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ABSTRACT

A zero divisor graph of the ring R is a graph whose vertices are entirely from the set

of zero divisors of the ring and two vertices of the graph are adjacent if and only if

their product is zero. The study of zero divisor graphs is important for it provides

a better way of relating graph geometry to matrix conformations and formulation of

encryption algorithms in coding therefore fundamental in interpretation of patterns,

maps and networks in computer programs and modelling. Reasonable research has

been done concerning zero divisor graphs of commutative rings with identity 1 ̸= 0,

however the generalization of the structures of the matrices of zero divisor graphs is

still not extensive in the existing literature. Much of the recent works on zero divisor

graphs of finite commutative rings have been restricted to the algebraic properties

of the graphs such as colouring, girth, spectral radii and classification in terms of

their completeness up to isomorphism. This has left the characterization of finite

commutative rings via the structures of the matrices and indices of their graphs fairly

untouched. In particular, matrices and indices of the zero divisor graph Γ(R) of finite

commutative rings of 3-radical zero and 4-radical zero have not been characterized.

This research has determined and investigated the properties of the matrices and

indices of Γ(R) of finite rings R with unique maximal ideal J(R) such that J(R)3 = (0)

and J(R)2 ̸= (0); J(R)4 = (0) and J(R)3 ̸= (0). It has also established the singularity

and the relationship that exist between the eigenvalue multiplicities in the spectrum to

the nullity of the graphs. We have validated the construction of these classes of rings

using idealization procedure and the zero divisor graphs drawn from the isolated zero

divisors using the Tikz Software. The matrices have been formulated from the graphs

using standard definitions and the Mathematica software applied in investigating some

of their algebraic properties. The results of this study can find an application to

networking such as Google PageRank algorithms, developing more improved codes

for better graph interpretation in operation systems. It will also advance the ring

classification problem by revealing the interplay between ring theory, graph theory

and linear algebra therefore contributing fundamentally to the literature of advanced

algebra.
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ABBREVIATIONS AND NOTATIONS

R - A Ring.
Z(R) - Set of zero-divisors of R.
(Z(R))∗ - Set of non zero zero-divisors of R.
R/Z(R) - The quotient ring R modulo Z(R).
R∗ - Group of units of R.
J(R) - Jacobson radical of R.
⊕ - Direct sum.
A = [aij] - Adjacency matrix associated with Γ(R).
L = [lij] - Laplacian matrix associated with Γ(R).
[dij] - Distance matrix associated with Γ(R).
d(vi, vj) - Distance between the vertices vi and vj.
Mn(R) - Square matrix ring over R.
GR(pkr, pk) - Galois ring of order pkr and characteristic pk.
G(R) - The total graph.
Γ(R) - Anderson and Livingston’s zero divisor graph

(Zero divisor graph whose vertices are non-zero zero divisors).
| Γ(R) | - The number of vertices in Γ(R).
diam(Γ(R)) - Diameter of the graph Γ(R).
ω(G(R)) - Clique number of the graph G(R).
ΓE(R) - Mulay’s graph/Condensed zero divisor graph of R.
ΓI(R) - Redmond’s zero divisor graph.
G(V,E) - The undirected graph with the vertex set V and a set of edges E.
∆(G) - The maximum degree of graph G.
δ(G) - Minimum degree of graph G.
σ([A]), σ([L]) - Spectrum of the adjacency and Laplacian matrix respectively.
V (Γ(R)) - The vertex set of Γ(R).
| V (Γ(R)) | - The cardinality of the vertex set, V (Γ(R)).
Aut(R) - Automorphism group of the ring R.
b(Γ(R)) - The binding number of the zero divisor graph Γ(R).
W (Γ(R)) - Wiener index of the zero divisor graph Γ(R).
Z1(Γ(R)) - First Zagreb index of the zero divisor graph Γ(R).
Z2(Γ(R)) - Second Zagreb index of the zero divisor graph Γ(R).
A(Γ(R)) - Average disorder number of the zero divisor graph Γ(R).
µ(Γ(R)) - Average distance index of the Zero divisor graph Γ(R).
Dim(R) - Dimension of the ring R.
T (Γ(R)) - Simple topological index of Γ(R).
I(Γ(R)) - Inverse degree of Γ(R).
S - A non-empty subset of V (Γ(R)).
N(S) - The neighbourhood of S.
Char(R) - Characteristic of a ring R.
AnnRv - Annihilator of v in R.
Zpn [i] - Gaussian ring of integers modulo pn.
NG(v) - The neighbourhood of a vertex v in Graph G.
Ms×s(F) - A square matrix Ring of order s over the field F.
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CHAPTER ONE

INTRODUCTION

1.1 Background of the Study

A completely primary finite ring is a ring R with identity 1 ̸= 0 whose subset of zero

divisors form a unique maximal ideal J(R) [57]. The concept of completely primary

finite rings has been an active area of research for a while. Raghavendran in [57]

provided a foundation in the interpretation of the Jacobson radical J(R) in terms of

the zero divisors Z(R), the order of R and its group of units R∗.

A number of studies have been advanced on these classes of rings. For instance,

Chikunji in [14] provided a review on the theory of completely primary finite rings

and to a greater extent, a class of finite rings whose set of zero divisors forms an

additive group. Further, a description was provided on their structures by outlining

a general structural representation as an additive direct sum of cyclic modules over

their maximal Galois subring. In [9], Chikunji further classified cube radical zero

completely primary finite rings R such that if J(R) is the Jacobson radical of R then,

(J(R))3 = (0) and (J(R))2 ̸= (0). The problem of enumerating these rings in the

particular case where the maximal Galois subrings lie in the center by way of giving

a method of determining the isomorphism classes was considered.

Owino and Ojiema in [48] did an important research to characterize the unit groups of

some classes of power four radical zero commutative completely primary finite rings

R in which if J(R) is the Jacobson radical, (J(R))4 = (0) and (J(R))3 ̸= (0). They

further determined the structures of their unit groups.

A graph is a representation of a set of objects where some pairs of the objects are
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connected by links [53]. For the zero divisor graph, the set of objects are the zero

divisors of the ring R. A lot of research has been done on zero divisor graphs and

unit groups of completely primary finite rings with great success as seen in the next

section on the reviewed literature. Much study has been done on the zero divisor

graphs for commutative rings with identity. Few expositions have been given by An-

derson and Livingston [3], Beck [5], Mulay [38] and Redmond [59] respectively. For

instance, Beck in [5] constructed a graph of zero divisors in which every element is a

vertex and focused on the determination of the coloring of the graphs, i.e obtaining

the chromatic number of the graphs. Anderson and Livingston in [3] redefined the

concept of the zero divisor graph and constructed graphs in which every vertex is a

nonzero-zero divisor. Their motivation was to give a better illustration of the zero di-

visor structure of the ring. Mulay in [38] introduced another zero divisor graph which

is constructed from the classes of zero divisors determined by annihilator ideals rather

than the individual zero divisors themselves. A further study was done by Redmond

in [59] who introduced another zero divisor graph in which an element x ∈ R \ I is

a vertex when I is an ideal of R and x, y ∈ R\I are adjacent when x.y = 0. The

relationship between the zero divisor graphs ΓI(R) and Γ(R/I) was discussed. The

findings, however, did not however extend to the matrices of the said graphs.

Various results have been obtained on matrices of finite rings in which the product of

any two zero divisors is zero. Determination of properties of matrices of zero divisor

graphs of classes of 3-radical zero and 4-radical zero finite rings has not received much

attention. Despite the fact that studies on the matrices for the classes of rings in ques-

tion have not been done, some findings exist on other classes of rings. For instance,

a study on the adjacency matrix for zero divisor graphs over finite rings of Gaussian

integer modulo n was done by Pranjali, Amit and Vats in [54]. They characterized

the order, singularity, trace of the adjacency matrix of Zpn [i] for p ≡ 1(mod 4) and

p ≡ 3(mod 4). They extended the study to the analysis of the adjacency matrix and

2



the neighbourhood associated with the zero divisor graph of finite commutative rings

in [53]. The study concentrated on commutative rings of direct products of the form

R = R1 × R2 where R1 and R2 are integral domains with variations of the values of

p = 2, 3, 5 for R = Zp ×Zp. The authors determined the rank, eigenvalues, symmetry

and determinant of the neighbourhood associated with the graph for Z(R).

In [42], Ndago, Ojiema and Owino obtained the adjacency and incidence matrices

of the zero divisor graph Γ(R) of a class of the square radical zero completely primary

finite rings. The research further characterized the matrix algebraic properties of

the class of completely primary finite rings with characteristics p and p2. This study

did not however extend to the higher indices of nilpotence of Z(R) for finite rings.

Moreover, no result was presented with regards to graph indices of the aforementioned

classes of rings. In this research, we have given a special focus to adjacency, Laplacian

and distance matrices due to the display of similarity in structural construction and

algebraic interpretation in properties for the classes of rings studied.

Characterization of rings have also been done via the Adjacency, Laplacian and dis-

tance matrices of their zero divisor graphs. The adjacency matrix of a zero divisor

graph Γ(R) is defined by

[A], where

aij =

{

1, xixj = 0, i ̸= j;
0, otherwise

for any vertices xi, xj and for all i, j ∈ N. Given an adjacency matrix [A] and a degree

matrix [D] which is the diagonal matrix whose diagonal entries are the degrees of

vertices of Γ(R) and 0-elsewhere, the Laplacian matrix is an n × n matrix [L] =

[D]− [A]. Further, the distance between two vertices vi and vj is denoted by d(vi, vj)

and it is defined as the length of the shortest path between vertices vi and vj [60].

The distance matrix of a graph G having n vertices is a symmetric matrix [dij] whose

3



entry dij is defined as

dij =

{

d(vi, vj), if i ̸= j;
0, if i = j for 1 ≤ i, j ≤ n ∈ N.

Properties of the adjacency matrices of zero divisor graphs have been conducted,

evident in [53, 54]. In the papers, the authors concentrated on the analysis of the ad-

jacency matrix and the neighbourhood NG(v), of a vertex v associated with the zero

divisor graph of finite commutative rings of direct product such that R = R1 × R2

and the adjacency matrix for zero-divisor graphs over finite rings of Gaussian integers.

This research concentrated on the characterization of such matrices corresponding to

the rings of Gaussian integers modulo n. The study evaluated the number of zero

divisors in each case and examined the orientation of their matrix and further gen-

eralized the order, rank, determinants and the eigenvalues of the matrices in each case.

In [56], an investigation on the Laplacian eigenvalues of the zero divisor graph as-

sociated to the ring of integers modulo n was performed. Here, it was noticed that

the structure and Laplacian spectrum of Γ(Z) for n = pN1qN2 where p < q are primes

and both N1 and N2 are positive integers. Further, it was demonstrated that the

Euler’s totient function ϕ satisfies ϕ(pq) = ϕ(p)ϕ(q) where p, q are relatively prime.

Further investigations on the Laplacian matrices can also be observed in [51] and [61]

which were based on signless Laplacian spectrum of zero divisor graphs of the ring

Zn, and Laplacian eigenvalues of the zero divisor graphs of the ring Zn, respectively.

Other than giving an analysis of the matrix properties of the zero divisor graphs

of the classes of rings, this study has also explored the graph indices of Γ(R) such as

the Wiener number, binding number and the average disorder number together with

bounds on both first and second Zagreb indices of the graph Γ(R). The Wiener index

denoted as W and also known as path number or the Wiener number is a graph index

4



on a graph with n nodes and is defined by

W =
1

2

n
∑

i=1

n
∑

j=1

dij

where dij is the shortest distance between any two vertices vi and vj [52]. The Wiener

index W (G) of a graph G with vertex count | G | is related to the average disorder

number of the graph A(G) = 2W (G)
|G|

and the average distance µ(G) between the vertices

of G as demonstrated in [22] is

µ(G) =
W (G)

(

| V (G) |
2

) .

The first Zagreb index is the sum of the squares of degrees of the vertices and the

second Zagreb index is the sum of the products of the degrees of the pairs of adjacent

vertices. We denote the first and second Zagreb indices of Γ(R) as Z1(Γ(R)) and

Z2(Γ(R)) respectively. Therefore for any vi, vj ∈ V (Γ(R)),

Z1(Γ(R)) =
n

∑

i=1

(deg(vi))
2

and

Z2(Γ(R)) =
n

∑

i,j=1

(deg(vi))((deg(vj))

where i ̸= j. The Zagreb indices were introduced in [25] and given an elaboration in

[26]. Fundamental properties of the indices were given a summary in [43].

This research has revealed a representation of zero divisor graphs via their matri-

ces, analysed the geometric properties of the graphs and matrix algebraic properties

together with the indices of the classes of 3-radical zero and 4-radical zero completely

primary finite rings.

1.2 Basic Concepts

This section is devoted to some important definitions and results that have been used

in the subsequent chapters. It is not intended to be exhaustive but instead, a collection

of results which will play important role in the sequel.
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1.2.1 Ring Theoretic Concepts

The definitions in this subsection can be obtained in any abstract algebra text, for

example [35].

Definition 1.2.1. A commutative ring R with identity 1 is a non-empty set endowed

with two binary operations, addition and multiplication such that;

(i) R is an additive Abelian group,

(ii) R is a multiplicative semigroup,

(iii) Multiplication is commutative, that is, xy = yx, for all x, y ∈ R,

(iv) Multiplication distributes over addition; x(y + z) = xy + yz and

(y + z)x = yx+ zx, forall x, y, z ∈ R, and,

(v) 1.x = x.1 = x for all x ∈ R.

Definition 1.2.2. Two non-zero elements a and b of a ring are respectively called a

left zero divisor and right zero divisor if ab = 0. An element that is both a left and

a right zero divisor is called a two-sided zero divisor. If the ring is commutative then

the left and right zero divisors are the same.

Theorem 1.2.1. ([16]) If a ring R is finite then every left unit is a right unit and

every left zero divisor is a right zero divisor. Furthermore, every element of R is

either a zero divisor or a unit.

Theorem 1.2.2. ([16]) If a ring R has n ≥ 2 left zero divisors (including zero), then

R is a finite ring and |R| ≤ n2.

Definition 1.2.3. An Ideal in a commutative ring R is a subset I of R such that

(i) 0 ∈ I,

(ii) x, y ∈ I implies that x+ y ∈ I, and

6



(iii) x ∈ I and r ∈ R then rx ∈ I.

Definition 1.2.4. The Nilradical N(R) of a ring R is the set {x ∈ R : xn = 0} for

some positive integer n.

Definition 1.2.5. Let R be a commutative ring with identity, Z(R) its set of zero

divisors and Nil(R) its ideal of nilpotent elements. The zero divisor graph Γ(R) of R

is the graph of Z(R)\{0}, with distinct vertices x and y adjacent if and only if xy = 0.

Definition 1.2.6. If R is a ring and M and N are R-modules, then a function

f : M −→ N is an R-homomorphism (or R-map) if, for all m,m′ ∈ M and all

r ∈ R,

(i) f(m+m′) = f(m) + f(m′), and

(ii)f(rm) = rf(m).

Definition 1.2.7. An Ideal I of a ring R is said to be maximal if;

(i) I ̸= R, and

(ii) Given an ideal J ⊇ I then J = R.

Definition 1.2.8. A completely primary finite ring is a ring R with identity 1 ̸= 0

whose subset of all the zero divisors form a unique maximal ideal J.

Definition 1.2.9. Let Z denote the ring of all integers, x an indeterminate, p a

prime and n, r arbitrary positive integers. Let f(x) = a0 + a1x+ ...+ an−1x
r−1 + xr ∈

Zpk [x], be a monic irreducible polynomial of degree r whose image in Zp is irreducible.

Suppose (f(x)) denotes the ideal generated by f(x) in Zpk [x], then the quotient ring

R◦ = Zpk [x]/(f(x)) is called the Galois ring of order pkr and characteristic pk denoted

by GR(pkr, pk).

Proposition 1.2.1. ([13]) Let R be a completely primary finite ring. Then the group

of units, R∗ of R contains a cyclic subgroup < b > of order pr − 1 and R∗ is semi

direct product of 1 + J and < b >.
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Corollary 1.2.1. ([16]) Let R be a finite ring with identity 1 ̸= 0. Then every

non-trivial ideal of R consists entirely of zero divisors.

1.2.2 Graph Theoretic Concepts

A good reference for the definitions used in Graph theory is [19].

Definition 1.2.10. A graph G = (V,E) is a pair consisting of V, a set of nodes or

points or vertices and E, a set of lines or arcs or edges joining the vertices. Two

vertices are said to be adjacent if they are joined by an edge. An edge from a vertex

to itself is a loop.

Definition 1.2.11. A zero divisor graph of a ring R is a graph Γ(R) with vertices

from the set Z(R) of zero divisors and two vertices are adjacent if xy = 0.

Definition 1.2.12. A simple graph is a graph with no loops on a vertex and no

multiple edges between a pair of vertices.

Definition 1.2.13. A graph is connected if any pair of vertices are joined by at least

one path, otherwise the graph is disconnected.

Definition 1.2.14. Let G be undirected graph with vertex set V. The degree of vertex

v ∈ V is the number of vertices that are adjacent to v. It is denoted by deg(v).

Theorem 1.2.1. [30] If G is an undirected graph with vertex set V = {v1, v2, · · · , vn}

and edge set E = {e1, e2, · · · , em}, then
∑n

i=1 deg(vi) = 2m.

Definition 1.2.15. The diameter of a connected graph G is the supremum of the

distances between any two vertices. It is denoted by diam(G).

Theorem 1.2.2. [63] In any connected graph, rad(G) ≤ diam(G) ≤ 2rad(G).

Definition 1.2.16. Let v1, v2 be two vertices in a graph G, the distance between the

vertices is the length of the shortest path from v1 and v2 in G denoted as d(v1, v2). If

G is disconnected and v1 and v2 in different components, then d(v1, v2) = ∞.
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Theorem 1.2.3. [2] Let R be a finite ring such that Γ(R) is r−partite.

(i) Then r is a prime power.

(ii) If r ≥ 3, then at most one partitioning subset of the vertices of Γ(R) can have

more than one vertex.

(iii) If R is reduced, then Γ(R) is bipartite (i.e., r = 2).

(iv) If R is reduced and Γ(R) is bipartite, then Γ(R) is complete bipartite.

Definition 1.2.17. The binding number of Γ(R) denoted by b(Γ(R)) = |N(S)|
|S|

where

S ⊆ V (Γ(R)), N(S) ̸= V (Γ(R)), S ̸= ∅ such that

(i) N(S) ∪ S = V (Γ(R)),

(ii) N(S) ∩ S = ∅,

(iii) deg(u) ≤ deg(v) for all u ∈ S, v ∈ N(S), and

(iv) no pair of vertices in S are adjacent.

1.3 Statement of the Problem

The zero divisor graphs of finite rings have been researched on by many authors.

However, the characterization of finite commutative rings via matrices and indices

of their graphs for classes of 3-radical zero and 4-radical zero completely primary

rings have not been done. Given a square matrix Mn of order n, it is not generally

known the classes of finite rings for which it is a representation of the zero divisors.

