )

(since char R = p* and p22%2 = 2 ),

So,

1 )\QUQ
e

generates a cyclic subgroup of U(Rg) of order p.

Continuing in a similar manner up to the element H + ’\h%} , we notice that it also generates
a cyclic subgroup of U(Rg) of order p. Since U(Rg) is abelian, each cyclic subgroup is normal,
the intersection of any pair of the cyclic subgroups is the identity group H] and the order
of the group generated by the direct product of the h 4 1 cyclic subgroups coincides with
| U(Rs) | . Hence, the direct product exhausts U(Rg).

O

Proposition 37. The unit group U(Rg) of the total quotient ring constructed in section 3.2

with characteristic p* is isomorphic to Zyr—1 X Ly, X (Z;)h

Proof. Let Ay,..., A\, € R with \; = 1 such that Aj,...,\. € R'/pR’ form a basis for R'/pR’

regarded as a vector space over its prime subfield F,. Let sy,...,s, € S = U(Rg). Now

U(Rs) = U (Rs/(R) - (3 + I(Rs) ) = Ty x (4 98s) )

The structure of  + J(Rsg). is obtained as follows;

Foreachl =1,...,rand 1 < i < h,[%+’&},[%+ﬂ] € %+J(R5) and (HJF”—AZDP:

s Si s

p p p
%,([%—i—’\;—qfl]) :%,([%—FAQ—?D :%,...,q%%—mb = 1. For positive integers ay, B1y, . . ., B

Sh

49



with oy < p, By < p(1 <i<h,1<I1<r), wenotice that

AU Y B ) ) )}

i |

{([+2]) "= {[1)

will imply oy = 8y =p forevery I =1,...,rand 1 <i < h.

1 A @
Tl:{({——f—u]) |a:1,...,p}
1 S
'1 A T 51
Sll:{<1+ﬂ) |ﬁ1:177p}
L S1 |
1 Nug ]\ 2
5212{<I+£) |52:1,...,p}
L S2 |

Bh

it is easily noticed that 1;,Sy;, So, . .., Sp are cyclic subgroups of the group % + J(Rgs) and

If we set

each is of order p. Since

e o e 2]
H| [1 Aluh} >|=p" i,

the intersection of any pair of the cyclic subgroups yields the identity group < H] >, then
the product of the (h + 1)r subgroups T;, Sy, Sa, ..., Sk is direct and exhausts the group
1+ J(Rs). O

Example 3. From the proposition above, let p =2,k =2,r =1 and h =1
R = Z4 D FQ, J(Rs) = 2Z4, S=1 + 2Z4 and SflR = (1 + 224)71(24 ©® Fz)

1 (0,0) (0,1) (0,2) (0,3) (1,0) (1,1) (1,2) (1,3)
SR‘{lo 10 ( ) (1.0)" (1.0) (1.0)" (1,0)

20



(2,0) (2,1) (2,2) (2,3) (3,0) (3,1) (3,2) (3,3)
(1,0)” (1,0)’ (1,0)’ (1,0)” (1,0)" (1,0)" (1,0)" (1,0)

(0,0) (0,1) (0,2) (0,3)(1,0) (1,1) (1,2) (1,3)
(2,0) (2,1) (2,2) (2,3) (3,0) (3,1) (3,2) (3,3)

(1,2)7(1,2) (1,2)" (1,2)" (1,2)" (1,2)" (1,2)" (1,2)’
(2,0) (2,1) (2,2) (2,3) (3,0) (3,1) (3,2) (3,3)
(1,3)"(1,3)" (1,3)" (1,3)" (1,3)" (1,3)" (1,3)" (1,3)’
(0,0) (0,1) (0,2) (0,3)(1,0) (1,1) (1,2) (1,3)
(2,0) (2,1) (2,2) (2,3) (3,0) (3,1) (3,2) (3,3)
(3,1)7(3,1)7(3,1)" (3,1)" (3,1)" (3,1)" (3,1)" (3,1)’
(0,0) (0,1) (0,2) (0,3)(1,0) (1,1) (1,2) (1,3)
(2,0) (2,1) (2,2) (2,3) (3,0) (3,1) (3,2) (3,3)
(3,2)"(3,2)7(3,2)(3,2)7 (3,2)7(3,2) (3,2)" (3,2)’

(0,0) (0,1) (0,2) (0,3)(1,0) (1,1) (1,2) (1,3)
(3,3)"(3,3)7(3,3)7(3,3)(3,3)" (3,3)" (3,3)" (3,3)’

(3,2)"(3,2)7(3,2) (3,2)(3,2)" (3,2)" (3,2)" (3,2)’

(3,1)7(3,1)7(3,1)" (3,1)(3,1)"(3,1)"(3,1)" (3,1)’

(1,3)" (1,3)7(1,3) (1,3) (1,3)" (1,3)" (1,3)" (1,3)’

(0,0) (0,1) (0,2) (0,3)(1,0) (1,1) (1,2) (1,3)

(1,2)" (1,2)" (1,2)" (1,2) (1,2)" (1,2)" (1,2)" (1,2)’

|

(2,00 2,1) 2,2) (2,3) 3,0) B1) 3.2 (33)
By definition 3.2.2 we see that Rg consists of the following equivalence classes

(3,3)7(3,3)7(3,3)"(3,3)7(3,3)7(3,3)" (3,3)" (3,3)

1
|
=
— -
S— | N—
—_
e
| —
~ |
1717
S— | ——
—_
1
|
—~| o
171?
S— | ~—
| I
| — |
|~
oo
1./17
SN— | ~—
—_
1
|
=
S|~
SN— | N——
—_
1
|~
~ |
S|~
S— | N——
| IS
1
|~
_
S| —
S— | ~—
| I
| — |
|~
oo
S|~
S— | ~—
—_
{
o

—
| — |
—~~|—
=)
o | —
S— | N—
—_
1
— |
=)
o |~
S— | N—
—_
1
/|
— o
o |~
S— | N—
| I
Ll
|
oo
o | —
S— | —
| I
| — |
—~~|—
=)
=
S— | N—
—_
1
—~~|—
=)
N |~
S— | N—
—_
1
/|
— o
N |~
S— | N—
| I
Ll
|
oo
|~
S— | —
| IS

il
(3,3)

BiG

) 03] ) ) el
vl ) ) e

'

ta

(0,0)
(1,0)

and

| |69 (o9l s

+ J(Rg). Here we see through inspection that the

| &5

(1,2)
(1,0)

(1,1)
(1,0)

+J(Rs) = 88;

(1,0)
(1,0)

(1,0)
(1,0)

We now determine the generators of

generators are
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E

2.2)
(1,0)
|\

)|
| [&5
| [&5

)|
| [&5
| [&5

)|
| 155
| [&5

(1,0)
(7,2)
(1,0)

'
(4,2)

classes is given as
(1,1)
(1,0)
'
il

(1,0)
(7,1)
(1,0)

il
(4,1)

(1,0)
(1,0)
I
il

et of equivalence
)|

| 55

| [55

=3 then s
)|
| &9
| [&5

il
(3, 1)
(1,0)
(6,1)
(1,0)

(0,0)
(1,0)
'
il

e now have

Therefore the product is given by
Example 4. Let p
me={

(3,0)

(1,0)

(6,0)

(1,0)

| (G0, [ [2],

| &5 L

(1,0)
(1,0)
|

i

— + J(Rs)

(1,0)
(1,0)

ol o)
52

il

(7,0)
(1,0)



Thro

)
generate the group &3 + J(Rs). Th verified as follow
([55) - (53]
([ - (&) [69] - [
and
(lis)) = 5]
([&5]) =160) 169 = [
We see that the elements
[(1,1)
[ (1,0)
and
(4,0
(1,0)
generate the group g} + J(Rs) and each is of order 3
Thu
<([irw)) ===
and

ugh inspection we see

Taking the product we have

“(l

that the elements

when k£ > 3
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The construction in Section 3.2 yields a total quotient ring in which (J(Rg))* = [(0,1)].

We now determine the structure of their unit groups.
4.2.5 The Unit groups when the characteristic of Rg is p* with k > 3

Proposition 38. Let Rg be a local ring of characteristic p* with k > 3. Then the group of
units U(Rg) of Rg contains a cyclic subgroup < & > of order p" — 1, and U(Rg) is a semi

direct product of 1 + J(Rs) by < & >.
Proof. See proposition 30. n

In order to completely classify the groups of units of the total quotient ring, we determine

the structure of 1 + J(Rsg).