There exist some little expositions on the matrices of Galois rings, square radical

zero completely primary finite commutative rings and other classes of rings of integer

modulo n. For a given finite ring R with the unique maximal ideal J(R) such that

(J(R))n = (0), (J(R))n−1 ̸= (0) and R/J ∼= GF (pr) for r ≥ 1 and n ∈ N, the

general structures of the matrices and indices of their zero divisor graphs are still

unknown. This research reviews aspects of graph geometric properties, determines
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and investigates the matrices of Γ(R) of finite rings R with the unique maximal ideal

J(R) such that (J(R))3 = (0), (J(R))2 ̸= (0) and (J(R))4 = (0), (J(R))3 ̸= (0) with an

aim of classifying them by characterizing their algebraic properties. We also analyse

some indices of Γ(R) such as the Wiener index and its invariants such as the average

disorder number and the average distance index of the graph and further investigate

the bounds on the Zagreb indices of Γ(R) with respect to the maximum and minimum

degrees of Γ(R).

1.4 Objectives of Study

1.4.1 Main Objective

The main objective of this study is to investigate the structures of matrices and indices

of zero divisor graphs of classes of 3-radical zero and 4-radical zero completely primary

finite rings.

1.4.2 Specific Objectives

The specific objectives of this research are;

(i) To characterize the structures of zero divisors and the graphs of 3-radical zero

and 4-radical zero commutative completely primary finite rings.

(ii) To determine the matrices associated with the zero divisor graphs of 3-radical

zero and 4-radical zero commutative completely primary finite rings.

(iii) To investigate the Wiener index, average disorder number index, distance index

and bounds on the zero divisor graph of the classes of 3-radical zero and 4-radical

zero completely primary finite rings.

1.5 Methods of Study

The following methods have been used in this research;

(i) The method of Idealization of R′-modules based on Raghavendran’s principles to

perform the construction of 3-radical zero and 4-radical zero completely primary
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finite rings.

This method transforms a module over a commutative ring R into an ideal

similar to R [39]. As demonstrated in [32], if R is a commutative ring and M

is a module in R, then R ×M can possibly yield a ring structure by giving it

addition and multiplication operations as

(r, a) + (s, b) = (r + s, a+ b)

and

(r, a)(s, b) = (rs, rb+ sa).

By associating M with {0}×M, this construction transforms M from a module

over R to a ring ideal similar to R. The ring formed is identified as R(+)M

which is said to have been constructed through idealization of M over R.

Together with idealization in this method, we have applied the theorem de-

veloped by Raghavendran (See Theorem 2.2.1) in obtaining the structures of

the ideal Z(R) and its order for every class of completely primary finite ring

discussed.

(ii) Tikz software to develop codes describing a Cartesian graphical orientation has

been used to draw the zero divisor graphs. This has been achieved through

designing algorithms which generate position of the nodes, their orientation on

the axes and the fill on each node. From the multiplication obtained in (i),

an algorithm describing link pattern based on the existence of an edge between

pair of vertices has been formulated to complete the connectedness of the graphs.

Finally, we have generated a code to label a vertex (zero divisor) on each node

in the graph.

(iii) Standard definitions to construct Adjacency, Laplacian and distance matrices

from the graphs drawn in method (ii). We describe the standard definitions we

have used to construct the matrices from the zero divisor graphs of the classes
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of rings as follows.

The adjacency matrix of a zero divisor graph Γ(R) is defined as: [A], where

aij =

{

1, xixj = 0;
0, otherwise

for any vertices xi, xj and for all i, j ∈ N.

Given an Adjacency matrix [A] and a degree matrix [D] which is the diagonal

matrix whose diagonal entries are the degrees of vertices of Γ(R) and 0-elsewhere,

the Laplacian matrix is an n× n matrix [L] = [D]− [A].

The distance between two vertices vi and vj is denoted by d(vi, vj) and it is

defined as the length of the shortest path between vertices vi and vj [60]. The

distance matrix of a graph G having n vertices is a symmetric matrix [dij] whose

entry dij is defined as

dij =

{

d(vi, vj), if i ̸= j;
0, if i = j for 1 ≤ i, j ≤ n.

(iv) We have used Linear Algebra techniques of handling matrices and the MATH-

EMATICA software to analyse properties of the matrices such as determinant,

trace, eigenvalues and the characteristic equations.

1.6 Significance of the Study

Graphs are useful in generating patterns and modelling in computer applications.

This study obtains simple graphs (Zero divisor graphs) of the classes of 3-radical zero

and 4-radical zero completely primary finite rings which make interpretation of pat-

terns in computer modelling simpler. These graphs are important for networking in

communication in protocol designs and determination of page links, through vertices

as the pages and vertex degrees as the links associated to every page. The results of

this study will also advance the ring classification problem by revealing the interplay

between ring theory, graph theory, and linear algebra. This is achieved by interpreting

the structures of the zero divisors of the ring through the order of the graph, diam-

eter, degree of vertices and formulating the matrices from the graphs. Matrices are
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then analysed through linear algebra techniques in obtaining the rank, determinant,

trace, order and the eigenvalues. This therefore contributes fundamentally to the lit-

erature of advanced algebra. This study is also an extension of the studies done on

characterization of finite commutative rings.
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CHAPTER TWO

LITERATURE REVIEW

2.1 Introduction

Let R be a finite ring with identity 1 ̸= 0 and J(R) be the Jacobson radical of

R. We say that R is completely primary if J(R) is its unique maximal ideal and

(J(R))n = (0), n ∈ N. In this chapter, we take a survey of some important studies

done on completely primary finite rings , graphs of finite rings and the structures

of their zero divisors, their units and automorphisms of their unit groups. We also

review some existing literature on the Wiener index and its invariants on some classes

of graphs and matrices of certain classes of finite rings.

2.2 Completely Primary Finite Rings

The concept of completely primary finite rings has been an active area of research for

quite sometime. In this section, important leading findings are given more attention

since they form the basis of this research. Raghavendran’s study in [57] focussed on

the finite associative rings where the structures of prime-power rings under various

conditions were determined. The study began by considering a set ℜ which is simul-

taneously left vector space and a right vector space over the same field P subjected to

the condition that a(xb) = (ax)b for all a, b ∈ ℜ. A generalization of the Theorem of

Wedderburn on finite division rings with a finite number of elements was also given.

He obtained some properties of completely primary finite rings. For instance, the

following important result was obtained.

Theorem 2.2.1. (Raghavendran[57]) Let R be a finite ring with multiplicative identity

1 ̸= 0, whose zero divisors form an additive group J(R). Then,

(i) J(R) is the Jacobson radical of R,
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(ii) | R |= pnr, and | J(R) |= p(n−1)r for some prime integer p and some positive

integers n and r,

(iii) (J(R))n = (0).

In the same paper [57], gave a foundation on the orders of the Jacobson’s radical

which is the set of all the zero divisors in relation to the order of the finite associative

ring R. This theorem has been used by other scholars in characterizing the structures

of units and zero divisors for square radical and cube radical zero completely primary

finite rings. The research in [57] however did not extend to the zero divisor graphs of

such ring R and by extension, matrices of their zero divisor graphs.

Much of the recent work on completely primary finite rings demonstrates the great

and fundamental importance of these rings in the structure theory of finite rings with

identity. More evidence is clear from the work done by Chikunji in [14] on a review

of the theory of completely primary finite rings to a greater extent, a class of finite

rings whose set of zero divisors form an additive group. Chikunji further described

the structures of such rings and provided a general representation for these rings as

additive direct sum of cyclic modules over their maximal Galois subring. A review

of the properties of completely primary finite rings and their representation with re-

spect to the Galois ring became a subject. The following was a consequence from the

Representation Theorem.

Theorem 2.2.2. (see Theorem 4.8 in [14]) Let R be a completely primary finite ring

of order pnr with unique maximal ideal J such that | R/J |= pr, Char(R) = pk for

some positive integers n, r and k. If R◦ is the maximal Galois subring of R, then there

exist x1, ..., xh ∈ J and σ1, ..., σh ∈ Aut(R◦) such that R = R◦⊕R◦xi⊕, ...⊕R◦xn and

xir = rσixi for every r ∈ R◦ and each i = 1, 2, ..., h.

Moreover, the automorphisms σ1, ..., σh ∈ Aut(R◦) are uniquely determined by R◦

and R. This result is limited to representation of R as an additive direct sums of
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cyclic modules over their maximal Galois subring.

Chikunji in [12] did a study on automorphisms of completely primary finite rings

of characteristic p such that if J(R) is the Jacobson radical of R then (J(R))3 =

(0), (J(R))2 ̸= (0) and the annihilator of J(R) coincides with (J(R))2 and R/J(R) ∼=

GF (pr). In his work, the main result is outlined in the following theorem.

Theorem 2.2.3. (see Theorem 3.12 in [12]) If F is the Galois field GF (pr) and

1 ≤ t ≤ s2 for a fixed s and t − dimensional F-spaces U and V respectively and

(akij) ∈ Ms×s(F) are t, linearly independent matrices. Then

Aut(R) ∼= [Mt×s(F)× (U⊕V )]×θ2 [Aut(F)×θ1 (GL(s,F)×GL(t,F))] where {θ1, ..., θt}

is the set of automorphisms of F.

In this result, the automorphism of the ring R was expressed as a product of matrix

endomorphism over a Galois field. It is evident from [12] that there is a significant

gap to be bridged in advancing the research on completely primary finite rings more

so, looking at higher indices of nilpotence and extending the study to the matrix con-

formations of the graphs.

Another significant work worth mentioning was done by Ojiema et al in [44] on the

automorphisms of the unit groups of the square radical zero finite commutative rings.

They had a focus on rings of characteristics p and p2 and characterized the unit group

R∗ of these rings by determining the structure of R∗ = Zpr−1×θ (1+J). They obtained

the following result.

Theorem 2.2.4. (see Theorem 4 in [44]) Let R∗ be the unit group of a class of finite

rings such that Char(R) = p and p2 then,

(i) For Char(R) = p, we have Aut(R∗) = Aut(Zpr−1)× Aut(Bp) and

| Aut(R∗) |=| Zpr−1 | × | Aut(Bp) |= Φ(pr − 1).

(hr)−1
∏

i=0

(phr − pi).
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(ii) When the characteristic of R = p2, then

| Aut(R∗) |= Φ(pr).
∏((h+1)r)−1

i=0 (p(h+1)r − pi) where Bp is a subring of endomor-

phism ring such that Bp = 1 + J.

From this result, it follows that the order of the automorphism of the unit group R∗

can be calculated as a product of the order of cyclic group with automorphism order

of a subring of endomorphism ring Bp.

Owino in [46] determined the automorphisms of a class of completely primary finite

rings R = R′ ⊕U where R′ is the Galois ring of the form GR(pnr, pn) for n = 1, 2 and

n ≥ 3 and every element ofR being uniquely determined as α◦+α1p+· · ·+αn−1p
n−1+U

with α◦, α1, ..., αn−1 ∈ F ′ = R′/pR′. This research characterized the automorphisms

of completely primary finite rings though the structure of the zero divisors was not

attended to.

An extension of the above research was done by Owino et al in [47] where study

on the units of completely primary finite rings of characteristic pn was performed

and a group of units of completely primary finite rings of characteristic pn for some

prime integer p and positive integer n was characterized. These rings satisfied Z(R) =

pR′⊕U, (Z(R))n−1 = pn−1R′ and (Z(R))n = (0). The following result was among the

major results established;

Theorem 2.2.5. (see Theorem 1 in [47]) The unit group R∗ of commutative com-

pletely primary finite ring R of characteristic pn with the maximal ideal J(R) such

that (J(R))2 = (0) when n = 1, 2 and (J(R))n = (0), (J(R))n−1 ̸= (0) when n ≥ 3

and with invariants p(prime integer), p ∈ J(R), r ≥ 1 and n ≥ 1 is a direct product

of cyclic groups as follows;

(i) If Char(R) = p, then R∗ ∼= Zpr−1 × (Zr
p)

h.

(ii) If Char(R) = ph, then R∗ ∼= Zpr−1 × Zr
p × (Zr

p)
h.
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(iii) If Char(R) = pn, n ≥ 3, then R∗ ∼=
{

Z2r−1 × Z2 × Z2n−1 × Zr−1
2n−1 × (Zr

2)
h, if p=2;

Zpr−1 × Zr
pn−1 × (Zr

p)
h, if p ̸= 2.

Where h is the dimension of R.

The theorem characterized the unit groups of finite rings of characteristic pn as iso-

morphic to direct product of cyclic groups. This result is important however, it is

only restricted to the unit groups of completely primary finite rings for Char(R) = pn

where n = 1, 2, 3, · · ·

Some classifications have also been done on completely primary finite rings of 3-

radical zero and 4-radical zero. For instance, Chikunji in [9] did a classification of

cube radical zero completely primary finite rings R such that if J(R) is the Jacobson

radical of R then, (J(R))3 = (0) and (J(R))2 ̸= (0) where the consideration was on the

problem of enumerating these rings in the particular case where the maximal Galois

subrings lie in the center by way of giving a method of determining the isomorphism

classes. It was established that the number of mutually non-isomorphic rings having

the property that (J(R))3 = (0), (J(R))2 ̸= (0) with invariants p, n, r, s, t, d such that

t = s2, 1+t = s2, d+t = s2, or 1+t+d = (1+s)2 is equal to r =| Aut(F ) |=| Aut(R◦) |

for every characteristic p, p2 or p3.

Owino and Ojiema in [48] characterized the unit groups of some classes of power

four radical zero commutative completely primary finite rings R in which if J(R)

is the Jacobson radical then (J(R))4 = (0) and (J(R))3 ̸= (0). This research was a

breakthrough in the construction of the new class of completely primary finite rings as

it also went further to determine the structures of their unit groups. This is presented

in the following theorem.

Proposition 2.2.1. (see Proposition 9 in [48]) If R is a class of power four radical

zero completely primary finite ring with the Jacobson radical J, then its group of units

is isomorphic to the cyclic groups characterized as follows for r, s ∈ Z+.
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R∗ ∼=
{

Z2r−1 × Z2 × Z4 × Zr−1
8 × (Zr

2)
s, if p = 2;

Zpr−1 × Zr
p3 × (Zr

p)
s, if p ̸= 2

From the result, the unit groups of a class of power four radical zero completely pri-

mary finite rings was found to be isomorphic to the direct product of cyclic groups of

different orders when p = 2 and p ̸= 2.

From the selected studies done on the completely primary finite rings, it can be

noticed that a lot of work has been done on the characterization of such rings up to

automorphism. So much has been done on the cube radical zero completely primary

finite rings in terms of characterization of their unit groups. Not a lot is evident in

power four radical zero finite completely primary rings a part from the cyclic groups.

2.3 Zero Divisor Graphs

The concept of zero divisor graphs of commutative rings was introduced by Ivstan

Beck in [5]. The main objective was to determine the chromatic number of the graphs.

This graph was denoted as G(R) where R is the ring. From the graph, every element

of R is a vertex and two vertices u and v are adjacent when u.v = 0. Since the

main interest of Beck’s work was the chromatic number of G(R) denoted by χ(G(R)),

it was established that χ(G(R)) = ω(G(R)), where ω(G(R) is the clique number of

R. The study did not however identify the matrix conformations and indices on G(R).

In [3], the concept of zero divisors was redefined by Anderson and Livingston. Their

notation for this graph was Γ(R). In this graph, a vertex is a non zero-zero divisor.

The graph has been considered to be better in terms of characterization of the zero di-

visors since it is not as ’noisy’ as the total Beck’s graph G(R). The motivation in this

research was to give a better illustration of the zero divisor structure of the ring. In

this new zero divisor graph which is simple graph with edges defined the same way as

in [5], that is, the vertices u and v are adjacent if the product u.v = 0, only the zero di-

visors of the ring are included ( non-zero elements) and that AnnRv ̸= (0) for all v∈ R.
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Afterwards, Mulay in [38] introduced another zero divisor graph which is constructed

from classes of zero divisors determined by annihilator ideals rather than individ-

ual zero divisors themselves. The notation for this graph is ΓE(R). So, u ∼ v if

AnnRu = AnnRv. The annihilator of u is the set of elements in the vertex set V such

that for every v ∈ V, uv = 0. In graph theory terms, it is the set of vertices adjacent

to u in ΓE(R) and, if there is a loop at u (meaning u2 = 0), then u is self annihilating.

A similar study was done by Anderson and Livingston in [3] and Mulay in [38] respec-

tively which associated a simple graph Γ(R) to R with vertices Z(R)∗ = Z(R)− {0},

the set of non zero-zero divisors of R. This gave all possible zero divisor graphs Γ(R)

with the order, | Γ(R) |≤ 4 and established that Γ(R) is finite if and only if R is either

finite or R is an integral domain. In particular, if 1 ≤| Γ(R) |< ∞, then R is finite with

| R |≤| Z(R) |2 where R is not a field. Further, Γ(R) is connected diam(Γ(R)) ≤ 3

and if Γ(R) contains a cycle, then the girth of Γ(R) is less than 4, where the girth

is the length of the smallest polygon starting and ending with the same vertex in Γ(R).

Bozic and Petrovic in [7] studied zero divisor graphs of matrices over commuta-

tive rings. Their intention was to investigate the properties of directed zero divisor

graphs of matrix rings. They used their results to discuss the relation between the

diameter of the zero divisor graph of a commutative ring R and that of the ma-

trix ring Mn(R). Their study characterized the possible diameters of Γ(Mn(R)) in

terms of the diameters of Γ(R). It was discovered that Γ(Mn(R)) is connected and

diam(Γ(Mn(R))) ≤ 3. On the other hand, it was noticed that if R is a commutative

ring such that Z(R)∗ ̸= (0), then diam(Γ(R)) ≤ diam(Γ(Mn(R))). Other results

obtained were that, for a commutative ring R, if every finite set of zero divisors from

R has a nonzero annihilator then the diam(Γ(Mn(R))) = 2 and that if R ≇ Z2 × Z2

and diam(Γ(R)) = 1 then diam(Γ(Mn(R))) = 2. The following theorem was estab-
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lished to show the relationship between the zero divisor graphs of total quotient ring

Γ(Mn(T (R))) and the zero divisor graphs Γ(Mn(R)) over matrix ring Mn(R).

Theorem 2.3.1. (see Theorem 3.2 in [7]) If T (R) is the total quotient ring of R then

Γ(Mn(R)) ∼= Γ(Mn(T (R))).

These properties set a basis and give a projection on how the number of vertices of

a zero divisor graph in a particular ring can show correspondence to the rank of the

matrices of the graph. The rings discussed here were not completely primary finite

rings.

Some other research have also been done concerning condensed versions. For instance,

Florida and Sandra in [21] studied condensed zero divisor graphs (those whose vertices

are equivalence classes of zero divisors of a ring R having exactly 5 vertices). They

determined the graph with exactly 5 vertices which can be realised as condensed zero

divisor graph of a ring. Here, the condensed zero divisor of a ring R, denoted as

ΓE(R) is the graph associated with R whose vertices are classes of zero divisors whose

pair of distinct classes [r], [s] are adjacent if and only if [r].[s] = 0 where [r].[s] = [rs].

Their study established that if two points in the condensed zero divisor graph are

adjacent to the same set of vertices but are not adjacent to one another, then at least

one is self-annihilating. Otherwise, the two points would represent the same class.

Furthermore, if two points on the same condensed zero divisor graph are adjacent to

the same set of vertices and are also adjacent to one another, then at least one of the

points must not annihilate itself, otherwise the two points would represent the same

class. Their work was confined to vertices equal to 5. This has an implication that if

the matrices were to be studied, it would not have a rank beyond 5.

A generalization of the zero divisor graphs associated to commutative rings was also

provided by Afkhami et al in [1]. By means of matrix theory, the authors associated a
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simple graph to a commutative ring R which is called a generalized zero divisor graph

of R denoted by Γn
R with Rn\{0} as the vertex set and two distinct vertices X and

Y being adjacent if and only if there exists an n × n lower triangular matrix A over

R whose entries on the main diagonal are nonzero and one of the entries on the main

diagonal is regular such that XTAY = 0 or Y TAY = 0. They made a generalization

for the cases when | R |= p for p = 2 and p > 2, n ≥ 5 in finding the graph theoretic

properties like girth, diameter, clique number and chromatic number. Furthermore,

it was concluded that if | R |= p then Γn
R
∼= Kpn−2 . These results did not take into

account cases of completely primary finite rings with unique maximal ideal J(R).

Walwenda et al in [64] investigated the zero divisor graphs of finite rings in which

the product of any two zero divisors lies in the coefficient subring for Char(R) =

pk, k ≥ 2. That is, (Z(R))2 ⊆ GR(pkr, pk)). The ring is completely primary finite

satisfying Z(R) = pR′ ⊕ U, (Z(R))k−1 = pk−1R′ and (Z(R))k = (0). Furthermore,

they studied the geometric properties such as the diameter, the girth and the binding

number of the graph Γ(R). The research did not consider a study on the matrices of

the classes of rings mentioned.

In 2016, Walwenda and Owino [65] did a research on the zero divisor graphs of

a class of commutative completely primary finite rings. They considered R being

completely primary finite with a unique maximal ideal Z(R) satisfying (Z(R))n−1 ̸=

(0), (Z(R))n = (0) and classified the structures of their zero divisors by determining

the geometrical and structural properties of Γ(R) for every Char(R) = pk, k = 1, 2

and k ≥ 3. Our research has extended the classification of these rings to matrices and

indices of the graphs .

Recently in 2020, Lao et al [31] classified the automorphisms of zero divisor graphs of

Galois ring R◦ with Z(R◦) being the Jacobson radical of R◦ and R◦/Z(R◦) the Galois
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field of order pr where p is prime and r positive integer. One of the major results

obtained is stated in the following proposition.

Proposition 2.3.1. (see Proposition 7 in [31]) Let Char(R) = p2 and R◦ = GR(p2r, p2)

and S◦ = GR(p2, p2) then

| Aut(Γ(R◦)) |=| Spr−1 |=
1

(p− 2)!
| Aut(Γ(S◦)) |

r
∑

i−1

pr−i(pr − 2)!

and for char(R◦) = p, Aut(Γ(R◦)) = ϕ, where ϕ is an empty set.

From this result, it was determined that the automorphism of Γ(R◦) is an empty set

if characteristic of the Galois ring is p. It was also clear from other findings in their

research that if R◦ = GR(9, 9), then the cartesian product Γ(R◦)× Γ(R◦)× Γ(R◦) is

a hypercube of 3 dimensional space whose automorphism is isomorphic to S4 × C2.

Together with studies from other researchers, this work becomes handy in extending

the classification of completely primary finite rings to their matrices.

2.4 Graph Indices

Some studies have also been performed on the graph indices such as the Wiener

index and its invariants like the average disorder number and the average distance

index. The Wiener index is a graph invariant that belongs to the molecules structure-

descriptors called topological indices which are used for the design of molecules with

desired properties [55].

Nathann et al in [41] conducted a research on Wiener index W (G) and their line

graphs L(G). They demonstrated that if G is of a minimum degree at least two, then

W (G) ≤ W (L(G)). It was further illustrated that for every non-negative integer g◦,

there exists g > g◦ such that there are infinitely many graphs G of girth g satisfying

W (G) = W (L(G)). All the graphs considered were simple and undirected. Further,
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they showed that for integers k, p, q ≥ 1, if G = Φ(k, p, q) with girth g = 2k + 1 then

W (L(G)) − W (G) = 1
2
(g2 + (p − q)2 + 5(p + q − 3) − 2g(p + q − 3)) and for every

non-negative integer h, there exist infinitely many graphs G of girth g = h2 + h + 9

with W (L(G)) = W (G)(see Theorems 7 and 8 in [41]).

Mehdi et al in [36] conducted a study on the Wiener index of some graph operations.

The Wiener indices constructed were from operations such as Mycielski’s, generalized

hierarchial product and tth− subdivision of graphs. The graphs studied were cycle

graphs C8, Cn and k−chromatic triangle-free graph G, where n is the order of the

cycles. Further, it was noted that if G and H are graphs with U ⊂ V (G), then the

Wiener index of graph Γ = G(U) ⊓H is W (Γ) =| V (H) | W (G)+ | V (G) |2 W (H) +

| V (H) | (| V (H) | −1)W (G(U)).

Anwar et al in [4] conducted a research on entire Wiener index of graphs computed

as W ε(G) = Σ{x,y}∈B(G)d(x, y). The cases considered were for star graph Sn where

W ε(Sn) = 1
2
(n − 1)(n − 8). For a complete graph Kn, W ε(Kn) = 1

4
n2(n − 1)2

and finally, for any cycle Cn with n ≥ 3, W ε(Cn) = 1
2
n2(n − 1). They observed

other cases with complete bipartite graph Ka,b with a, b ≥ 2 such as W ε(Ka,b) =

(a+ b)(a+ b+ 1
2
ab− 1) + ab(ab− 3). The cases were from graphs of rings of integers

modulo n

Another index, the Zagreb index was introduced in [25] and given a further elab-

oration in [26]. Fundamental properties of the indices were given a summary in [43].

We obtain the bounds on Z1(Γ(R)) and Z2(Γ(R)) of the 3-radical zero and 4-radical

zero completely primary finite rings in terms of n and m orders of Γ(R) of maximum

degree, ∆(Γ(R)) and minimum degree δ((Γ(R))).
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2.5 Matrices Associated with the Zero Divisor Graph Γ(R)

In this section, we review various studies done on the matrices associated with graphs,

more specifically, the zero divisor graphs of finite rings.

2.5.1 Adjacency Matrices Associated with the Graph Γ(R)

Here, we look at some related studies done on the adjacency matrices of Γ(R) of dif-

ferent classes of rings with a major focus on the recent studies done on the adjacency

matrices of zero divisor graphs of completely primary finite rings.

A research on the adjacency matrix for zero-divisor graphs over finite rings of Gaus-

sian integers was done by Pranjali et al in [54]. Their study concentrated on the

characterization of such matrices corresponding to the Gaussian integer modulo n.

The research calculated the number of zero divisors in each case and examined the

orientation of the matrices and further generalized the order of the matrix in each

case. The focus was on the rings Zp[i], Zpn [i] and Zpq[i]. For the case Zp[i], the spe-

cific attention was accorded to p ≡ 2(mod 4), p ≡ 1(mod 4). For Zpn , n > 1 the rings

in question were p ≡ 1(mod 4), p ≡ 3(mod 4) and p ≡ 2(mod 4). The last case was for

the ring Zn[i] when n = p.q, n ≡ 2(mod 4). Among other findings, major result for

Zp[i], p ≡ 1(mod 4) is given in Theorem 2.5.1.

Theorem 2.5.1. (See Theorem 2.1 in [54]) Let Zp[i] be the ring of Gaussian integer

modulo n. Consider Zp[i], p ≡ 1(mod 4), p be prime. Let M be the adjacency matrix

corresponding to the zero divisor graph of Zp[i]. The order of M in such case is always

2(p− 1)× 2(p− 1).

The study on these matrices was centered around the rings of Gaussian integer modulo

n. Our study provides an advancement of this research by addressing the adjacency,

Laplacian and Distance matrices of zero divisor graphs of completely primary finite
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rings with unique maximal ideal J(R).

Pranjali et al in [53] in a separate work did an analysis of the adjacency matrix

and the neighbourhood NG(v) associated with the zero divisor graph of finite commu-

tative rings of direct product such that R = R1 ×R2. For p, prime, they investigated

the matrix properties for Zp × Zp, p = 2, 3, 5 and concluded that if p ̸= 2, the adja-

cency matrix is always singular and the number of zero divisors is 2(p− 1) resulting

in a matrix of order 2(p − 1) × 2(p − 1). Furthermore, the eigenvalues are p − 1 for

any Zp × Zp. A further study was also on rings of type Zp[i] × Zp[i] for p = 2, 3 and

concluded that the trace of the adjacency matrix corresponding to such rings is always

a natural number, n > 1 and determinant 0 with the rank being p− 1. The following

theorem further explained the other result obtained.

Theorem 2.5.2. (See Theorem b.2.3 in [53]) Let R be a finite commutative ring of

cartesian product. Let G denote the zero divisor graph of the ring. Let n(G) and n(Ḡ)

be the neighbourhood number of zero divisor graph of ring R and its compliment graph

respectively then n(G) = n(Ḡ).

Their research was only confined to the adjacency matrix associated with the neigh-

bourhood of every vertex vi ∈ Γ(R).

Patra and Baruah in [49] did an analysis of the adjacency matrix and the neighbour-

hood associated with the zero divisor graph for direct product of finite commutative

rings of the form Zp×Zp2−2 and Zp×Z2p together with Zp×Zp2 where p is a prime in-

teger. They established that the determinant of the adjacency matrices corresponding

to the zero divisor graphs is 0, the matrices have a rank of 2 and are both symmetric

and singular. Moreover, for R = Zp × Zp2 the number of vertices for G = Γ(Zp2) is

2p2 − p− 1 , ∆(G) = p2 − 1 and δ(G) = p− 1. For Zp ×Z2p (where p is an odd prime

number), then the number of vertices of G = Γ(Zp×Z2p) is p
2+2p−2, ∆(G) = p2−1
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and δ(G) = 1. Finally, for Zp × Zp2−2 where p is an odd prime number and p2 − 2

is prime, the zero divisor graph has p2 − p + 4 vertices with ∆(G) = p2 − 3 and

δ(G) = p− 1. These results are summarized in the Theorem 2.5.3.

Theorem 2.5.3. (See Theorem 2.4 in [49]) Let R1 be a finite commutative ring such

that R1 = Zp × Zp2 (p is a prime number). Let G = Γ(R1) be the zero-divisor graph

with the vertex set V = Z(R)∗. Then nG(V ) = 2∆(G) − δ(G), where nG(V ) is the

neighbourhood number, ∆(G) and δ(G) denote the maximum and minimum degree of

G respectively.

Another study was done by Rotich et al in [58] on the adjacency matrices of the

Anderson-Livingston zero divisor graphs of Galois rings R◦ = GR(pkr, pk) whose set

of non zero divisors is pR◦ − {0}, with the order | pR◦ |= p(k−1)r − 1 resulting to

the adjacency matrix of order (p(k−1)r − 1) × (p(k−1)r − 1). The authors presented

their results for each characteristic of R◦. It was evident from their results that if

R◦ = GR(pr, p) ∼= Fpr , then the set of vertices V (Γ(R◦)) = ∅ and the adjacency matrix

does not exist. Furthermore, for R◦ = GR(p2r, p2), the order of [A] is (pr−1)×(pr−1)

and the eigenvalues are pr−2 of multiplicity 1 and −1 of multiplicity pr−2. For general

characteristic pk, k ≥ 3 and order pkr, it was established that the adjacency matrix of

the zero divisor graph of R◦ has a determinant of 0 and 0 ∈ σpoint([A]), point spectrum

of [A]. This left a gap on general characterization of the matrices of Γ(R) where R is

a finite ring.

Our current study is an extension of the research performed in [42] on the adja-

cency and incidence matrices of Γ(R) of square radical zero where CharR = p and

p2. The work detailed the graph properties of the ring including but not limited to

completeness, girth, binding number, chromatic number and the maximum degree

∆(Γ(R)). Moreover, a more specific study was done on their adjacency and incidence

matrices and generalized the matrix algebraic properties with a particular inclusion
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of their quadratic forms definiteness. The following theorem was fundamental in [42] .

Theorem 2.5.4. (See Theorem 10 in [42]) Let R be the square radical zero finite

ring and [A] and [D] be the adjacency and incidence matrices respectively for Γ(R)

for positive integers h and r then:

(i) [A] and [D] are both symmetric.

(ii) order of [A] = order [D]

=

{

(prh − 1)× (prh − 1), for char(R)=p
(p(h+1)r − 1)× (p(h+1)r − 1), for char(R)=p2.

(iii) rank([A]) = trace([A])

=

{

prh − 1, for char(R)=p
p(h+1)r − 1, for char(R)=p2.

(iv) rank([D]) = 1 when char(R)=p or char(R)=p2.

(v) The eigenvalues of [A]

=

{

prh − 2 or − 1 of multiplicity prh − 2, for char(R)=p
p(h+1)r − 2 or − 1 of multiplicity p(h+1)r − 2, for char(R)=p2.

(vi) The eigenvalues of [D]

=

{

prh − 1 or 0 of multiplicity prh − 2, for char(R)=p
p(h+1)r − 1 or 0 of multiplicity p(h+1)r − 2, for char(R)=p2.

Our extension is on Adjacency, Laplacian and Distance matrices of classes of 3-

radical zero and 4-radical zero completely primary finite rings.

Katja et al in [29] performed a research on the eigenvalues of zero-divisor graphs of

finite commutative rings. They provided computations for the nullity of Γ(R) like

the multiplicity of eigenvalues of Γ(R). Moreover, the spectra of Γ(Zp ×Zp ×Zp) and

Γ(Zp×Zp×Zp×Zp) were precisely determined for a prime integer p. Furthermore, they

introduced the graph product ×Γ with the property that Γ(R) ∼= Γ(R1)×Γ · · ·×ΓΓ(Rr)
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whenever R ∼= R1 × · · · ×Rr. With this product, they found the relation between the

number of vertices of the zero-divisor graph Γ(R), the compressed zero-divisor graph,

the structure of the ring R and the eigenvalues of Γ(R).

2.5.2 Incidence Matrices Associated with the Graph Γ(R)

Namalai and Durairajan in [40] examined the linear codes with respect to the Ham-

ming metric from the incidence matrices of zero-divisor graphs with vertex set of all

non-zero zero-divisors of the ring Zn. They obtained the main parameters of the codes.

For instance, it was noticed that if p1 and p2 are distinct primes then the main pa-

rameters of the p− ary code generated by the incidence matrix of the graph Γ(Zp1p2)

is [(p1− 1)(p2− 1), p1+ p2− 3, min(p1− 1, p2− 1)] for any p. Their findings however

did not extend to other classes of rings.

Fulkerson and Gross in [23] performed a study on incidence matrices with the con-

secutive 1′s property and noticed that a (0, 1)-matrix A has the stated property for

columns if there is a permutation matrix P such that the 1′s in each column of PA

occur consecutively. Further, they found that if A and B are (0, 1)-matrices satisfying

ATA = BTB, then either both A and B have the consecutive 1′s property or neither

does. Moreover, if A and B have the same number of rows and A has the property,

then there is a permutation P such that B = PA.

Godsil, Sin and Xiang in [24] did a research on invariants of incidence matrices in

which they focused on incidence of subsets of a finite set X where the consideration

was on various relations between Xr and Xs where Xr denotes the set of subsets of

size r, such as inclusion, empty intersection or, more generally, the intersection of

fixed size t. The study done on incidence matrices did not shed some light on the

incidence matrices of the zero divisor graphs of finite rings of higher characteristics.
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Further study was done by Hamada in [27] on the rank of the incidence matrix where

he found that if G is a graph and A(G) is its incidence matrix and a row in A(G) is

a vector over GF (2) in the vector space of graph G then the vectors A1, ..., An are

linearly independent. Therefore, rank(A) < n. From the result, the authors conclude

that if A(G) is an incidence matrix of a connected graph G with n vertices, then the

rank of A(G) is n − 1. It is important to note that their research was not tied to

rings which are completely primary. Further, for our study, if the incidence matrices

of these classes of rings would be studied, non square matrices would be obtained thus

spectral properties would not be attained. This explains why this research is silent

on the incidence matrices of the classes of rings.

2.5.3 Distance Matrices Associated with the Graph Γ(R)

The distance between two vertices vi and vj is denoted by d(vi, vj) and it is defined as

the length of the shortest path between vertices vi and vj [60]. The distance matrix

of a graph G having n vertices is a symmetric matrix [dij] whose entry dij is defined

as [dij] = dij =

{

d(vi, vj), if i ̸= j;
0, if i = j, 1 ≤ i, j ≤ n.

From the existing literature, no work has been done on distance matrices of zero

divisor graphs of completely primary finite rings. The available work surrounds a

survey of the distance properties of some graphs of certain classes of rings, distance

signless Laplacian spectra of some power graphs of integer modulo group, spectra of

variants of distance matrices and digraphs among others. Distance matrices on graphs

were introduced by Graham Pollack in 1971 to study a problem in communication.

The authors of [28] compared and contrasted the techniques for distance Laplacian,

distance signless Laplacian and the normalized distance Laplacian matrices. The

digraphs were accorded a separate treatment and the similarities and differences be-

tween the graphs and digraphs were also discussed as they presented new results to

compliment the existing ones such as on the unimodality of the characteristic polyno-
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mials, presentation of parameters by cospectrality for graphs and bounds on spectral

radii of digraphs.

Bilal et al in [50] obtained the distance signless Laplacian spectrum of power graphs

of integer modulo groups Zn. From their work, if n is a positive integer with prime

factor decomposition n = pn1
1 pn2

2 · · · pnr
r and if τ(n) denotes the number of positive

divisors of n then, τ(n) = (n1 + 1)(n2 + 1) · · · (nr + 1).

Tamizh et al in [62] performed a survey on some of the distance aspects of the total

graphs such as the diameter of the total graphs and their complements. Rings of inte-

gral domains and non integral domains were considered for study. For a commutative

ring R = Z2×Z4, diam(Γ(R)) ≤ 3 and diam(Γ(R) = diam(Γ(T (R))). The properties

regarding the graph complements were also investigated.

2.5.4 Laplacian Matrices Associated with the Graph Γ(R)

A lot of work has been done on the Laplacian matrices of the zero divisor graphs.

Evidently, in Bilal et al [56] on the Laplacian eigenvalues of the zero-divisor graphs

associated to the ring of integers modulo n. Their study was centered around finding

the structure and the Laplacian spectrum of Γ(Zn) for n = pN1qN2 , where p < q are

primes and N1, N2 are positive integers. The following result was due to their research.