Proposition 39. Let Rg be the total quotient ring construction of Section 3.2. If k =3,r =1

and h > 1, then

1 o [ Lo XLy X (L) if p=2;
g+ J(fs) = { Ly % (Zp)" if p# 2.

Proof. Now let

U(Rs) = U (Re/T(R9) - (§ + 9(1s) ) = 2y x (] 4 7(19)).

The structure of 1 + J(Rs). is obtained as follows:

PN S
J(Rs) = {[p i 1“1+8 i h“h} INeRNEZyweR1<i<hse U(R)}
and (J(Rs))® = [9]. Also | J(Rs) |= p" for some positive integer h such that | U(Rs) |=

p"2(p —1). But

-+ pA+ Auy + -+ Apup
S

1
I+J(RS) = {|: 1 |S,OCEU(R),)\ER/,)\Z'€ZP,U¢ ER,lS’lSh}
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We let ¢ € R’ such that 22 + x4+ v = 0 over R'/pR’ has no solution in the field R'/pR’

and ¢ € R'/pR’, we obtain the following:

H N %] € 5+ ann(J(Rs)),

and

|:I+?:|,|:I+ . :|€I+J(RS)

Now consider the element

1+4)\
1 s |’

(o)) o=t

then
(since 16(mod8) =0 )

(since char R =8 and #1 = 2),

So

Y

1 S
generates a cyclic subgroup of 1 + J(Rg) of order 2.

Next, consider the element

1 4y 1
|:I+?:| € I‘I—J(Rs),

(G2]) -]

then
(since 16(mod8) =0 )

(since char R = 8 and % =2).

So

1 40
i+
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generates a cyclic subgroup of % + J(Rg) of order 2.

Next, consider the element

1 . } € U(Rg).

1 2 1
(Fe0]) =l
1 S 1 S

1 A
{_+ 1U1

Then

(since u? =0 )

(since char R = 8 and 23141 = 9,

So

1 Alul
e

generates a cyclic subgroup of U(Rg) of order 2.

Similarly, the element

1 S

{1 + AQ“Q} € U(Rs).

Then

(since uz =0 )

(since char R =8 and 2222 = 0),

So

1 A2u2
B

generates a cyclic subgroup of U(Rg) of order p.

1 Ahuh
{I+ s 1’

we notice that the element also generates a cyclic subgroup of

Continuing inductively up to

1
T+ J(Rs)
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of order 2. Since

1
T+ J(Rs)

is abelian, each cyclic subgroup is normal, the intersection of any pair of the cyclic subgroups

i

and the order of the group generated by the direct product of the h + 2 cyclic subgroups

is the identity group

coincides with | U(Rg) | . Hence, the direct product exhausts 1 + J(Rs).

Let p #£ 2

We show that % + J(Rg) is isomorphic to a direct product of h 4 1 cyclic subgroups.

1
Z 4+ pA
o)

Consider, the element

then

Next, consider the elements
1 A 1 A 1 A
. 1U1 2+ 2U2 N =t hUh
1 s 1 s 1 5

Mooy d € U(Zy),ug, ... ,up € Rys € U(R).

where

We notice that each of the elements generates a cyclic subgroup of % + J(Rg) of order p. Since
% + J(Rg) is abelian, each cyclic subgroup is normal.
Moreover, the order of the group generated by the direct product of the h 4+ 1 subgroups

coincides with | T + J(Rs) | . So the direct product of the subgroups exhausts 1 + J(Rg). O

Proposition 40. The structure of the unit group U(Rgs) of the total quotient ring constructed

in Section 3.2 with characteristic p>,r > 1 and h > 1 is as follows:
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1 Ty X Ty X T3 < (Z5)" if p=2;
~ + J(Rg) = .
1 () { Z7, x (Z5)" ifp#2.

and

U(Re o { Loro1 X Lo X T X 7t x (Zu)h if p=2;
(Bs) =\ 2,y x 2, % (z0)" ifp+2.