Theorem 2.5.5. (See Theorem 5 in [56].) Let Γ(Zn) be the zero divisor graph of

order N, where n = pN1qN2 and N1 = 2m1 ≤ 2m2 = N2. The Laplacian spectrum of

Γ(Zn) consist of eigenvalues;

{(pi − 1)[φ(p
N1−iqN2 )−1], (qj − 1)[φ(p

N1qN2−j)−1], (pqj − 1)[φ(p
N1−lqN2−j)−1], · · · ,

(pm1qk−1)[φ(p
m1qN2−k)−1], (pm1ql−1)[φ(p

m1qN2−l)−1], · · · , (p2m1qk−1)[φ(q
N2−k)−1], (p2m1qt−

1)[φ(q
N2−t)−1]}

31



where i = 1, 2, · · · ,m1, · · · , N1, j = 1, 2, · · · , N2, k = 1, 2, · · · ,m2 − 1, l = m2, · · · , 2m2

and t = m2, · · · , 2m2 − 1.

The research was limited to rings of integers modulo n. The research only focussed

on rings of integers modulo n and did not extend beyond that.

Another research worth mentioning was done by Sripama et al in [61] concerning

the Laplacian eigenvalues of the zero divisor graphs of the ring Zn. Their work was

centered around the proof that Γ(Zn) is a Laplacian integral for every prime p and

positive integer t ≥ 2. Further, they provided a proof that the Laplacian spectral ra-

dius and algebraic connectivity of Γ(Zn) for most of the values of n are, respectively,

the largest and the second smallest eigenvalues of the vertex weighted Laplacian ma-

trix of a graph which is defined on the set of proper divisors of n.

A similar study was done by Pirzada et al in [51] describing the signless Laplacian

spectrum of zero divisor graphs of the ring Zn. Their study was in an attempt to ob-

tain the spectrum of Γ(Zn) for n = pz, z ≥ 2 in terms of signless Laplacian spectrum

of its components and zeros of the characteristic polynomial of an auxilliary matrix.

They obtained the following results.

Theorem 2.5.6. (See Theorem 3.5 in [51].) Let n = pz where p > 2 is prime and

z ≥ 2 is a positive integer. Then the following hold:

(i) If z = 2, then the signless Laplacian spectrum of Γ(Zn) is {2p− 4, (p− 3)[p−2]}.

(ii) If n = p2m for some positive integer m ≥ 2 then the signless Laplacian spectrum

of Γ(Zn) is {(p−1)[φ(p
2m−1)−1], (p2−1)[φ(p

2m−2)−1], · · · , (pm−2−1)[φ(p
m+2)−1], (pm−1−

1)[φ(p
m+1)−1]}⋃{(pm−3)[φ(p

m)−1], (pm+1−3)[φ(p
m−1)−1], (p2m−2−3)[φ(p

2)−1], (p2m−1−

3)[φ(p)−1]}.
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(iii) If n = p2m+1 for some positive integer m ≥ 2, then the signless Laplacian spec-

trum is

{(p−1)[φ(p
2m)−1], (p2−1)[φ(p

2m−1)−1], · · · , (pm−1−1)[φ(p
m+2)−1], (pm−1−1)[φ(p

m+1)−1]}⋃

{(pm+1−3)[φ(p
m)−1], (pm+2−3)[φ(p

m−1)−1], · · · , (p2m−1−3)[φ(p
2)−1], (p2m−3)[φ(p)−1]}.

The selected literature shows that a lot of research done on Laplacian matrices have in-

vestigated the spectrum of Γ(Zn). This leaves a significant gap to look at with regards

to other rings. We therefore look at other algebraic properties and specifically of the

Laplacian matrices of 3-radical zero and 4-radical zero completely primary finite rings.

From the aforementioned literature, it is worth remarking that the study of the zero

divisor graphs of the finite rings and their geometrical properties has been a very

active area of research. However, the information regarding the adjacency, Laplacian,

distance matrices and indices of these zero divisor graphs is still not extensive in lit-

erature. In particular, no study has previously been done on the matrices and indices

of the zero divisor graphs of classes of the 3-radical zero and 4-radical zero completely

primary finite rings. We have made specific focus to the adjacency, Laplacian and the

distance matrices of Γ(R) of these classes of finite rings due to their similarities of

algebraic properties and in how we have applied them in the interpretation of these

graphs. Moreover, the adjacency and Laplacian matrices are connected through a

matrix [D] whose diagonal is dominant of the degrees of vertices vi ∈ Γ(R) by the

relationship [L]ij = [D]ij − [A]ij. Further, we notice that the graphs in our classes of

rings have their adjacency matrices similar to the distance matrices in entries except

for the non connected vertices. This has motivated our research a great deal in finding

an interpretation of zero divisor graphs of the classes of rings via their matrices and

indices.
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CHAPTER THREE

3-RADICAL ZERO COMPLETELY PRIMARY FINITE RINGS

3.1 Introduction

In this chapter, we have characterized the zero divisor graphs, some matrices asso-

ciated with the zero divisor graph Γ(R) of 3-radical zero finite rings. We begin by

giving the construction for R given R′ modules U and V whose generating sets con-

tain s and t number of elements respectively such that for any s, t = s(s+1)
2

. From the

construction of R and the multiplication obtained, we have determined the structures

of zero divisors Z(R) and identified the adjacent and non-adjacent vertices hence the

graph Γ(R) is drawn and matrices constructed from it.

The following cases exist in literature on determination and characterization of unit

groups of 3-radical zero completely primary finite rings [9, 10, 11, 12].

(i) s = 2, t = 1, λ = 0, Char(R) = p, p2, p3.

(ii) s = 2, t = 1, λ ≥ 1, Char(R) = p, p2, p3.

(iii) s = 2, t = 2, λ = 0, Char(R) = p, p2, p3.

(iv) s = 3, t = 1, λ ≥ 1, Char(R) = p.

3.2 Construction: Classes of the 3-Radical Zero Completely Primary Fi-
nite Rings

For any prime integer p and a positive integer r, let R′ = GR(pkr, pk) be a Galois

ring of order pkr and of characteristic pk and consider the annihilator of Z(R) be

(Z(R))2 so that R = R′ ⊕ U ⊕ V is an additive abelian group where U and V are

finitely generated R′−modules. Let s and t be non negative numbers of elements

in the generating sets {u1, u2, · · · , us} and {v1, v2, · · · , vt} for U and V respectively.

34



Consider t = s(s+1)
2

for a fixed s and let u1, u2, · · · , us be commuting indeterminates

over Galois ring R′ = GR(pkr, pk) where 1 ≤ k ≤ 3. Then

R = R′⊕∑s
i=1 R

′ui⊕
∑s

i,j=1 R
′uiuj. The multiplication in R is given by the following

relations:

uiuj = ujui = akijv, u
2
i = akiiv, u

3
i = u2

iuj = uiu
2
j = 0 for 1 ≤ i, j ≤ s.

Here, (akij) defined in the multiplication of R is t−linearly independent matrices of

dimension s× s with 1′s in the (i, j)th and (j, i)th positions and 0−elsewhere.

If x◦+
∑s

i=1 xiui+
∑s

i,j=1 xjuiuj and y◦+
∑s

i=1 yiui+
∑s

i,j=1 yjuiuj are any two elements

in R where x◦, y◦ ∈ R′, xi, yi, xj, yj ∈ R′/pR′ then from the multiplication defined on

R,

(x◦ +
s

∑

i=1

xiui +
s

∑

i,j=1

xjuiuj)(y◦ +
s

∑

i=1

yiui +
s

∑

i,j=1

yjuiuj) =

x◦y◦+
s

∑

i=1

((x◦+ pR′)yi+xi(y◦+ pR′)σi)ui+
s

∑

i,j=1

(x◦yj +xj(y◦)
σi +

s
∑

i,j=1

akijxi(yj)
σi)uiuj

where σi is an identity automorphism in R′. We show that the multiplication turns R

into a commutative ring with identity (1, 0, · · · , 0, 0̄, · · · , 0̄).

Let x◦ +
∑s

i=1 xiui +
∑s

i,j=1 xjuiuj ∈ R with x◦ ∈ R′ and xi, xj ∈ R′/pR′. We find

y◦ +
∑s

i=1 yiui +
∑s

i,j=1 yjuiuj ∈ R with y◦ ∈ R′ and yi, yj ∈ R′/pR′ such that

(x◦ +
s

∑

i=1

xiui +
s

∑

i,j=1

xjuiuj)(y◦ +
s

∑

i=1

yiui +
s

∑

i,j=1

yjuiuj) =

(y◦ +
s

∑

i=1

yiui +
s

∑

i,j=1

yjuiuj)(x◦ +
s

∑

i=1

xiui +
s

∑

i,j=1

xjuiuj) = x◦ +
s

∑

i=1

xiui +
s

∑

i,j=1

xjuiuj.

If

x◦y◦+
s

∑

i=1

((x◦+ pR′)yi+xi(y◦+ pR′)σi)ui+
s

∑

i,j=1

(x◦yj +xj(y◦)
σi +

s
∑

i,j=1

akijxi(yj)
σi)uiuj

= x◦ +
s

∑

i=1

xiui +
s

∑

i,j=1

xjuiuj,

then x◦y◦ = x◦,

s
∑

i=1

((x◦ + pR′)yi + xi(y◦ + pR′)σi)ui =
s

∑

i=1

xiui
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and
s

∑

i,j=1

(x◦yj + xj(y◦)
σi +

s
∑

i,j=1

akijxi(yj)
σi)uiuj =

s
∑

i,j=1

xjuiuj.

So, ((x◦ + pR′)yi)ui = 0R and x◦ = 1R′ for i = 1, · · · , s. Since ui ̸= 0,

(x◦ + pR′)yi = 0R′/pR′ . But x◦ ∈ R′ so, yi = 0R′/pR′ . Finally, since uiuj ̸= 0,

yj = 0R′/pR′ thus
∑s

i,j=1(x◦yj + xj(y◦)
σi +

∑s
i,j=1 a

k
ijxi(yj)

σi) = 0̄. Therefore,

y◦ +
s

∑

i=1

yiui +
s

∑

i,j=1

yjuiuj = (1, 0, · · · , 0, 0̄, · · · , 0̄).

In a similar way it can be demonstrated that

(y◦ +
s

∑

i=1

yiui +
s

∑

i,j=1

yjuiuj)(x◦ +
s

∑

i=1

xiui +
s

∑

i,j=1

xjuiuj) = x◦ +
s

∑

i=1

xiui +
s

∑

i,j=1

xjuiuj.

Next, we show that R is commutative if and only if σi for i = 1, · · · , s is an identity

automorphism.

If σi is an identity automorphism then from the multiplication, R is commutative. In

the converse, let R be commutative. We proceed to show that σi = idR′ . For every

x◦, y◦ ∈ R′ and xi, yj ∈ R′/pR′ we have that

(x◦ +
s

∑

i=1

xiui +
s

∑

i,j=1

xjuiuj)(y◦ +
s

∑

i=1

yiui +
s

∑

i,j=1

yjuiuj) =

x◦y◦+
s

∑

i=1

((x◦+pR′)yi+xi(y◦+pR′)σi)ui+
s

∑

i,j=1

(x◦yj +xj(y◦)
σi +

s
∑

i,j=1

akijxi(yj)
σi)uiuj.

= y◦x◦+
s

∑

i=1

((y◦+pR′)xi+yi(x◦+pR′)σi)ui+
s

∑

i,j=1

(
s

∑

i,j=1

akijxi(yj)
σi+x◦yj+xj(y◦)

σi)uiuj.

Further, xi(y◦ + pR′)σi − (y◦ + pR′)xi = yi(x◦ + pR′)σi − (x◦ + pR′)yi. Since xi ̸= yi

then xi must be the identity in R′ for the equality to be true.

R is commutative completely primary finite ring with identity (1, 0, · · · , 0, 0̄, · · · , 0̄).

3.3 The 3-Radical Zero Completely Primary Finite Rings of Character-
istic p

3.3.1 Construction I

Given a prime integer p and a positive integer r, let R′ = F = GF (pr) be a Galois field

of order q = pr. Suppose U and V are finitely generated F−spaces with nonnegative
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number of elements s and t in the generating sets {us} and {vt} respectively such that

for t = s(s+1)
2

and s fixed, R = Fq ⊕
∑s

i=1 Fqui ⊕
∑s

i,j=1 Fquiuj is an additive abelian

group.

Consider the elements a◦+
∑s

i=1 aiui+
∑s

i,j=1 ajuiuj and b◦+
∑s

i=1 biui+
∑s

i,j=1 bjuiuj ∈

R, the multiplication in R is defined by

(a◦ +
s

∑

i=1

aiui +
s

∑

i,j=1

ajuiuj)(b◦ +
s

∑

i=1

biui +
s

∑

i,j=1

bjuiuj) =

a◦b◦ +
s

∑

i=1

(a◦b
σi

i + ai(b◦ + pR′)σi)ui +
s

∑

i,j=1

(a◦bj + aj(b◦)
σi +

s
∑

i,j=1

αijai(bj)
σi)uiuj,

where σi is an F automorphism and (αij) is a t-linearly independent matrix of di-

mension s. If σi = idF then R is turned into a commutative ring with identity

(1, 0, · · · , 0, 0̄, · · · , 0̄) by this multiplication. For the rings discussed in this section,

we shall consider σi = idF.

Proposition 3.3.1. Let R be the 3-radical zero finite ring of characteristic p in con-

struction I and Z(R) be the set of its zero divisors then:

(i) Z(R) =
∑s

i=1 Fqui ⊕
∑s

i,j=1 Fquiuj,

(ii) (Z(R))2 =
∑s

i,j=1 Fquiuj and

(iii) (Z(R))3 = (0).

Proof. (i) We need to show that every element µ /∈ Z(R) is a unit.

Let µ = x◦+
∑s

i=1 xiui+
∑s

i,j=1 xjuiuj and µ′ = y◦+
∑s

i=1 yiui+
∑s

i,j=1 yjuiuj be the

multiplicative inverse of µ such that µµ′ = 1R then,

(x◦ +
s

∑

i=1

xiui +
s

∑

i,j=1

xjuiuj)(y◦ +
s

∑

i=1

yiui +
s

∑

i,j=1

yjuiuj) = (1, 0, · · · , 0, 0̄, · · · , 0̄).

From the multiplication defined on R and σi = idF,

x◦y◦+
s

∑

i=1

(x◦yi+xiy◦)ui+
s

∑

i,j=1

(x◦yj +xjy◦+
s

∑

i,j=1

αijxiyj)uiuj = (1, 0, · · · , 0, 0̄, · · · , 0̄).
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First,

x◦y◦ = 1 =⇒ y◦ = x−1
◦ .

For the second component,

s
∑

i=1

(x◦yi + xiy◦)ui = 0 ⇒
s

∑

i=1

x◦yiui +
s

∑

i=1

xix
−1
◦ ui = 0.

So,
s

∑

i=1

yiui = −
s

∑

i=1

xix
−2
◦ ui.

Further, for the last summand,

s
∑

i,j=1

(x◦yj + xjy◦ +
s

∑

i,j=1

αijxiyj)uiuj = 0̄.

⇒
s

∑

i,j=1

x◦yjuiuj +
s

∑

i,j=1

xjy◦uiuj +
s

∑

i,j=1

αijxiyjuiuj = 0̄.

Therefore,
s

∑

i,j=1

yjuiuj = −
s

∑

i,j=1

(xjx
−2
◦ +

s
∑

i,j=1

αijx
2
ix

−2
◦ )uiuj.

This implies that (x◦ +
∑s

i=1 xiui +
∑s

i,j=1 xjuiuj)
−1 =

x−1
◦ + (−

s
∑

i=1

xix
−2
◦ ui) + (−

s
∑

i,j=1

(xjx
−2
◦ +

s
∑

i,j=1

αijx
2
ix

−2
◦ )uiuj).

Therefore, µ ∈ R is invertible.

(ii) Since Z(R) =
∑s

i=1 Fqui ⊕
∑s

i,j=1 Fquiuj any element in Z(R) can be represented

as 0+
∑s

i=1 xiui+
∑s

i,j=1 xjuiuj. Let 0+
∑s

i=1 xiui+
∑s

i,j=1 xjuiuj and 0+
∑s

i=1 yiui+
∑s

i,j=1 yjuiuj be any two zero divisors in Z(R). From the multiplication on R,

(0 +
s

∑

i=1

xiui +
s

∑

i,j=1

xjuiuj)(0 +
s

∑

i=1

yiui +
s

∑

i,j=1

yjuiuj) =

s
∑

i,j=1

αijxiyjuiuj ∈
s

∑

i,j=1

Fquiuj.

(iii) Using the result in (ii) and the fact that u3
i = u2

iuj = uiu
2
j = 0, the result is

clear.

38



3.3.2 Zero Divisor Graphs Γ(R) and Matrices obtained from Classes of
Rings in Construction I

Here we determine some graph geometric properties such as the order, completeness,

diameter, degree, the girth and formulate the matrices from the graphs. We also

investigate the matrix algebraic properties such as the rank, trace, determinant and

order among others.

Proposition 3.3.2. Consider R from Construction I and let p, s and r be positive

integers. Then

(i) | V (Γ(R)) |= p(
(s2+3s)

2
)r − 1,

(ii) Γ(R) is an incomplete graph,

(iii) diam((Γ(R)) = 2,

(iv) Minimum degree, δ(Γ(R)) = p(
(s2+3s)

2
)r − p(

(s2+3s)
2

−1)r − 1, and

(v) girth(Γ(R)) = 3.

Proof. (i) Since Char(R) = p, pui = puiuj = 0, and we have that

| Fqui |= pr, | Fquiuj |= pr, for any i, j,= 1, 2, · · · , s we obtain | Z(R) |=

prs.p
sr(s+1)

2 = p(
(s2+3s)

2
)r. Therefore, | Z(R)∗ |=| Z(R)\{0} |= p(

(s2+3s)
2

)r − 1. Since

| Z(R)∗ |=| V (Γ(R)) |, it follows that | V (Γ(R)) |= p(
(s2+3s)

2
)r − 1.

(ii) By part (ii) of Proposition 3.3.1, there are two elements of Z(R) such that the

product is non zero. This shows that not in all the vertices of Γ(R) there is an

edge and by the fact that (Z(R))2 ̸= (0), Γ(R) is incomplete.

(iii) From (ii), Γ(R) is incomplete and with the fact that Ann(Z(R)) = (Z(R))2, the

result follows.

(iv) Let V = {v1, v2, · · · , v
p(

(s2+3s)
2 )r−1

} be the whole vertex set of Γ(R). Let K,S ⊆ V

such that K ⊆ ann(Z(R))∗. This implies that | K |= p(
(s2+3s)

2
−1)r − 1. So,
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| S |= (p(
(s2+3s)

2
)r − 1)− (p(

(s2+3s)
2

−1)r − 1) = p(
(s2+3s)

2
)r − 1− p(

(s2+3s)
2

−1)r +1. Thus

| S |= p(
(s2+3s)

2
)r − p(

(s2+3s)
2

−1)r.

Therefore, δ(Γ(R)) = p(
(s2+3s)

2
)r − p(

(s2+3s)
2

−1)r − 1 due to the minimal degree of

the elements of S and for the avoidance of self loop for each vertex v ∈ S.

(v) Taking two vertices v1, v2 ∈ Z(R)−(Z(R))2 where v1v2 = 0, each v1, v2 is adjacent

to some v3 ∈ (Z(R))2. Thus v1 − v2 − v3 − v1 is the least polygon in Γ(R).

Example 3.3.1. For p = 2, fix s = 1, then t = 1 and R = GF (2, 2) ⊕ GR(2, 2) ⊕

GR(2, 2). So,

Z(R)∗ = {(0, 1, 0), (0, 1, 1), (0, 0, 1)}.

The zero divisor graph Γ(R) is illustrated below.

v2(0,1,0)

(0,0,1)v1v3(0,1,1)

We define the adjacency matrices as [A] = [aij] =

{

1, vivj=0;
0, otherwise.

for any vi, vj.

For an adjacency matrix [A]ij, the diagonal matrix [D]ij whose diagonal entries are

the degrees of vertices of Γ(R), the Laplacian matrix

[L]ij = [D]ij − [A]ij.

Next, we investigate the properties of the adjaceny, Laplacian and distance matrices

associated with Γ(R).
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Proposition 3.3.3. Let R be a ring given by Construction I and Γ(R) its zero divisor

graph. Then the adjacency matrix associated with Γ(R) is of trace 0 with a spectral

radius pr + 1. Furthermore, the adjacency matrix, [A]
p(

(s2+3s)
2 )r−1

has the following

properties.

(i) [A]
p(

(s2+3s)
2 )r−1

is symmetric.

(ii) rank ([A]
p(

(s2+3s)
2 )r−1

) = p(
(s2+3s)

2
)r − 2pr.

(iii) Tr ([A]
p(

(s2+3s)
2 )r−1

) = 0, and the spectral radius pr + 1.

(iv) Det([A]
p(

(s2+3s)
2 )r−1

) = 0.

(v) The eigenvalues λ ([A]
p(

(s2+3s)
2 )r−1

) =























±
√
2 and 0. when p=2;

0, of multiplicity 2pr − 1;
−1,
−pr, and
pr + 1.

when p ̸= 2.

Proof. (i) Since every row vector

(a11, a12, · · · , a
1(p(

(s2+3s)
2 )r−1)

), (a21, a22, · · · , a
2(p(

(s2+3s)
2 )r−1)

), · · · ,

(a
(p(

(s2+3s)
2 )r−1)1

, a
(p(

(s2+3s)
2 )r−1)2

, · · · , a
(p(

(s2+3s)
2 )r−1)(p(

(s2+3s)
2 )r−1)

) of [A]
p(

(s2+3s)
2 )r−1

is

a reflection of the corresponding element through the leading diagonal to every

column










a11
a21
...

a
(p(

(s2+3s)
2 )r−1)1











· · ·















a
1(p(

(s2+3s)
2 )r−1)

a
2(p(

(s2+3s)
2 )r−1)
...

a
(p(

(s2+3s)
2 )r−1)(p(

(s2+3s)
2 )r−1)















,

it implies that [A]
p(

(s2+3s)
2 )r−1

= [A]T
p(

(s2+3s)
2 )r−1

.Hence the symmetry of [A]
p(

(s2+3s)
2 )r−1

.

(ii) Upon carrying out row operations on

[A]
p(

(s2+3s)
2 )r−1

=

























0 1 1 1 · · · 1
1 0 1 1 · · · 1
... 0 1 1 · · · 1

1 1
. . . 0 0 · · · 0

p(
(s2+3s)

2 )r−2pr

...
...

... 0
. . .

...
0
p(

(s2+3s)
2 )r−1

0 · · · · · · · · · 0
p(

(s2+3s)
2 )r−1

























,
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we obtain the matrix
























1 0 0 0 · · · 0
0 1 0 0 · · · 0
... 0 1 0 · · · 0
... 0

. . . 1 0 · · · 0
p(

(s2+3s)
2 )r−2pr

...
...

... 0
. . .

...
0
p(

(s2+3s)
2 )r−1

0 · · · · · · · · · 0
p(

(s2+3s)
2 )r−1

























.

Let V = {v1, v2, v3, · · · , v
p(

(s2+3s)
2 )r−2

} be the linearly independent set of vec-

tors such that v1 =





















1
0
...
...
...
0





















, v2 =



















0
1
0
...
...
0



















, v3 =



















0
0
1
0
...
0



















, · · · , v
p(

(s2+3s)
2 −1)r

=



























0
...
0

1
p(

(s2+3s)
2 )r−2pr

0
...

0
p(

(s2+3s)
2 )r−1



























. Clearly, the set spans the matrix space implying that the

rank([A]
p(

(s2+3s)
2 )r−1

) = p(
(s2+3s)

2
)r − 2pr.

(iii) Given that [A]
p(

(s2+3s)
2 )r−1

is the adjacency matrix for Γ(R), it is justifiable that

Tr([A]
p(

(s2+3s)
2 )r−1

) = a11 + a22 + a33 + · · · + a
(p(

(s2+3s)
2 )r−1)(p(

(s2+3s)
2 )r−1)

. Since

Γ(R) is a simple graph with no self loop for vi = 1, 2, · · · , p( (s
2+3s)
2

)r − 1, the

leading diagonal entries are 0. Therefore,
∑p(

(s2+3s)
2 )r−1

i=1 aii = 0. Further, since

Tr([A]
p(

(s2+3s)
2 )r−1

) =
∑p(

(s2+3s)
2 )r−1

j=1 λj. Therefore, the sum of eigenvalues λj =

−1− pr + pr + 1 = 0 and the spectral radius is pr + 1.

(iv) Consider [B]
p(

(s2+3s)
2 )r−1

= [A]
p(

(s2+3s)
2 )r−1

[C]T
p(

(s2+3s)
2 )r−1

where [C]
p(

(s2+3s)
2 )r−1

is

the cofactor matrix of [A]
p(

(s2+3s)
2 )r−1

then, bij =
∑

k aikcjk for cjk is the jk mi-

nor of [A]
p(

(s2+3s)
2 )r−1

. If i = j, it corresponds to the determinant computation of

[A]
p(

(s2+3s)
2 )r−1

along the ith row. Hence bii = det([A]
p(

(s2+3s)
2 )r−1

).
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If i ̸= j, this corresponds to the determinant computation of a matrix equal to

[A]
p(

(s2+3s)
2 )r−1

except that the row j has been overwritten by the contents of ith

row. But the determinant of a matrix with duplicated row is 0, hence bij = 0. ⇒

[A]
p(

(s2+3s)
2 )r−1

[C]T
p(

(s2+3s)
2 )r−1

= det([A]
p(

(s2+3s)
2 )r−1

)I. If det([A]
p(

(s2+3s)
2 )r−1

) ̸= 0

then we can write

A
CT

det([A]
p(

(s2+3s)
2 )r−1

)
= I ⇔ [A]−1

p(
(s2+3s)

2 )r−1

=
CT

det([A]
p(

(s2+3s)
2 )r−1

)
=

Adj[A]
p(

(s2+3s)
2 )r−1

det([A]
p(

(s2+3s)
2 )r−1

)
.

Therefore, det([A]
p(

(s2+3s)
2 )r−1

) ̸= 0 ⇒ [A]−1

p(
(s2+3s)

2 )r−1

exists . Consequently, if

[A]
p(

(s2+3s)
2 )r−1

is singular then det([A]
p(

(s2+3s)
2 )r−1

) = 0.

(v) For p = 2, we can obtain the eigenvalues by solving the characteristic equation

| λI − A |= 0. This means that λ3 − 2λ2 = 0 so, λ(λ2 − 2) = 0. We have λ = 0

and λ = ±
√
2.

For p ̸= 2,

| λI −A |= 0 results to a characteristic equation of the form λ2pr−1(−(pr +1)+

λ)(1 + λ)(pr + λ) = 0. Solving for λ in every factor results to λ2pr−1 = 0. Thus

λ = 0 of multiplicity 2pr − 1. For the second factor, (−(pr + 1)+ λ) = 0 implies

that λ = pr + 1. For (1 + λ) = 0, we have λ = −1 and lastly for (pr + λ) = 0,

we get λ = −pr.

Proposition 3.3.4. Consider [A]
p(

(s2+3s)
2 )r−1

, the adjacency matrix associated with

the zero divisor graph Γ(R) where R is a ring of Construction I. Then for any fixed

s ̸= 1, r ∈ Z+ and p, prime integer, the following properties hold:

(i) [A]
p(

(s2+3s)
2 )r−1

is symmetric.

(ii) rank ([A]
p(

(s2+3s)
2 )r−1

) = p(
(s2+3s)

2
−1)r.

(iii) Tr ([A]
p(

(s2+3s)
2 )r−1

) = 0.

(iv) Det([A]
p(

(s2+3s)
2 )r−1

) = 0.
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(v) For p=2,

λ[A]
p(

(s2+3s)
2 )r−1

=















−1, of multiplicity pr;

0, of multiplicity p(
(s2+3s)

2
−1)r − 1;

1±
√

p(
(s2+3s)

2
)r + p(

(s2+3s)
2

−1)r + 1, .

For p ≥ 3,

The eigenvalues λ[A]
p(

(s2+3s)
2 )r−1

=


















−1, of multiplicity p(
(s2+3s)

2
−1)r − 2;

0, of multiplicity 2p(
(s2+3s)

2
−1)r − 1;

p(
(s2+3s)

2 −1)r−2±

√

9p(
(s2+3s)

2 +1)r−4p(
(s2+3s)

2 )r−8p(
(s2+3s)

2 −1)r+4

2
, .

Proof. The proof for (i) to (iv) have similar steps to the ones in Proposition 3.3.3.

(v) For p = 2, the equation | [A]
p(

(s2+3s)
2 )r−1

−λI
p(

(s2+3s)
2 )r−1

|= 0 yields the characteristic

equation for the adjacency matrix [A]
p(

(s2+3s)
2 )r−1

. Let the eigenvalues of [A]
p(

(s2+3s)
2 )r−1

be λ1, λ2, · · · , λ
p(

(s2+3s)
2 )r−1

. We can obtain the characteristic equation of the adjacency

matrix as

−λp(
(s2+3s)

2 −1)r−1(1 + λ)p
r

(λ2 − 2λ− (p(
(s2+3s)

2
)r + p(

(s2+3s)
2

−1)r)) = 0.

Since −λp(
(s2+3s)

2 −1)r−1 = 0 then λ = 0 of multiplicity p(
(s2+3s)

2
−1)r − 1 is an eigenvalue.

Also, (1 + λ)p
r

= 0 implies that λ = −1 of multiplicity pr. By solving the quadratic

equation

λ2 − 2λ− (p(
(s2+3s)

2
)r + p(

(s2+3s)
2

−1)r) = 0 in the last factor, we obtain

λ =
2±

√

4 + 4p(
(s2+3s)

2
)r + 4p(

(s2+3s)
2

−1)r

2
=

2±
√

4(p(
(s2+3s)

2
)r + p(

(s2+3s)
2

−1)r + 1)

2

=
2± 2

√

p(
(s2+3s)

2
)r + p(

(s2+3s)
2

−1)r + 1

2
= 1±

√

p(
(s2+3s)

2
)r + p(

(s2+3s)
2

−1)r + 1.

For p ̸= 2, we generally obtain the polynomial equation which when factorized re-

sults to λ2p(
(s2+3s)

2 −1)r−1(1 + λ)p
(
(s2+3s)

2 −1)r−2((λ2 − (p(
(s2+3s)

2
−1)r − 2)λ− (2p(

(s2+3s)
2

+1)r −

p(
(s2+3s)

2
)r−p(

(s2+3s)
2

−1)r)) = 0. Solving the equation gives the eigenvalues as λ2p(
(s2+3s)

2 −1)r−1 =

0 which implies that λ = 0 of multiplicity 2p(
(s2+3s)

2
−1)r − 1. The second factor
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(1 + λ)p
(
(s2+3s)

2 −1)r−2 = 0 yields λ = −1 of multiplicity p(
(s2+3s)

2
−1)r − 2. Finally, solving

the quadratic part results to

λ =
(p(

(s2+3s)
2

−1)r − 2)±
√

(p(
(s2+3s)

2
−1)r − 2)2 + 4(2p(

(s2+3s)
2

+1)r − p(
(s2+3s)

2
)r − p(

(s2+3s)
2

−1)r)

2
.

Expanding the discriminant yields the expression

p(
(s2+3s)

2
+1)r − 4p(

(s2+3s)
2

−1)r + 4 + 8p(
(s2+3s)

2
+1)r − 4p(

(s2+3s)
2

)r − 4p(
(s2+3s)

2
−1)r so that

λ =
(p(

(s2+3s)
2

−1)r − 2)±
√

9p(
(s2+3s)

2
+1)r − 4p(

(s2+3s)
2

)r − 8p(
(s2+3s)

2
−1)r + 4

2
.

Proposition 3.3.5. Consider [L]
p(

(s2+3s)
2 )r−1

, the Laplacian matrix associated with

Γ(R) of the ring in Construction I. Then for any positive integer r, prime integer p,

the following properties hold:

(i) [L]
p(

(s2+3s)
2 )r−1

is symmetric,

(ii) rank([L]
p(

(s2+3s)
2 )r−1

) = p(
(s2+3s)

2
)r − 2,

(iii) Tr([L]
p(

(s2+3s)
2 )r−1

) =

{

4, when s = 1, p = 2;

(pr − 1)(2p(
(s2+3s)

2
)r − pr − 2), for any s, p ≥ 2.

(iv) Det([L]
p(

(s2+3s)
2 )r−1

) = 0, and

(v) The eigenvalues λ[L]
p(

(s2+3s)
2 )r−1

are 0, 1 and 3 when s = 1, p = 2.

For any s, p ≥ 2 the eigenvalues λ[L]
p(

(s2+3s)
2 )r−1

=











0,

p(
(s2+3s)

2
)r − 1, of multiplicity pr − 1;

pr − 1, of multiplicity 2pr − 1.

Proof. (i) Can be drawn from the previous Proposition 3.3.4 since the steps are similar.

(ii) We conduct a row operation on [L]
p(

(s2+3s)
2 )r−1

to obtain the matrix

















1 0 0 0 . . −1
0 1 0 0 . . −1

0 .
. . . 0 . . −1

... . . 1
p(

(s2+3s)
2 )r−2

0 1 −1

0 0 . . . 0 0

















.

45



This results to p(
(s2+3s)

2
)r − 2 non-zero rows in [L]

p(
(s2+3s)

2 )r−1
, hence its rank.

(iii) For p = 2 and s = 1, the Γ(R) obtained has only 1 vertex of maximum degree

2 and 2 vertices of minimum degree 1. This leads to a Laplacian matrix of order 3×3

whose main diagonal entries are 2, 1 and 1 hence a trace of 4.

For any s, p ≥ 2,

| Z(R)∗ |= p(
(s2+3s)

2
)r − 1 and each vi ∈ Ann(Z(R)∗) has degree p(

(s2+3s)
2

)r − 2 and

| Ann(Z(R)∗) |= pr − 1. Therefore any vj /∈ Ann(Z(R)∗) is of degree pr − 1 because

every such vj /∈ Ann(Z(R)∗) is only adjacent to vi ∈ Ann(Z(R)∗).

Partitioning the vertices of Γ(R) into disjoint subsets V1 and V2 such that

V1 = {vj|vj /∈ Ann(Z(R)∗)} and V2 = {vi|vi ∈ Ann(Z(R)∗)},

| V2 |= pr − 1 and | V1 |= p(
(s2+3s)

2
)r − 1 − (pr − 1) = p(

(s2+3s)
2

)r − pr. Since the

trace, Tr([L]
p(

(s2+3s)
2 )r−1

) =
∑p(

(s2+3s)
2 )r−1

i=1 lii, where every lii is an element of the diag-

onal matrix [D]
p(

(s2+3s)
2 )r−1

whose entries are degrees of vertices in Γ(R), we have that

Tr([L]
p(

(s2+3s)
2 )r−1

) = (p(
(s2+3s)

2
)r − 2)(pr − 1) + (pr − 1)(p(

(s2+3s)
2

)r − pr). This results to

(pr − 1)(p(
(s2+3s)

2
)r − 2 + p(

(s2+3s)
2

)r + pr) = (pr − 1)(2p(
(s2+3s)

2
)r − pr − 2).

(iv) Steps in obtaining the singularity of [L]
p(

(s2+3s)
2 )r−1

are similar to the one in Propo-

sition 3.3.3.

(v) For p = 2, s = 1, the eigenvalues for the 3×3 Laplacian matrix are easy to obtain.

When p ≥ 2 for any s ≥ 2, the equation | (λI
p(

(s2+3s)
2 )r−1

−[L]
p(

(s2+3s)
2 )r−1

) |= 0 gives the

characteristic polynomial equation of the form −λ((−(p(
(s2+3s)

2
)r − 1) + λ)p

r−1(−(pr −

1)+λ)2p
r−1) = 0. On solving for λ in each factor, we obtain −λ = 0 which means that

λ = 0. For the equation (−(p(
(s2+3s)

2
)r−1)+λ)p

r−1 = 0, we have that λ = (p(
(s2+3s)

2
)r−1)

of multiplicity pr − 1. Finally, (−(pr − 1) + λ)2p
r−1 = 0 implies that λ = pr − 1, of

multiplicity 2pr − 1. This establishes (v).

Example 3.3.2. Consider the graph in Example 3.3.1. The set of vertices for Γ(R)

is given by

{v1, v2, v3} = {(0, 0, 1), (0, 1, 0), (0, 1, 1)}
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The row vectors for the adjacency matrix formed are (a11, a12, a13) = (0, 1, 1), (a21, a22, a23) =

(1, 0, 0), (a31, a32, a33) = (1, 0, 0). Thus the adjacency and Laplacian matrices associ-

ated with Γ(R) in this example are;

[A] =





0 1 1
1 0 0
1 0 0





3×3

and the Laplacian matrix for Γ(R) in this case is given by

[L] =





2 0 0
0 1 0
0 0 1





3×3

−





0 1 1
1 0 0
1 0 0





3×3

=





2 −1 −1
−1 1 0
−1 0 1





3×3

.

Next, we take an analysis of the distance matrix of Γ(R) of the ring in Construction

I. Recall that the distance matrix of a graph G having n vertices is a symmetric matrix

[dij] whose entry dij is defined as dij =

{

d(vi, vj), if i ̸= j;
0, if i = j, 1 ≤ i, j ≤ n.

The following result describes the matrix algebraic properties of [dij] of this class of

rings.

Proposition 3.3.6. Consider [dij]
p(

(s2+3s)
2 )r−1

, distance matrix associated with Γ(R)

of R in Construction I. For r ∈ Z+, p prime,

(i) Det([dij]
p(

(s2+3s)
2 )r−1

) =

{

4, when p = 2, s = 1;

−(p(
(s2+3s)

2
)r − 1)2, for any s, p ≥ 2.

(ii) Tr([dij]
p(

(s2+3s)
2 )r−1

) = 0.

(iii) rank([dij]
p(

(s2+3s)
2 )r−1

) =

{

3, when p = 2, s = 1;

p(
(s2+3s)

2
)r − 1, for any s, p ≥ 2,

and

(iv) When p = 2, s = 1 the eigenvalues λ[dij]
p(

(s2+3s)
2 )r−1

are 1±
√
3 and −2

For any s, p ≥ 2, the eigenvalues λ[dij]
p(

(s2+3s)
2 )r−1

=











−1,

1− pr, multiplicity p(
(s2+3s)

2
)r + (pr + 1);

1
2((p

(
(s2+3s)

2
)r + 2)±

√

p(
2(s2+3s)

2
)r + 4p(

(s2+3s)
2

)r + 4pr) .