Proof. Let Ay,...,\, € R with A\; = 1 such that Ay,..., )\, € R'/pR’ form a basis for R'/pR’

regarded as a vector space over its prime subfield F,. Let sq,...,s, € S = U(Rg). Now

U(Rs) = U (Rs/ (R« (] + IR) ) = By x (4 J(Rs) )

Since the two cases do not overlap, we consider them separately:
Let p=2
The structures of 1 + J(Rg). are obtained as follows;

Suppose [ =1,...,r,1 <i < h and let 1) € R’ such that
2’ +r+19=0

over R'/pR’ has no solution in the field R'/pR’ and ) € R'/pR', we obtain the following
1 4an])? 1 1 4]\ |1
Loaaiy L (L 2oy L
1 s 1 1 s 1
1 . oxT\' 1
1 s R

for £ = 2, ([ +2])7 = (3], ([ 22))" = [1].. ([ o+ 22])° = [1] for every

S S S

results:

Also

Il =1,...,r. Now, consider positive integers o, 3, k;, 71y, ..., Ty With a < 2,8 < 2, k; < 4,15 <

2(1 <i < h,1<1<r), we notice that the equation

(o) G G2y
{(2e]) I(G-22]) )
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() -1

,...,rand 7y =2forevery l=1,...,rand 1 <7 < h.

If we set

it is easily noticed that H,G, T}, Sy, Sor, ..., Sp are cyclic subgroups of the group % + J(Rgs)

and they are of the orders indicated in their definition. Since,

1 4N 1 4 . 1 2N
< {I*T] >| < h+?} >|-l|:2| |- < h+— >|
! 1 )\lU1:| ! ll /\lu2:| . |:1 )\luh] (h+k—1)r
- < st > <|z+— > <|tt+—|>=p ,
[I1-<|7+5 ]~ H‘ el g “' Bl

=1
the intersection of any pair of the cyclic subgroups yields the identity group

(il

and the product of the (h + k — 1)r subgroups H, G, T}, S, Say, - - ., Spy is direct and exhausts

the group 1 + J(Rs).

Let p # 2
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Forl=1,...,r,

(b==]) -1

o, B with o < p?, 8y < p(1 < i < h), we notice that the

{5 ond) {5 22)) )

For positive integers «y, (1,

equation

=1

r

(22"} - {1}

will imply a; = p?, By = p(1 <i < h,l=1,...,r). If we set

le{(EwAzDa|a=1,...,p2}
sl,{<[%+%1)a|a1,...,p}

w{(e]n

., Sy are all cyclic subgroups of % + J(Rgs) and they are of the orders
indicated by their definitions. Since

We see that 17, Sy, . .

: 1
ITi< |5+
=1

! 1 )\lul d 1 )\luh —1)r
>| H|< |:I+T:| >| ..... H|< [_4_7 >|:p(h+k 1)
=1

1
=1

and the intersection of any pair of the cyclic subgroups gives the identity group, the
product of the h + 1 subgroups 17, S, . .., Sp is direct and the product exhausts the group
1+ J(Rs).

O
We now give the generalization as follows;
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Proposition 41. The structure of the unit group U(Rg) of the total quotient ring constructed

in section 3.2 with characteristic p*,k > 3,7 =1 and h > 1 is as follows:

1 o Ly X Logeo X 2 if p=2;
1 (s) = { Zopr X T ifp#2.

and

o Ly X Dogp—a X I ifp=2;
UlRs) = { Zpoy X Lps X Il if p # 2.

Proof. Now let

U(Rs) = U (Re/ () - (] + I(1s) ) = 2y x (] 4 7(19)).

The structure of % + J(Rg). is obtained as follows; It can be shown that

{{p)\—l—)\lm—i—--'%—)\huh

S

} |/\€R’,/\Z~EZp,uieR,lgigh,seU(R)}

a+p)\+/\1u1+--'+/\huh
S

1
T+J(RS) = {[ 1 | Ne R ,acU(R),\ € Zp,u; € R, 1 gigh,seU(R)}

When p = 2.

We let ¢ € R’ such that > + x 41 = 0 over R'/pR’' has no solution in the field R'/pR’

and ¢ € R'/pR’, we obtain the following:

1 . 2k=1)
1 S

] € % + ann(J(Rgs)),

|:I+?:|7|:I+ . :|€I+J(Rs)

Now consider the element

1 n k=1
1 s ’
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then

(since 22%72 =10 )

(since char R = 2% and QkTA =9

So

14+_2k—1A
1 S

generates a cyclic subgroup of % + J(Rg) of order 2.

Next, consider the element

1 1

1w\ T L4
() a

|:1+%:| € l—i-J(Rs),

then
(since 28 =0)

(since char R = 2% and 287242 = 0 ),

So

generates a cyclic subgroup of % + J(Rs) of order 2872,

Next, consider the element

1 S

{1+MM}EUWQ.

Then

(since u? =0 )

(since char R = 2% and 2214 = 9,
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So

1 Alul
O

generates a cyclic subgroup of U(Rg) of order 2.

Similarly, the element

1

2
([i+22]) = [1+2%]
1 S 1 S

{1 + Am} € U(Rs).

Then

(since uz =0 )

(since char R = 2% and 2222 = 9 ),

v

So

1 AQUQ
B

generates a cyclic subgroup of U(Rg) of order 2.

1 Ahuh
{I—F s 1’

we notice that the element also generates a cyclic subgroup of

Continuing inductively up to

of order 2. Since

is abelian, each cyclic subgroup is normal, the intersection of any pair of the cyclic subgroups

i

and the order of the group generated by the direct product of the h + 2 cyclic subgroups

is the identity group

coincides with | U(Rg) | . Hence, the direct product exhausts 1 + J(Rs).
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Let p #£ 2
We show that % + J(Rg) is isomorphic to a direct product of h 4 1 cyclic subgroups.

Consider, the element
1
- A

then

Next, consider the elements
1 A 1 A 1 A
. 1U1 = 2U2 R RUNL
1 s 1 s 1 s

Al,...,)\hGU(Zp),ul,...,uhGR,SGU(R).

where

We notice that each of the elements generates a cyclic subgroup of % + J(Rg) of order p. Since
% + J(Rg) is abelian, each cyclic subgroup is normal.
Moreover, the order of the group generated by the direct product of the h 4+ 1 subgroups
coincides with | 1 + J(Rg) | . So the direct product of the subgroups exhausts  + J(Rs).

O

Proposition 42. The structure of the unit group U(Rg) of the total quotient ring constructed

in section 3.2 with characteristic p*, k > 3,7 > 1 and h > 1 is as follows:

1 o | Ly X Lz X L X (Z5)" if p=2;
p I Us) = { Zh s % (Zp)" ifp#2.
and
Z2r71 X ZQ X ZQk—2 X Zr;}1 X (Zg)h pr = 2
Rg) = 2 : ;
Uiks) { Ty 1 X Ty X (Z})" ifp#2.

Proof. Let Ay,...,\, € R with A\; = 1 such that Ay,...,\, € R'/pR’ form a basis for R'/pR’
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regarded as a vector space over its prime subfield F,,. Let s1,...,s, € S = U(R). Now

U(Rs) = U (Rs/ (R - (1 + I(Es)) = Ty x (4 9(8s) )

Since the two cases do not overlap, we consider them separately:

Let p=2

The structures of % + J(Rg). are obtained as follows;

Suppose [ = 1,...,7,1 <i < h and let ¢ € R such that 2% + x 4+ = 0 over R'/pR’ has no

solution in the field R'/pR’ and ) € R'/pR’, we obtain the following results:

(=211

Also
({ ”’D -]
forl=2,...,r,
_ |k
= 17|
_ L
= 17|
1A >N
([-+—’“h1) -]
1 s 1
for every [ = 1,...,r. Now, consider positive integers «, 3, k;, 717, ..., T With a < 2,8 <

282 o <281 7 < p(1 <i < h,1 <1 <7r), we notice that the equation

(=20 () B2}
1((i+2) "} a((6))
()" ()
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will imply o = 2,8 = 282 kg, < 2l for l =2,...,r and 7 = 2 for every [ = 1,..

1<i<h.