Proof. (i) When p = 2, s = 1, we obtain the distance matrix





0 1 1
1 0 2
1 2 0



 from

example 3.3.1.
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Expanding the matrix along the first row, we clearly obtain the determinant to be 4.

When p ≥ 2 for any fixed s, we obtain the distance matrix to be of the form























0 1 · · · · · · · · · 1 1
p(

(s2+3s)
2 )r−1

1 0 1 · · · 1 · · · · · ·
... · · · . . . 1

p(
(s2+3s)

2 )r−1

1 1 2 0 2 · · · 2
... · · · ... · · · . . .

...
1 1 · · · 2 · · · 0























.

Expanding along the first row, we obtain the determinant to be

−(p(
(s2+3s)

2
)r − 1)(p(

(s2+3s)
2

)r − 1) = −(p(
(s2+3s)

2
)r − 1)2.

(ii) Due to the fact that d(vi, vi) = 0, this results to a distance matrix [dij]
p(

(s2+3s)
2 )r−1

with 0′s entirely in the main diagonal. Therefore,

Tr([dij]
p(

(s2+3s)
2 )r−1

) =

p(
(s2+3s)

2 )r−1
∑

i=1

d(vi, vi) = 0.

(iii) When p = 2, s = 1, the rank of the matrix in (i) upon carrying out row reductions

is obtained to be 3.

When p ≥ 2 for any fixed s, we can obtain the rank of the distance matrix [dij]
p(

(s2+3s)
2 )r−1

by conducting a row operation on it which reduces to the echelon form































1 0 0 0 · · · · · · 0 2
0 1 0 0 · · · · · · 0 2
...

. . .
...

...
...

0 · · · 0 1 · · · · · · 0 2
0 0 0 · · · 1 0 · · · −1
...

. . .
...

0 0 · · · · · · 0 1 −1
p(

(s2+3s)
2 )r−2

0 0 0 · · · · · · 0 · · · 1
p(

(s2+3s)
2 )r−1































.

From the reduced echelon form above, there are p(
(s2+3s)

2
)r − 1 linearly independent

vectors which span the row space of [dij]
p(

(s2+3s)
2 )r−1

resulting to p(
(s2+3s)

2
)r − 1 nonzero

rows, hence its rank.
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(iv) Solving the equation | λI − [dij]
p(

(s2+3s)
2 )r−1

|= 0, results to the characteristic

equation

(1 + λ)((pr − 1) + λ)p
(
(s2+3s)

2 )r+(pr+1)(λ2 − (p(
(s2+3s)

2
)r + 2)λ− (pr − 1)) = 0. We obtain

the eigenvalues by finding the solution for λ in every factor of the equation as follows:

Clearly, (λ + 1) = 0 implies that λ = −1. Further, ((pr − 1) + λ)p
(
(s2+3s)

2 )r+(pr+1) = 0,

we obtain λ = 1− pr of multiplicity p(
(s2+3s)

2
)r + (pr + 1).

Finally, for the quadratic part (λ2 − (p(
(s2+3s)

2
)r + 2)λ− (pr − 1)) = 0, we can obtain

λ = 1
2
((p(

(s2+3s)
2

)r + 2)±
√

(p(
(s2+3s)

2
)r + 2)2 + 4(pr − 1))

which on expansion yields

λ =
1

2
((p(

(s2+3s)
2

)r + 2)±
√

p(
2(s2+3s)

2
)r + 4p(

(s2+3s)
2

)r + 4 + 4(pr − 1))

and simplifies to λ = 1
2
((p(

(s2+3s)
2

)r + 2)±
√

p(
2(s2+3s)

2
)r + 4p(

(s2+3s)
2

)r + 4pr).

Example 3.3.3. Let s = 1, p = 3. Then, R = GR(3, 3)⊕GR(3, 3)⊕GR(3, 3). The

distance matrix in this case is given by

[dij] =

























0 1 1 1 1 1 1 1
1 0 1 1 1 1 1 1
1 1 0 2 2 2 2 2
1 1 2 0 2 2 2 2
1 1 2 2 0 2 2 2
1 1 2 2 2 0 2 2
1 1 2 2 2 2 0 2
1 1 2 2 2 2 2 0

























8×8

.

3.4 The 3-Radical Zero Completely Primary Finite Rings of Character-
istic p2

3.4.1 Construction II

Let R′ = GR(p2r, p2) be a Galois ring of order p2r and of characteristic p2. Let U and

V be finitely generated R′-modules with {u1, u2, · · · , us} and {v1, v2, · · · , vt} being the

generating set such that the nonnegative integers s, t are the number of elements in

the respective generating sets. Then for fixed s and t = s(s+1)
2

,

R = R′⊕∑s
i=1 R

′ui⊕
∑s

i,j=1 R
′uiuj is an additive abelian group. Define multiplication
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in R by

(a◦ +
s

∑

i=1

aiui +
s

∑

i,j=1

ajuiuj)(b◦ +
s

∑

i=1

biui +
s

∑

i,j=1

bjuiuj) =

a◦b◦+
s

∑

i=1

((a◦+ pR′)bi + ai(b◦+ pR′)σi)ui +
s

∑

i,j=1

(a◦bj + aj(b◦)
σi +

s
∑

i,j=1

αk
ijai(bj)

σi)uiuj.

R is thus turned by the multiplication into a commutative ring with identity

(1, 0, · · · , 0, 0̄, · · · , 0̄).

For the rings discussed in this section, we shall consider σi = idR′ .

Case I: when pui = 0

Proposition 3.4.1. Consider R from Construction II and let pui = 0. Then zero

divisors set Z(R) satisfies the following properties:

(i) Z(R) = pR′ ⊕∑s
i=1 R

′ui ⊕
∑s

i,j=1 R
′uiuj,

(ii) (Z(R))2 =
∑s

i,j=1 R
′uiuj, and

(iii) (Z(R))3 = (0).

Proof. (i). Assume b ∈ R′ and that b /∈ pR′ and y ∈ Z(R). Then for some r ∈ Z+, bi-

nomial theorem gives (b+y)p
r

=

(

pr

0

)

bp
r

y0+

(

pr

1

)

bp
r−1y1+ · · ·+

(

pr

pr

)

b0yp
r

=

bp
r

+prbp
r−1y+· · ·+yp

r

= bp
r

+y1 where y1 ∈ Z(R) and prbp
r−1y = pr+1bp

r−2y2 = · · · =

0, yp
r

= y1 but b
pr + y1 = b+ y2, where y2 ∈ Z(R). Consequently, (b+ y2)

pr−1 = 1+ y3

for y3 ∈ Z(R) and (1+ y3)
p2 = 1. Therefore, (((b+ y)p

r

)p
r−1)p

2
shows the invertibility

of b+ y.

Further, | Z(R) |= p(
(s2+3s+2)

2
)r and | R′/pR′ + Z(R) |= (p2r − 1)p(

(s2+3s+2)
2

)r =

p(
(s2+3s+4)

2
)r − p(

(s2+3s+2)
2

)r which gives the order of the units in R for which

(R′/pR′)∗+Z(R) = R−Z(R) since R′/pR′ ∼= R′ and | R′ |= p2r. This proves that all

elements not in Z(R) are in R∗.

(ii) From the defined multiplication on R, consider (pa◦ +
∑s

i=1 aiui +
∑s

i,j=1 ajuiuj)
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and (pb◦ +
∑s

i=1 biui +
∑s

i,j=1 bjuiuj) ∈ Z(R). Then the product

(pa◦ +
s

∑

i=1

aiui +
s

∑

i,j=1

ajuiuj)(pb◦ +
s

∑

i=1

biui +
s

∑

i,j=1

bjuiuj) =

(
s

∑

i,j=1

αijaibj)uiuj.

Adding the product finitely, we obtain (Z(R))2 ⊆ ∑s
i,j=1 R

′uiuj.

Conversely, let x ∈ ∑s
i,j=1 R

′uiuj, then x = yw and w ∈ Z(R). ∃ ui, uj ∈ Z(R) such

that v = uiuj. So, yuiuj ∈ (Z(R))2 ⇒ ∑s
i,j=1 R

′uiuj ∈ (Z(R))2.

Therefore, (Z(R))2 =
∑s

i,j=1 R
′uiuj.

(iii). The product Z(R)(Z(R))2 = (Z(R))2Z(R) = (0) since

(Z(R))2 ⊆ Ann(Z(R)) = {pa◦ +
s

∑

i=1

aiui +
s

∑

i,j=1

ajuiuj|ai + aj ≡ 0(modp)}.

Since RZ(R) = Z(R)R = Z(R), the set Z(R) is an ideal. Its uniqueness and maxi-

mality follows from the fact that any other ideal, distinct from Z(R) contains a unit

and is therefore the whole ring R.

3.4.2 The Graphs Γ(R) and Matrices obtained from Classes of Rings in
Construction II

Proposition 3.4.2. Consider R from Construction II. Then for p prime, r ∈ Z+ and

pui = 0, Γ(R) has the following properties:

(i) | V (Γ(R)) |= p(
(s2+3s+2)

2
)r − 1,

(ii) Γ(R) is an incomplete graph,

(iii) diam((Γ(R)) = 2,

(iv) minimum degree, δ(Γ(R)) = p(
(s2+3s+2)

2
)r − p(

(s2+3s)
2

)r − 1, and

(v) girth(Γ(R)) = 3.

Proof. (i) Since char(R) = p2, pui = 0, and we have that | R′ui |= pr, | R′uiuj |=

pr, | pR′ |= pr which is true for every i, j = 1, · · · s. We obtain | Z(R) |= p(
(s2+3s+2)

2
)r.
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Therefore, | Z(R)\{0} |= p(
(s2+3s+2)

2
)r−1 since | Z(R)∗ |=| V (Γ(R)) |=⇒| V (Γ(R)) |=

p(
(s2+3s+2)

2
)r − 1.

(ii) Follows from the fact that (Z(R))2 ̸= (0).

(iii) From the incompleteness of Γ(R) in (ii), Ann(Z(R)) = (Z(R))2, there exist some

two non adjacent vertices x, y ∈ V (Γ(R)) so that for some z ∈ Ann(Z(R)), the supre-

mum distance d{x, y} = 2 hence the diameter.

(iv) Let V = {v1, v2, · · · , v
p(

(s2+3s+2)
2 )r−1

} be the vertex set for Γ(R). Let K,S ⊆ V

such that K ⊆ ann(Z(R))∗. This implies | K |= p(
(s2+3s)

2
)r − 1 and | S |=

(p(
(s2+3s+2)

2
)r − 1) − (p(

(s2+3s)
2

)r − 1) = p(
(s2+3s+2)

2
)r − 1 − p(

(s2+3s)
2

)r + 1 which simpli-

fies to p(
(s2+3s+2)

2
)r − p(

(s2+3s)
2

)r. Therefore, δ(Γ(R)) = (p(
(s2+3s+2)

2
)r − p(

(s2+3s)
2

)r) − 1 =

p(
(s2+3s+2)

2
)r − p(

(s2+3s)
2

)r − 1 due to the minimal degree of the elements of S and for the

avoidance of self loop for each vertex v ∈ S. Hence minimum degree δ(Γ(R)).

(v) The Proof follows a similar pattern as part (v) of Proposition 3.3.2.

Example 3.4.1. Let s = 1 and p = 2. Then R = Z4 ⊕ Z2 ⊕ Z2.

Z(R)∗ = {(2, 1, 1), (0, 0, 1), (2, 0, 0), (0, 1, 0), (0, 1, 1), (2, 1, 0), (2, 0, 1)}.

From the multiplication on R, we obtain Γ(R) as shown below.
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v2(0,0,1)

(2,0,0)v3

(0,1,0)v4

v5(0,1,1)v6(2,1,0)

v7(2,1,1)

v1(2,0,1)

Proposition 3.4.3. Consider [A]
p(

(s2+3s+2)
2 )r−1

, the adjacency matrix associated with

Γ(R) for R in Construction II. Then for pui = 0 and any fixed s, r ∈ Z+ and p prime,

(i) [A]
p(

(s2+3s+2)
2 )r−1

is symmetric,

(ii) rank([A]
p(

(s2+3s+2)
2 )r−1

) = p(
(s2+3s)

2
)r − 1,

(iii) Tr([A]
p(

(s2+3s+2)
2 )r−1

) = 0,

(iv) Det([A]
p(

(s2+3s+2)
2 )r−1

) = 0, and

(v) For p = 2, the eigenvalues λ[A]
p(

(s2+3s+2)
2 )r−1

=















−1, of multiplicity pr;

0, of multiplicity p(
(s2+3s)

2
)r − 1;

1±
√

p(
(s2+3s+2)

2
)r + p(

(s2+3s)
2

)r + 1, .

For p ̸= 2, eigenvalues λ[A]
p(

(s2+3s+2)
2 )r−1

=



















−1, of multiplicity p(
(s2+3s)

2
)r − 2;

0, of multiplicity 2p(
(s2+3s)

2
)r − 1;

(p(
(s2+3s)

2 )r−2)±

√

p2(
(s2+3s)

2 )r−8p(
(s2+3s)

2 )r+4p(
(s2+3s+2)

2 )r+4

2
, .
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Proof. Proofs for (i), (iii) and (iv) follow similar fashion as proof of Proposition 3.3.3.

We provide proofs for (ii) and (v) as follows:

(ii) Upon carrying out a row operation on

[A]
p(

(s2+3s+2)
2 )r−1

=





















0 1 1 1 · · · 1
1 0 1 1 · · · 1
...

... 0 1 · · · ...
1 1 1 0 0 · · · 0

p(
(s2+3s)

2 )r

...
...

... 0 · · · ...
0 0 · · · · · · · · · 0





















,

we obtain its reduced echelon form matrix as
























1 0 0 0 · · · 0
0 1 0 0 · · · 0
... 0 1 0 · · · 0
... 0 0 1 0 · · · 0

p(
(s2+3s)

2 )r

...
...

... 0 · · · ...
0
p(

(s2+3s+2)
2 )r−2

0 · · · · · · · · · 0
p(

(s2+3s+2)
2 )r−1

























.

Let {v1, v2, v3, · · · , v
p(

(s2+3s)
2 )r

} be the linearly independent set of vectors such that v1 =





















1
0
...
...
...
0





















, v2 =



















0
1
0
...
...
0



















, v3 =



















0
0
1
0
...
0



















, · · · , v
p(

(s2+3s)
2 )r

=























0
...

1
p(

(s2+3s)
2 )r−1

0
...

0
p(

(s2+3s+2)
2 )r−1























. Clearly,

the set spans the whole of the matrix space. Therefore the rank([A]
p(

(s2+3s+2)
2 )r−1

) =

p(
(s2+3s)

2
)r − 1.

(v) For p = 2, | λI
p(

(s2+3s+2)
2 )r−1

−[A]
p(

(s2+3s+2)
2 )r−1

|= 0 yields the characteristic equation

for the adjacency matrix [A]
p(

(s2+3s+2)
2 )r−1

. Let the eigenvalues of [A]
p(

(s2+3s+2)
2 )r−1

be

λ1, λ2, · · · , λ
p(

(s2+3s+2)
2 )r−1

. We can obtain the characteristic equation of the adjacency

matrix as

−λp(
(s2+3s)

2 )r−1(1 + λ)p
r

(λ2 − 2λ− (p(
(s2+3s+2)

2
)r + p(

(s2+3s)
2

)r)) = 0.

Upon solving for λ in each factor we obtain, −λp(
(s2+3s)

2 )r−1 = 0 which implies that

λ = 0 of multiplicity p(
(s2+3s)

2
)r − 1 is an eigenvalue, (1 + λ)p

r

= 0 implies that
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λ = −1 of multiplicity pr is also an eigenvalue. By solving the quadratic equation

λ2 − 2λ− (p(
(s2+3s+2)

2
)r + p(

(s2+3s)
2

)r) = 0 in the last factor, we obtain

λ =
2±

√

4 + 4p(
(s2+3s+2)

2
)r + 4p(

(s2+3s)
2

)r

2
=

2±
√

4(p(
(s2+3s+2)

2
)r + p(

(s2+3s)
2

)r + 1)

2
=

2± 2

√

p(
(s2+3s+2)

2
)r + p(

(s2+3s)
2

)r + 1

2
= 1±

√

p(
(s2+3s+2)

2
)r + p(

(s2+3s)
2

)r + 1.

For p ̸= 2, we generally obtain the polynomial equation which when factorized results

to

λ2p(
(s2+3s)

2 )r−1(1+λ)p
(
(s2+3s)

2 )r−2((λ2− (p(
(s2+3s)

2
)r − 2)λ− (p(

(s2+3s+2)
2

)r − p(
(s2+3s)

2
)r)) = 0.

Solving the equation gives the eigenvalues as λ2p(
(s2+3s)

2 )r−1 = 0 which result in λ = 0

of multiplicity 2p(
(s2+3s)

2
)r − 1. The second factor (1 + λ)p

(
(s2+3s)

2 )r−2 = 0 implies that

λ = −1 of multiplicity p(
(s2+3s)

2
)r − 2. Finally, solving the quadratic part results to

λ =
(p(

(s2+3s)
2

)r − 2)±
√

(p(
(s2+3s)

2
)r − 2)2 + 4(p(

(s2+3s+2)
2

)r − p(
(s2+3s)

2
)r)

2
.

Expanding the discriminant yields the expression

p2(
(s2+3s)

2
)r − 4p(

(s2+3s)
2

)r + 4 + 4p(
(s2+3s+2)

2
)r − 4p(

(s2+3s)
2

)r

so that

λ =
(p(

(s2+3s)
2

)r − 2)±
√

p2(
(s2+3s)

2
)r − 8p(

(s2+3s)
2

)r + 4p(
(s2+3s+2)

2
)r + 4

2
.

Proposition 3.4.4. Consider [L]
p(

(s2+3s+2)
2 )r−1

, the Laplacian matrix associated with

Γ(R) in Construction II such that pui = 0. Then for r ∈ Z+, p prime and for a fixed

s,

(i) [L]
p(

(s2+3s+2)
2 )r−1

is symmetric.

(ii) rank([L]
p(

(s2+3s+2)
2 )r−1

) = p(
(s2+3s+2)

2
)r − 2.
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(iii) Tr([L]
p(

(s2+3s+2)
2 )r−1)

) = 2p(
2(s2+3s)

2
)r − 2p2(

(s2+3s)
2

)r − 2p(
(s2+3s+2)

2
)r − p(

(s2+3s)
2

)r + 2.

(iv) Det([L]
p(

(s2+3s+2)
2 )r−1

) = 0.

(v) The eigenvalues λ[L]
p(

(s2+3s+2)
2 )r−1

=











0,

p(
(s2+3s+2)

2
)r − 1, of multiplicity p(

(s2+3s)
2

)r − 1;

p(
(s2+3s)

2
)r − 1, of multiplicity p(

(s2+3s)
2

)r − 1.

Proof. We prove (ii) to (v) as follows, (i) is clear.

(ii) Carrying out an elementary row operation on [L]
p(

(s2+3s+2)
2 )r−1

we obtain a matrix

with an echelon form






































1 0 · · · · · · · · · · · · · · · 0 −1
0 1 0 · · · · · · · · · · · · 0 −1

p(
(s2+3s)

2 )r−2

0 0 1 0 · · · · · · · · · 0 −1
p(

(s2+3s)
2 )r−1

0 0 0 1 0 · · · · · · 0 −1
p(

(s2+3s)
2 )r

0 0 0 0 1 0 · · · 0 −1
p(

(s2+3s+2)
2 )r−3

0 0 0 0 0 1 0 · · · −1
p(

(s2+3s+2)
2 )r−2

0 0 0 0 0 0 0 0 0
...

0 0 0 0 0 0 0 0 0







































.

This results to p(
(s2+3s+2)

2
)r − 2 non-zero rows in [L]

p(
(s2+3s+2)

2 )r−1
, hence the rank.

(iii) Since | Z(R)∗ |= p(
(s2+3s+2)

2
)r − 1, each vi ∈ Ann(Z(R)∗) has degree

p(
(s2+3s+2)

2
)r − 2 and | Ann(Z(R)∗) |= p(

(s2+3s)
2

)r − 1. Therefore any vj /∈ Ann(Z(R)∗)

is of degree p(
(s2+3s)

2
)r − 1 because every such vj /∈ Ann(Z(R)∗) is only adjacent to

vi ∈ Ann(Z(R)∗). We partition V ∈ Γ(R) into disjoint subsets V1 and V2 such that

V1 = {vj|vj /∈ Ann(Z(R)∗)} and V2 = {vi|vi ∈ Ann(Z(R)∗)}.

Therefore, | V2 |= p(
(s2+3s)

2
)r − 1 and | V1 |= p(

(s2+3s+2)
2

)r − p(
(s2+3s)

2
)r.

Since the trace, Tr([L]
p(

(s2+3s+2)
2 )r−1

) =
∑p(

(s2+3s+2)
2 )r−1

i=1 dii, and every dii is an entry

of the leading diagonal of the diagonal matrix [D]
p(

(s2+3s+2)
2 )r−1

whose diagonal are

entries of the degrees of vi ∈ V (Γ(R)) thus

Tr([L]
p(

(s2+3s+2)
2 )r−1

) = (p(
(s2+3s+2)

2
)r−2)(p(

(s2+3s)
2

)r−1)+(p(
(s2+3s)

2
)r−1)(p(

(s2+3s+2)
2

)r−p(
(s2+3s)

2
)r).
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Upon expansion and simplification of this equation, we obtain

p(
2(s2+3s)

2
)r−p(

(s2+3s+2)
2

)r−2p(
(s2+3s)

2
)r+2+p(

2(s2+3s)
2

)r−p(2
(s2+3s)

2
)r−p(

(s2+3s+2)
2

)r+p(
(s2+3s)

2
)r =

2p(
2(s2+3s)

2
)r − 2p(

(s2+3s+2)
2

)r − p(
(s2+3s)

2
)r − 2p2(

(s2+3s)
2

)r + 2 = 2p(
2(s2+3s)

2
)r − 2p2(

(s2+3s)
2

)r −

2p(
(s2+3s+2)

2
)r − p(

(s2+3s)
2

)r + 2.

(iv) Simplifying | [L]
p(

(s2+3s+2)
2 )r−1

|= ∑p(
(s2+3s+2)

2 )r−1
i,j=1 aij(−1)i+j | lij | on the Lapla-

cian matrix where lij are minors to [L]
p(

(s2+3s+2)
2 )r−1

and aij are the row or column

elements from the row or the column of operation, we then establish the singularity

of [L]
p(

(s2+3s+2)
2 )r−1

.

(v) Solving | (λI
p(

(s2+3s+2)
2 )r−1

− [L]
p(

(s2+3s+2)
2 )r−1

) |= 0 gives the characteristic polyno-

mial equation of the form;

−λ((−p(
(s2+3s+2)

2
)r − 1) + λ)p

(
(s2+3s)

2 )r−1(−(p(
(s2+3s)

2
)r − 1) + λ)p

(
(s2+3s)

2 )r−1) = 0.

Upon finding the value of λ in each factor, we obtain −λ = 0 =⇒ λ = 0. For the

factor (−(p(
(s2+3s+2)

2
)r − 1) + λ)p

(
(s2+3s)

2 )r−1 = 0, we have that λ = (p(
(s2+3s+2)

2
)r − 1)

of multiplicity p(
(s2+3s)

2
)r − 1. Finally, (−(p(

(s2+3s)
2

)r − 1) + λ) = 0 implies that λ =

p(
(s2+3s)

2
)r − 1, this establishes (v).

Proposition 3.4.5. Consider [dij]
p(

(s2+3s+2)
2 )r−1

, the distance matrix associated with

Γ(R) for the ring in Construction II such that pui = 0. Then for r ∈ Z+, p, prime

and s fixed,

(i) [dij]
p(

(s2+3s+2)
2 )r−1

is a singular matrix,

(ii) Tr([dij]
p(

(s2+3s+2)
2 )r−1

) = 0,

(iii) rank([dij]
p(

(s2+3s+2)
2 )r−1

) = p(
(s2+3s+2)

2
)r − 2, and

(iv) Eigenvalues λ[dij]
p(

(s2+3s+2)
2 )r−1

=



















0,

p(
(s2+3s+2)

2
)r,

−1, of multiplicity pr,
−pr, of multiplicity pr + 1.
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Proof. The proofs for (i), (ii) and (iii) are clear.

(iv) Solving the equation, | λI − [dij]
p(

(s2+3s+2)
2 )r−1

|= 0 results to the characteristic

equation −(−p(
(s2+3s+2)

2
)r + λ)λ(1 + λ)p

r

(pr + λ)p
r+1 = 0. We obtain the eigenvalues

by solving the equation as follows: Clearly, λ = 0. Further, −(−p(
(s2+3s+2)

2
)r + λ) = 0

implies λ = p(
(s2+3s+2)

2
)r. For (1 + λ)p

r

= 0, we have λ = −1 of multiplicity pr.

Finally, (pr + λ)p
r+1 = 0 implies λ = −pr of multiplicity pr + 1.

Example 3.4.2. Fix s=1, p = 2. Then the distance matrix associated with Γ(R) is

given by

[dij] =





















0 1 1 1 1 1 1
1 0 1 1 1 1 1
1 1 0 1 1 1 1
1 1 1 0 2 2 2
1 1 1 2 0 2 2
1 1 1 2 2 0 2
1 1 1 2 2 2 0





















7×7

.

Case II: when pui ̸= 0

Proposition 3.4.6. Consider R from Construction II such that pui ̸= 0. Then the

set Z(R) of zero divisors of R satisfy the following properties;

(i) Z(R) = pR′ ⊕∑s
i=1 R

′ui ⊕
∑s

i,j=1 R
′uiuj,

(ii) (Z(R))2 = pR′ ⊕∑s
i,j=1 R

′uiuj, and

(iii) (Z(R))3 = (0).

Proof. The proof follows a similar pattern as in the proof of Proposition 3.4.1.

Proposition 3.4.7. Let R be a ring from Construction II such that pui ̸= 0 and Γ(R)

be its zero divisor graph. Then for r ∈ Z+, p prime and s fixed,

(i) | V (Γ(R)) |= p(
(s2+5s+2)

2
)r − 1,

(ii) Γ(R) is incomplete,

(iii) diam(Γ(R)) = 2,
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(iv) δ(Γ(R)) = p(
(s2+5s+2)

2
)r − p(

(s2+3s+2)
2

)r − 1, and

(v) girth(Γ(R)) = 3.

Proof. (i). Given that Z(R) = pR′ ⊕∑s
i=1 R

′ui ⊕
∑s

i,j=1 R
′uiuj and since | R′ |= p2r,

| R′ui |= p2r, | R′uiuj |= pr for i, j = 1, 2, · · · , s it implies that | Z(R) |= p(
(s2+5s+2)

2
)r.

Moreover, since | Z(R)∗ |=| Z(R) − {0} | it means that | V (Γ(R)) |=| Z(R)∗ |=

p(
(s2+5s+2)

2
)r − 1.

(ii). Since (Z(R))2 ̸= (0), it follows that not all pairs of vertices vi, vj ∈ V (Γ(R)) are

connected by an edge. This shows incompleteness of Γ(R).

(iii). There exist non adjacent vertices vi, vk ∈ V (Γ(R)) due to (ii) so that for some

vertex vj ∈ Ann(Z(R)) = (Z(R))2, the longest path of the graph is vi−vj−vk, which

establishes (iii).

(iv). As established in (i), | V (Γ(R)) |= p(
(s2+5s+2)

2
)r−1. Clearly | Ann(Z(R))−{0} |=

| Ann(Z(R))∗ |= p(
(s2+3s+2)

2
)r−1. The minimum degree from the graph can be obtained

by computing the order | V (Γ(R)) \ Ann(Z(R))∗ |=

(p(
(s2+5s+2)

2
)r−1)−(p(

(s2+3s+2)
2

)r−1) = p(
(s2+5s+2)

2
)r−1−p(

(s2+3s+2)
2

)r+1 = p(
(s2+5s+2)

2
)r−p(

(s2+3s+2)
2

)r.

For avoidance of self loop, we have that δ(Γ(R)) = p(
(s2+5s+2)

2
)r − p(

(s2+3s+2)
2

)r − 1.

(v) Follows by part (v) of Proposition 3.3.2.

Proposition 3.4.8. Consider [A]
p(

(s2+5s+2)
2 )r−1

and [L]
p(

(s2+5s+2)
2 )r−1

to be respectively

the adjacency and Laplacian matrices for Γ(R) for the ring in Construction II such

that pui ̸= 0, r ∈ Z+, p prime and s fixed. Then

(i) [A]
p(

(s2+5s+2)
2 )r−1

and [L]
p(

(s2+5s+2)
2 )r−1

are both symmetric,

(ii) rank([A]
p(

(s2+5s+2)
2 )r−1

) = p(
(s2+3s+2)

2
)r and

rank([L]
p(

(s2+5s+2)
2 )r−1

) = p(
(s2+5s+2)

2
)r − 2,

(iii) Det([A]
p(

(s2+5s+2)
2 )r−1

) = Det([L]
p(

(s2+5s+2)
2 )r−1

) = 0,
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(iv) Tr([A]
p(

(s2+5s+2)
2 )r−1

) = 0 and Tr([L]
p(

(s2+5s+2)
2 )r−1

) = 2p(
2(s2+5s+2)

2
)r−2p(

(s2+5s+2)
2

)r−

p(
2(s2+3s+2)

2
)r − p(

(s2+3s+2)
2

)r + 2,

(v) The eigenvalues λ[A]
p(

(s2+5s+2)
2 )r−1

=











−1, of multiplicity p(
(s2+3s+2)

2
)r − 2,

0, of multiplicity p(
(s2+3s+2)

2
)r − 1,

(pr + 1)±
√
Ω .

where Ω = (pr + 1)2 + p(
(s2+3s+2)

2
)r + p(

(s2+5s+2)
2

)r + p(h+2)r, and

(vi) The eigenvalues of [L]
p(

(s2+5s+2)
2 )r−1

=











0,

p(
(s2+5s+2)

2
)r − 1, of multiplicity p(

(s2+3s+2)
2

)r − 1,

(p(
(s2+3s+2)

2
)r − 1), of multiplicity p(

(s2+3s+2)
2

)r − 1.

Proof. Proofs for Properties (i) to (iii) of [A]
p(

(s2+5s+2)
2 )r−1

and [L]
p(

(s2+5s+2)
2 )r−1

are

obvious from definitions. We proceed to provide proof for (iv), (v) and (vi) as follows.

(iv). For the adjacency matrix, [A]
p(

(s2+5s+2)
2 )r−1

, the result is clear since diagonal

entries are all 0′s. Since the order is p(
(s2+5s+2)

2
)r−1, it follows that

∑p(
(s2+5s+2)

2 )r−1
i=1 aii =

0 where aii are the diagonal elements of the matrix [A]
p(

(s2+5s+2)
2 )r−1

.

We show that

Tr([L]
p(

(s2+5s+2)
2 )r−1

) = 2p(
2(s2+5s+2)

2
)r − 2p(

(s2+5s+2)
2

)r − p(
(s2+3s+2)

2
)r − p(

(s2+3s+2)
2

)r + 2.

Since | Z(R)∗ |= p(
(s2+5s+2)

2
)r − 1 =| V (Γ(R)) |, it is established that | Ann(Z(R)∗) |=

p(
(s2+3s+2)

2
)r − 1 and any vi /∈ Ann(Z(R)∗) is of degree p(

(s2+3s+2)
2

)r − 1 since vi is

only adjacent to the vertices in Ann(Z(R)∗). In the same manner, each vj in the

set Ann(Z(R)∗) is connected by an edge with vi ∈ V (Γ(R)). Therefore, deg(vj) =

p(
(s2+5s+2)

2
)r − 2 for avoidance of self loop. Let the partitions of the vertex set in Γ(R)

be V1 and V2 such that

V1 = {vi ∈ Z(R)∗|vi /∈ Ann(Z(R)∗)} and V2 = {vj ∈ Z(R)∗|vj ∈ Ann(Z(R)∗)} =⇒

| V1 |= p(
(s2+3s+2)

2
)r − 1 and | V2 |= p(

(s2+5s+2)
2

)r − 1− (p(
(s2+3s+2)

2
)r − 1) = p(

(s2+5s+2)
2

)r −
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p(
(s2+3s+2)

2
)r. Since the trace of [L]

p(
(s2+5s+2)

2 )r−1
is the sum of the diagonal entries of

the degree matrix [D]
p(

(s2+5s+2)
2 )r−1

, that is Tr([L]
p(

(s2+5s+2)
2 )r−1

) =
∑p(

(s2+5s+2)
2 )r−1

i=1 dii

which is equivalent to sum of degrees of the vertices in Γ(R) where dii are the diagonal

entries of [D]
p(

(s2+5s+2)
2 )r−1

. We have that

(p(
(s2+3s+2)

2
)r − 1)(p(

(s2+5s+2)
2

)r − 2) + (p(
(s2+3s+2)

2
)r − 1)(p(

(s2+5s+2)
2

)r − p(
(s2+3s+2)

2
)r) =

p(
2(s2+5s+2)

2
)r−2p(

(s2+3s+2)
2

)r−p(
(s2+5s+2)

2
)r+2+p(

2(s2+5s+2)
2

)r−p(
2(s2+3s+2)

2
)r−p(

(s2+5s+2)
2

)r+

p(
(s2+3s+2)

2
)r which simplifies to 2p(

2(s2+5s+2)
2

)r−2p(
(s2+5s+2)

2
)r−p(

(s2+3s+2)
2

)r−p(
2(s2+3s+2)

2
)r+

2. Hence the trace of [L]
p(

(s2+5s+2)
2 )r−1

.

(v). Simplifying the equation | λI
p(

(s2+5s+2)
2 )r−1

− [A]
p(

(s2+5s+2)
2 )r−1

|= 0 results to the

characteristic polynomial equation

−λp(
(s2+3s+2)

2 )r−1(1+λ)p
(
(s2+3s+2)

2 )r−2(λ2−2(pr+1)λ−(p(
(s2+5s+4)

2
)r+p(

(s2+5s+2)
2

)r+p(
(s2+3s+2)

2
)r)) = 0.

From the factorization components, −λp(
(s2+3s+2)

2 )r−1 = 0 which implies that λ = 0 is

an eigenvalue of multiplicity p(
(s2+3s+2)

2
)r − 1.

Similarly, (1+λ)p
(
(s2+3s+2)

2 )r−2 = 0 implies that λ = −1 is an eigenvalue of multiplicity

p(
(s2+3s+2)

2
)r − 2.

For the quadratic part, λ2 − 2(pr +1)λ− (p(
(s2+5s+4)

2
)r + p(

(s2+5s+2)
2

)r + p(
(s2+3s+2)

2
)r) = 0

results in

λ =
2(pr + 1)±

√

4(pr + 1)2 + 4p(
(s2+5s+2)

2
)r + 4p(

(s2+5s+2)
2

)r + 4p(
(s2+3s+2)

2
)r

2

=
2(pr + 1)±

√

4((pr + 1)2 + p(
(s2+5s+4)

2
)r + p(

(s2+5s+2)
2

)r + p(
(s2+3s+2)

2
)r)

2

= (pr + 1)±
√

(pr + 1)2 + p(
(s2+5s+4)

2
)r + p(

(s2+5s+2)
2

)r + p(
(s2+3s+2)

2
)r

= (pr + 1)±
√

(pr + 1)2 + p(
(s2+3s+2)

2
)r + p(

(s2+5s+2)
2

)r + p(
(s2+5s+4)

2
)r.

(vi). From the characteristic equation | λI
p(

(s2+5s+2)
2 )r−1

− [L]
p(

(s2+5s+2)
2 )r−1

|= 0, we

obtain

−((−(p(
(s2+5s+2)

2
)r − 1) + λ)p

(
(s2+3s+2)

2 )r−1(−(p(
(s2+3s+2)

2
)r − 1) + λ)p

hr−1)λ = 0.
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Solving λ for each factor results to (−(p(
(s2+5s+2)

2
)r − 1) + λ)p

(
(s2+3s+2)

2 )r−1 = 0 =⇒ λ =

p(
(s2+5s+2)

2
)r − 1 of multiplicity p(

(s2+3s+2)
2

)r − 1. Further,

(−(p(
(s2+3s+2)

2
)r−1)+λ)p

(
(s2+3s+2)

2 )r−1 = 0 means that λ = p(
(s2+3s+2)

2
)r−1 is an eigenvalue

with a multiplicity of p(
(s2+3s+2)

2
)r − 1, and finally, λ = 0. Hence the eigenvalues of

[L]
p(

(s2+5s+2)
2 )r−1

.

Proposition 3.4.9. Given [dij]
p(

(s2+5s+2)
2 )r−1

, the distance matrix associated with Γ(R)

of the ring in Construction II. The point spectrum, σpoint([dij]
p(

(s2+5s+2)
2 )r−1

) is de-

scribed by the following eigenvalues:

λ =















−1, of multiplicity p(
(s2+3s+2)

2
)r − 2;

−pr, of multiplicity p(
(s2+3s+2)

2
)r − 1;

(p(
(s2+3s+2)

2
)r + 2)±

√

p(
2(s2+3s+2)

2
)r + p(

(s2+3s+2)
2

)r,

Proof. Simplifying the equation | λI− [dij]
p(

(s2+5s+2)
2 )r−1

|= 0 results to the polynomial

equation of the form

−(1+λ)p
(
(s2+3s+2)

2 )r−2(pr+λ)p
(
(s2+3s+2)

2 )r−1(λ2−(2p(
(s2+3s+2)

2
)r)λ)+(3p(

(s2+3s+2)
2

)r+4)) = 0.

Finding the values of λ in each factor yields −(1 + λ)p
(
(s2+3s+2)

2 )r−2 = 0 shows that

λ = −1 of multiplicity p(
(s2+3s+2)

2
)r − 2. Further, (pr + λ)p

(
(s2+3s+2)

2 )r−1 = 0 implies that

λ = −pr of multiplicity p(
(s2+3s+2)

2
)r − 1.