If we set

1 h
e { ([ 22]) 1m0
1 S

it is noticed that H, G, T}, S1;, So, . .

they are of the orders indicated in their definition. Since,

< E+2’:“1] S |< [ ] H\

1 1
-H|-<{ A”“] H\<[— @]»
=1

H ’ [ )\luh} >’:p(h+k—1)r’

2)\
z] -

., and

., Sy are cyclic subgroups of the group % + J(Rg) and

the intersection of any pair of the cyclic subgroups yields the identity group [ﬂ , and the prod-

uct of the h+ 3 subgroups H, G, T;, S1;, Sor, . . ., Sy is direct and exhausts the group %4— J(Rs).

Let p # 2

Forl=1,...,r,

(Gen])™ -]




1 )\huh p_ 1
(lr+2]) L)
For positive integers ay, By, ..., B with ap < p*=1 8y < p(1 < i < h), we notice that the
- 1 al - 1 )\1U1 Pu
{([F o) (G220}
=1 =1
r 1 A Bhi 1
()} -{i0)
1 s 1
1=1

will imply oy = p*~1, By =p(1 <i < h,l=1,...,r). If we set

7= {(H-HU)\I])Q|oz:1,...,pk_1}
su={([1+22]) 1a=1)

Shl: {(|:1+ )\hUh:|) ’(X:l,...,pkl}
1 s

We see that T}, Sy, ..., Sp are all cyclic subgroups of % + J(Rgs) and they are of the orders

equation

indicated by their definitions. Since

1 )\111,1 i 1 )\huh (h+k—1)r
_ > < | = >|=
-+ 8] | H' [1+ | >l=p

[Ti< |5+ > T1 1<
=1 =1

and the intersection of any pair of the cyclic subgroups gives the identity group, the product of

the (h+ 1)r subgroups Tj, Sy, - . ., Sy is direct and the product exhausts the group %—k J(Rs).
]

Example 5. R=Zs ® GF(2)®--- ® GF(2),J(Rs) =2Ls @ GF(2)®--- @ GF(2),S =1+
B h
2Zs®GF(2) ® -+ & GF(2) and ST R = (1+2Zs®GF(2) & - - & GF(2)) " (Zs®GF(2) & - - & GF(2)).

h h h
The above construction gives the following equivalence classes
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0,0,0,...,0)

il

0,1,0,...

(1,0,...,0)

I

- (1,0,..., 0) |’

| (1,0,...,0) |’
(7,0,0,. ..,

(7,1,0,...,0)

(1,0,...,0

(1,0,...,0) }

,0)
(1,0,...,0) |
1 7(1,1,0,...,0)] i
1" (1,0,...,0) |
1 7(2,1,0,...,0)]
171 (1,0,...,0) |
0)] [(3,1,0,...,0)]
| (1,0,..., 0) |
0)] [(4,1,0,...,0)]
1" (1,0,...,0) |
,0)] [(5,1,0,...,0)]
171 (1,0,...,0) |
,0)] [(6,1,0,...,0)]
| (1,0,...,0) |

.....

.....

.....

.....

.....

.....

.....

| (1,0, ..

70)
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.....
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The generators of the group

we verify this as follows:

{

We see that each of the h + 2 elements

Fo=5 + J(Rs) are
[(3,0,0,...,0)]
1(1,0,0,...,0)]"
[(5,0,0,...,0)]
(1,0,0,...,0) ]’
[(1,1,0,...,0)]
(1,0,0,...,0)]"
(1,0,...,0,1)

(1707' 7070) ,
[(3,0,0,...,0)] 2: [(1,0,0,...
(1,0,0,...,0) ]

[(5,0,0,...,0)] 2: [(1,0,0,. ..

1(1,0,0,...,0)]

[(1,1,0,...,0)] 2: [(1,0,0,...

(1,0,0,...,0) ]

(1,0,...,0,1) 2: (1,0,

(1,0,...,0,0) (1,0,
[(3,0,0,...,0)]
1(1,0,0,...,0)]"
[(5,0,0,...,0)]
(1,0,0,...,0)]"
[(1,1,0,...,0)]
1(1,0,0,...,0)]"
(1,0,...,0,1)
(1,0,...,0,0)
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(1,0,0,...




is of order 2, thus

[(1,0,...,0,1)]
RS ACREE e Ry ~7
<(jLauwmm_ >= 4

Therefore taking the product of all the generators we have

“(ws=zs)) > = ([Gaa]) < (s =)~

1,0,...,0,1
""" < <|:%:|) >gZQXZQXZQX"'XZQZZQXZQX(ZQ)h
—_—

) VAR )

h
Case (i1) When p # 2

For p = 3, we have the following equivalence classes

}%:{{mmauwmy{@anwm}ww{maqumy[mzmuwm]ww{uqanm

(1,0,...,0) (1,0,...,0) (1,0,...,0) (1,0,...,0) (1,0,...,0)
[(1,0,0,...,0)]7 [(1,1,0,...,0)] [(1,0,...,0,1)7 [(1,2,0,...,0)] [(1,0,...,0,2)]
| (1,0,...,0) || (1,0,...,0) |77 (1,0,...,0) || (1,0,...,0) || (1,0,...,0) |’

[(2,0,0,...,0)] [(2,1,0,...,0) [(2,0,...,0,1)7 [(2,2,0,...,0)] [(2,0,...,0,2)]
(1,0,...,0) || (1,0,...,0) | (@,0,...50) |7l (L,0,..,0) |7 (,0,..,0) |

[(3,0,0,...,0)] [(3,1,0,...,0)] [(3,0,...,0,1)7 [(3,2,0,...,0)] [(3,0,...,0,2)]
(1,0,...,0) |’ (1,0,...,0) |7 (1,0,...,0) || (1,0,...,0) |77 (1,0,...,0) |
[(4,0,0,...,0)]7 [(4,1,0,...,0)] [(4,0,...,0,1)] [(4,2,0,...,0)] [(4,0,...,0,2)]
(1,0,...,0) |7 (1,0,...,0) |7 (1,0,...,0) | (1,0,...,0) |7 (@,0,...,0) |7
[(5,0,0,...,0)] [(5,1,0,...,0)] [(5,0,...,0,1)7 [(5,2,0,...,0)] [(5,0,...,0,2)]
L (1,0,...,0) |7 (1,0,...,0) | (@,0,...,0) || (L,0,..,0) |7 (L,0,...,0) |
[(6,0,0,...,0)] [(6,1,0,...,0)] [(6,0,...,0,1)] [(6,2,0,...,0)] [(6,0,...,0,2)]
(1,0,...,0) || (1,0,...,0) |7 (1,0,...,0) || (1,0,...,0) |77 (1,0,...,0) |
[(7,0,0,...,0)] [(7,1,0,...,0)] [(7,0,...,0,1)] [(7,2,0,...,0)] [(7,0,...,0,2)]

| (1,0,...,0) |’[ (1,0,...,0) || (1,0,...,0) |'[ (1,0,...,0) || (1,0,...,0) |’
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(G0
,0,.. ., 0) } , {(?,171607 O)
..... ()):|,.."|:(8,0,_. 0
(1,0,..., 01)] , {(8,2,0
{(2@0,0,._ : ) s 0)]
o 'df)},[@m,o' S R ey
el e
We now have [(1’70”9’-..,0) -0 1 {(261’07--.,0’1
J(R ._70) ] ,,,,, {(2(61,0’_.,0’(2)’0 ..... 0))}7
! 0= {[Sen) [0 o
[(io(’)" 0,2) <3“’O> ’{(1,6?.’”"0)}
0,00, 0)} - (1000 0 (3-.’0) ..... {((27106“"0’1)
LA T 0y | 1.0.....0) A 0)}7[(0’2707..,
(3,0’__.702)_ :(1 0. . (7)0> (3 (1,07‘ ’O)}
(élo .... (,)) | (G,O,o"j ()): ,,,,, [(1?(,) 0.1) (3-.70) .....
(10 0.1) | (1,0, (’))) {(6,1,07“ """ 0)} {(12’0’ 0)
0,..., 0) (6,2,0 - (1707_""0)} 0, 0) } .....
| (1,0,. ,0) 0y |7
{(24,0707.”0 oy {<670,._ o
o 0’))]7[(2?17160“.70)] : RO 0))]
U o | (24,0, .
and f(24707 ) '{70(;;00,.'_"”00,)1)} ’ {(24,2,07”‘ 0
Epg v oy 7
o 5) = (1
=] e
[(4’0,0 {“L (1,0, '0)]
uu """ s
[(2,10,07."70) (1’0’---;6()»} 7777 0. <1’0":’-,(’)2)}7 0,0)1,
0, 0)}’[@1’0%- 0 {(10"’0’1) )
<1,o,...;5))} ,,,,, [<7,5,,’_'"(’)0>]’[(ﬁ(‘f’OOm..,m
(1,0,_:f7(’);)},[(7727(’)-..70) } ..... [(?10—02)
. (1, o, 0) 0,00, 0 },
0,..., 0)} ,,,,, [(7(710’—70;)]
0.0 ]

( )
{ 25 0,0,...,0):| , |:(25,1,0 | O)
g0 e ey ‘|

go e
)



{(2(51’,2()’,9’.'..,.()’)0)] ,,,,, {(2(51’,00’,....'.7,00’)2)] }

Through inspection we have the generators as

S [Ge] [oe)

(5D - ()
(5] - (D (s - (e
(Satst]) = (M) (Mezst]) - (ee=l)
(el - (G (e - ()
(e - (=) (GestD - (D),
() = (e (s - (5=,
(s -G D- (s - (=)
((sa)) - (e (SesD - (Ge=)).
(=) -[E5=5]
(Soz]) =) o) = [




We see that the h + 1 elements

[(16,0,0,...,0)
(1,0,...,0)
of order 9 and
[(1,1,0,...,0)
- (1,0,...,0) |’
(1,0,...,0,1)
(1,0,...,0,0)
each of order 3 generate the group 8’8::::’8; + J(Rs).
Thus
(16,0,0,...,0)
> 7,
([ (1,0,....0) ’

(1,0,...,0,1)
<\ |7 ) >=Zs.
({(1,0,...,0,0) ’
Taking the product of all the cyclic groups we obtain the following
- (16,0,0,...,0) . (1,1,0,...,0) -
(1,0,...,0) (1,0,...,0)

(1,0,...,0,1) )
T 0 ) S22 g X Ty X o X Ly = Zg % ZE.
- ([(1’0770,0) > QX\?’X X dag g X 3

h
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CHAPTER FIVE
SUMMARY OF FINDINGS, CONCLUSION AND RECOMMENDATIONS

5.1 Summary of Findings

In this research, we sought to achieve the characterization of the unit groups of the total
quotient ring of a completely primary finite ring of characteristic p*. This was done in three
steps; using the usual multiplication of fractions we constructed the total quotient ring. We
showed that our local ring has a unique maximal ideal J(Rg) and the groups of units U(Ryg)
have a unique characterization of Z,_1 x (1 + J(Rsg)) such that (| Z,-_; |,| (1 + J(Rs)) |) =1
for some prime integer p and positive integers k and r. To completely characterize the structure
of U(Rg), we determined the generators of 1 + J(Rg). We found that the generators formed
cyclic groups of prime power order G; | i = 1,...,h such that G;NG; = 1, G; < 1 + J(Rs)
and []I, G; =+ + J(Rs).

Our findings can be summarized by the following theorem.

Theorem 15. Let R be a completely primary finite ring given in section 3.1. Suppose S is a
saturated multiplicative subset of R consisting of all the units in R and Rg s the localized ring

constructed in Proposition 11. Then the structure of the unit group U(Rg) is summarized as

follows:
Loy —y % (Z7)" if char R = p;
U(Re) = Ly —y X Ly < (Z7)" if char R = p?;
(Rs) = ZLior 1 X Dy X Dige—2 X Zg,;lg x (Z5)" if char R=1p" k> 3,p=2;
Liyr—1 X Ly X (Z;)h if char R = p¥, k> 3,p # 2.

5.2 Conclusion

This study has revealed that if Ry = Ry, then U(R;) = U(Rz). Our results can be compared
to those obtained in [32], but provide an alternative way by constructing isomorphic rings to
R. We provided a partial solution to the question of possible constructions of rings isomorphic

to R by the process of localization so that their unit groups are isomorphic to U(R).
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5.3 Recommendations

We recommend that future research should extend this study by exploring possible construc-

tions of all the rings isomorphic to Rg so that their groups of units are the same as U(Ryg).
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