For the quadratic part λ2 − (2p(
(s2+3s+2)

2
)r + 4)λ+ (3p(

(s2+3s+2)
2

)r + 4) = 0, we obtain

λ =
(2p(

(s2+3s+2)
2 )r+4)±

√

(2p(
(s2+3s+2)

2 )r+4)2−4(3p(
(s2+3s+2)

2 )r+4)

2

=
(2p(

(s2+3s+2)
2 )r+4)±

√

(4p(
2(s2+3s+2)

2 )r+8p(
(s2+3s+2)

2 )r+8p(
(s2+3s+2)

2 )r+16−12p(
(s2+3s+2)

2 )r−16)

2

=
(2p(

(s2+3s+2)
2 )r+4)±

√

4p(
2(s2+3s+2)

2 )r+16p(
(s2+3s+2)

2 )r−12p(
(s2+3s+2)

2 )r

2

=
(2p(

(s2+3s+2)
2

)r + 4)±
√

4p(
2(s2+3s+2)

2
)r + 4p(

(s2+3s+2)
2

)r

2

=
(2p(

(s2+3s+2)
2

)r + 4)± 2

√

p(
2(s2+3s+2)

2
)r + p(

(s2+3s+2)
2

)r

2
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= (p(
(s2+3s+2)

2
)r + 2)±

√

p(
2(s2+3s+2)

2
)r + p(

(s2+3s+2)
2

)r.

3.5 The 3-Radical Zero Finite Completely Primary Rings of Character-
istic p3

3.5.1 Construction III

Let R′ = GR(p3r, p3) be a Galois ring of order p3r and characteristic p3. Let U

and V be finitely generated R′-modules with the generating sets {u1, u2, · · · , us} and

{v1, v2, · · · , vt} respectively such that s and t are the number of elements in the gen-

erating sets. Suppose t = s(s+1)
2

for a fixed s, R = R′ ⊕∑s
i=1 R

′ui ⊕
∑s

i,j=1 R
′uiuj is

an additive abelian group. Define multiplication on R by

(x◦ +
s

∑

i=1

xiui +
s

∑

i,j=1

xjuiuj)(y◦ +
s

∑

i=1

yiui +
s

∑

i,j=1

yjuiuj) =

x◦y◦+
s

∑

i=1

((x◦+pR′)yi+xi(y◦+pR′)σi)ui+
s

∑

i,j=1

(x◦yj +xj(y◦)
σi +

s
∑

i,j=1

aijxi(yj)
σi)uiuj.

The multiplication given turnsR into a commutative ring with identity (1, 0, · · · , 0, 0̄, · · · , 0̄)

if σi = idF. From this multiplication, the set Z(R) of zero divisors satisfies the follow-

ing properties;

(i) Z(R) = pR′ ⊕∑s
i=1 R

′ui +
∑s

i,j=1 R
′uiuj,

(ii) (Z(R))2 = p2R′ ⊕∑s
i,j=1 R

′uiuj, and

(iii) (Z(R))3 = (0).

For the rings considered in this section, σi = idF.

3.5.2 The Graphs Γ(R) and their Matrices from Classes of Rings in Con-
struction III

Proposition 3.5.1. Given R, the ring of Construction III and Γ(R) be the associated

zero divisor graph. Then for any prime integer p, r ∈ Z+ and s-fixed, we have;

(i) | V (Γ(R)) |= p(
(s2+5s+4)

2
)r − 1,
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(ii) ∆(Γ(R)) = p(
(s2+5s+4)

2
)r − 2 and δ(Γ(R)) = p(

(s2+5s)
2

)r,

(iii) Γ(R) is incomplete,

(iv) diam(Γ(R)) = 2, and

(v) girth(Γ(R)) = 3.

Proof. (i) Since Char(R) = p3, | R′ |= p3r and | pR′ |= p2r. Consider pui = 0 for

i = 1, 2, · · · , s and | R′uiuj |= pr, i, j = 1, 2, · · · , s, we have that | Z(R) |= p(
(s2+5s+4)

2
)r

and | Z(R) \ {0} |=| (Z(R)∗) |=| V (Γ(R)) |= p(
(s2+5s+4)

2
)r − 1.

(ii) Let γ1, γ2, · · · , γr ∈ R′ with γ1 = 1 such that γ1, · · · , γr ∈ R′ forms a basis for R′

over its prime subfield R′/pR′. From the multiplication defined on R,

Ann(Z(R)) = {p2r◦ +
∑s

i=1 aiγiui +
∑s

i=1 biγiuiuj|ai, bi ∈ R′, ai + bi ∼= 0(mod p)}.

With the fact that | V (Γ(R)) |= p(
(s2+5s+4)

2
)r − 1, any vertex vi ∈ Ann(Z(R))∗ is

of degree p(
(s2+5s+4)

2
)r − 2 due to avoidance of self loop. Hence the maximum degree

∆(Γ(R)).

Partitioning V (Γ(R)) into disjoint subsets V1 and V2 such that

V1 = {vi|vi ∈ Ann(Z(R))∗} and V2 = {vj|vj /∈ Ann(Z(R))∗}, | V1 |= p(
(s2+5s)

2
)r. This

implies that the vertices of minimum degree are only adjacent to vi ∈ Ann(Z(R))∗

and since | V1 |= p(
(s2+5s)

2
)r, δ(Γ(R)) = p(

(s2+5s)
2

)r.

(iii) to (v) are clear.

The results in the sequel describe the algebraic properties of the matrices associ-

ated with Γ(R) of the ring in Construction III.

Proposition 3.5.2. Given [A]
p(

(s2+5s+4)
2 )r−1

and [L]
p(

(s2+5s+4)
2 )r−1

, the adjacency and

Laplacian matrices of Γ(R) respectively for a ring in Construction III. Then for a

prime integer p, r ∈ Z+ and s fixed,

(i) Det([A]
p(

(s2+5s+4)
2 )r−1

) = Det([L]
p(

(s2+5s+4)
2 )r−1

) = 0,

(ii) rank([A]
p(

(s2+5s+4)
2 )r−1

) = p(
(s2+3s+2)

2
)r + 2 and

rank([L]
p(

(s2+5s+4)
2 )r−1

) = p(
(s2+5s+2)

2
)r + p(

(s2+3s+2)
2

)r + 1,
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(iii) Eigenvalues λ[A]
p(

(s2+5s+4)
2 )r−1

=























0, of multiplicity p(
(s2+5s+2)

2
)r + pr + 1;

−1, of multiplicity p(
(s2+3s+2)

2
)r − 2;

−p(
(s2+3s+2)

2
)r, of multiplicity pr;

p(
(s2+3s+2)

2
)r + pr + 1± ρ.

where

ρ =

√

(p(
(s2+3s+2)

2
)r + pr + 1)2 − (p(

(s2+5s+4)
2

)r + p(
(s2+5s+2)

2
)r + p(

(s2+3s+2)
2

)r),

and

(iv) Eigenvalues λ[L]
p(

(s2+5s+4)
2 )r−1

=























0, of multiplicity p(
(s2+3s+2)

2
)r − 2;

1, of multiplicity p(
(s2+5s+2)

2
)r + p(

(s2+3s)
2

)r + 1;

1− p(
(s2+3s+2)

2
)r, of multiplicity pr;

p(
(s2+3s+2)

2
)r + p(

(s2+3s)
2

)r ± ϵ.

where

ϵ =

√

(p(
(s2+3s+2)

2
)r + p(

(s2+3s)
2

)r)2 − (p(
(s2+5s+4)

2
)r + 2p(

(s2+5s+2)
2

)r + 2p(
(s2+3s+2)

2
)r − 1).

Proof. We provide proofs for (iii) and (iv) since the steps for proofs in (i) and (ii)

follow a similar pattern as in the previous section.

(iii) Expanding the characteristic equation | λI − [A]
p(

(s2+5s+4)
2 )r−1

|= 0, we obtain the

characteristic polynomial equation of the form

−λ(p(
(s2+5s+2)

2 )r+p(
(s2+3s)

2 )r+1)(1 + λ)p
(
(s2+3s+2)

2 )r−2(p(
(s2+3s+2)

2
)r + λ)p

r

(λ2 − 2(p(
(s2+3s+2)

2
)r +

pr + 1)λ+ (p(
(s2+5s+4)

2
)r + p(

(s2+5s+2)
2

)r + p(
(s2+3s+2)

2
)r)) = 0.

Finding the value of λ from each factor in the above equation results to

−λp(
(s2+5s+2)

2 )r+p(
(s2+3s)

2 )r+1 = 0 which gives λ = 0 of multiplicity p(
(s2+5s+2)

2
)r+p(

(s2+3s)
2

)r+

1. Also,

(1 + λ)p
(
(s2+3s+2)

2 )r−2 = 0 gives λ = −1 of multiplicity p(
(s2+3s+2)

2
)r − 2 and the factor

(p(
(s2+3s+2)

2
)r + λ)p

r

= 0 implies λ = −p(
(s2+3s+2)

2
)r of multiplicity pr.
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The quadratic part

λ2 − 2(p(
(s2+3s+2)

2
)r + pr + 1)λ+ (p(

(s2+5s+4)
2

)r + p(
(s2+5s+2)

2
)r + p(

(s2+3s+2)
2

)r) = 0

can be solved as

λ =
2(p(

(s2+3s+2)
2 )r+pr+1)±

√

4(p(
(s2+3s+2)

2 )r+pr+1)2−4(p(
(s2+5s+4)

2 )r+p(
(s2+5s+2)

2 )r+p(
(s2+3s+2)

2 )r)

2 .

=
2(p(

(s2+3s+2)
2 )r+pr+1)±

√

4((p(
(s2+3s+2)

2 )r+pr+1)2−(p(
(s2+5s+2)

2 )r+p(
(s2+5s+2)

2 )r+p(
(s2+3s+2)

2 )r))

2 .

Simplifying this equation yields

λ = (p(
(s2+3s+2)

2
)r+pr+1)±

√

(p(
(s2+3s+2)

2
)r + pr + 1)2 − (p(

(s2+5s+4)
2

)r + p(
(s2+5s+2)

2
)r + p(

(s2+3s+2)
2

)r).

(iv) Similarly, we can provide proof for eigenvalues of [L]
p(

(s2+5s+4)
2 )r−1

by solving the

equation | λI − [L]
p(

(s2+5s+4)
2 )r−1

|= 0 which results to the polynomial

−((−1+λ)p
(
(s2+5s+2)

2 )r+p(
(s2+3s)

2 )r+1λp(
(s2+3s+2)

2 )r−2((p(
(s2+3s+2)

2
)r−1)+λ)p(λ2−2(p(

(s2+3s+2)
2

)r+

p(
(s2+3s)

2
)r)λ+ (p(

(s2+5s+4)
2

)r + 2p(
(s2+5s+2)

2
)r + 2p(

(s2+3s+2)
2

)r − 1)) = 0.

Solving the equation leads to (−1+λ)p
(
(s2+5s+2)

2 )r+p(
(s2+3s)

2 )r+1 = 0 gives λ = 1 of multi-

plicity p(
(s2+5s+2)

2
)r + p(

(s2+3s)
2

)r +1, λp(
(s2+3s+2)

2 )r−2 = 0 implies λ = 0 of algebraic multi-

plicity p(
(s2+3s+2)

2
)r − 2. Similarly, ((p(

(s2+3s+2)
2

)r − 1)+ λ)p
r

= 0 =⇒ λ = 1− p(
(s2+3s+2)

2
)r

of multiplicity pr. The quadratic part

λ2 − 2(p(
(s2+3s+2)

2
)r + p(

(s2+3s)
2

)r)λ+ (p(
(s2+5s+4)

2
)r + 2p(

(s2+3s+2)
2

)r + 2p(
(s2+3s+2)

2
)r − 1) = 0

can be solved as follows;

λ =
2(p(

(s2+3s+2)
2 )r+p(

(s2+3s)
2 )r)±

√

4(p(
(s2+3s+2)

2 )r+p(
(s2+3s)

2 )r)2−4(p(
(s2+5s+4)

2 )r+2p(
(s2+5s+4)

2 )r+2p(
(s2+3s+2)

2 )r−1)

2

=
2(p(

(s2+3s+2)
2 )r+p(

(s2+3s)
2 )r)±2

√

(p(
(s2+3s+2)

2 )r+p(
(s2+3s)

2 )r)2−(p(
(s2+5s+4)

2 )r+2p(
(s2+5s+2)

2 )r+2p(
(s2+3s+2)

2 )r−1)

2

= (p(
(s2+3s+2)

2
)r + p(

(s2+3s)
2

)r)± ϵ,

where

ϵ =

√

(p(
(s2+3s+2)

2
)r + p(

(s2+3s)
2

)r)2 − (p(
(s2+5s+4)

2
)r + 2p(

(s2+5s+2)
2

)r + 2p(
(s2+3s+2)

2
)r − 1).
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CHAPTER FOUR

4-RADICAL ZERO COMPLETELY PRIMARY FINITE RINGS

4.1 Introduction

Studies aimed at classifying the unit groups of 4-radical zero rings were advanced by

Owino and Ojiema in [48] and further extended by Evgeniy in [20]. Further exposition

of these finite rings was advanced by Lao et al in [31, 33, 34] for all characteristics

of the rings under consideration where the classification of their automorphisms was

done via the zero divisor graphs. The cases considered were: Automorphisms of zero

divisors graphs of Galois rings, square radical zero unital finite rings and the cube

radical zero completely primary finite rings.

In this chapter we characterize classes of 4-radical zero completely primary finite

rings by presenting some general results on zero divisor graphs and matrices associ-

ated with them. This takes into account a generalization of geometric properties of

Γ(R) and general analysis of some algebraic properties of the matrices associated with

the zero divisor graph Γ(R) for Char(R) = p, p2, p3 and p4.

4.2 4-Radical Zero Completely Primary finite Rings of Characteristic p

4.2.1 Construction I

This construction can also be obtained from [48]. Let R′ = GR(pr, p) be a Galois ring

of order pr and characteristic p. Consider finitely generated R′-modules U, V, and W

such that dimR′U = s, dimR′V = t and dimR′W = λ and s + t + λ = h. Let the R′

modules be generated by {u1, u2 · · · , us},

{v1, v2, · · · , vt} and {w1, w2, · · · , wλ} respectively so that R = R′ ⊕ U ⊕ V ⊕W is an

additive abelian group. Suppose s = 1, t = 1 and λ = h− 2, then

R = R′ ⊕ R′u ⊕ R′v ⊕ ∑h−2
k=1 R

′wk where pu = 0, pv = 0, pwk = 0 such that

1 ≤ k ≤ h− 2 for any prime integer p. We define multiplication on R as follows;
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(a◦, a1, a2, · · · , ah)(b◦, b1, b2, · · · , bh) =

(a◦b◦, a◦b1+a1b◦, a◦b2+a2b◦+a1b1, a◦b3+a3b◦+a1b2+a2b1, · · · , a◦bh+ahb◦+a1b2+a2b1).

As established in [48], R is turned by this multiplication into a commutative ring

with identity (1, 0, 0, · · · , 0) and further, the set Z(R) of zero divisors of R satisfy the

following properties:

Z(R) = R′u⊕R′v ⊕
λ

∑

k=1

R′wk,

(Z(R))2 = R′v ⊕
λ

∑

k=1

R′wk,

(Z(R))3 =
λ

∑

k=1

R′wk,

(Z(R))4 = (0).

As a consequence, the next result in the sequel holds for Γ(R).

Proposition 4.2.1. Let R be a ring of Construction I. Then the zero divisor graph

Γ(R) satisfies the following properties:

(i) The cardinality of the vertices, | V (Γ(R)) |= phr − 1,

(ii) Minimum degree, δ(Γ(R)) = pr − 1,

(iii) Maximum degree, ∆(Γ(R)) = phr − 2, and

(iv) Γ(R) is incomplete.

Proof. (i) Since Char(R) = Char(R′) = p and pui = pvj = pwk = 0, then

| R′ui |= psr, | R′vj |= ptr, | R′wk |= pλr implies that | Z(R) |= psr.ptr.pλr =

p(s+t+λ)r = phr so that | Z(R)∗ |=| V (Γ(R)) |= phr − 1.

(ii) With the multiplication described, Ann(Z(R)) = (Z(R))3. Suppose the vertex

set V1 = Ann(Z(R))\{0}, we thus have that | V1 |= pr−1. Since there are only

pr − 1 vertices adjacent to every vertex then the minimum degree of a vertex is

pr − 1.
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(iii) Since the number of vertices in Γ(R) is phr − 1, there exist x ∈ V1 connected to

every vertex in the graph. Therefore, the degree of x, deg(x) = (phr − 1)− 1 =

phr − 2 for the avoidance of self loop.

(iv) Clearly, δ(Γ(R)) is not equal to ∆(Γ(R)) illustrating that the vertices in Γ(R)

do not have the same degree of connectedness. That is, not every pair of ver-

tices in Γ(R) are connected. Further, due to the fact that (Z(R))2 ̸= (0), the

incompleteness of Γ(R) follows.

4.2.2 Matrices of Zero Divisor Graphs of a Ring in Construction I

Proposition 4.2.2. Let R be a ring of Construction I. The adjacency and Laplacian

matrices satisfy the following properties:

(i) [A]phr−1 and [L]phr−1 are singular,

(ii) rank([A]phr−1) = phr − p(h−1)r,

(iii) rank([L]phr−1) = p(h−1)r + 2,

(iv) Tr([L]phr−1) = 2p(h+1)r − 3phr + p2(h−1)r + 2pr + 1,

(v) For [A]phr−1, the number of real and complex eigenvalues are p(h−1)r and

phr − p(h−1)r − 1 respectively.

Indeed, the real eigenvalues λ[A]phr−1 =

{

0, of multiplicity p(h−1)r − 1;
−1,

and the complex eigenvalues λ[A]phr−1 =

{

(p(h−1)r − 2)i, of multiplicity phr − pr − 2;
(p(h−1)r − 1)i, of multiplicity pr − p(h−1)r + 1,

and

(vi) The eigenvalues λ[L]phr−1 =















0,
phr − 1,
p(h−1)r − 1,
1, of multiplicity phr − 4.
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Proof. (i) Given the adjacency matrix























0 1 · · · · · · · · · 1
1 0 1 · · · · · · 1

1 1 0 1 · · · ...
1 1 1 0 · · · 1phr−p(h−1)r

0 0 · · · · · · · · · 0phr−pr

...
... 0 · · · 0

...
0 · · · · · · · · · · · · 0phr−1























,

suppose we take row 1 as the pivot row in obtaining the determinant, let a11, a12, · · · , a1phr−1

be the elements of the first row of [A]phr−1. Expanding the minor determinants along

the first row, we notice that the matrix minors of a1j, j = 1, 2, · · · , phr − 1 have zero

determinants. That is, a11(−1)1+j | minor (a11) |= · · · = a1phr−1(−1)1+(phr−1)

| minor (a1phr−1) |= 0. Therefore
∑phr−1

j=1 ((−1)1+ja1j | minor (a1j) |) = 0, hence the

determinant of [A]phr−1. A similar argument can be extended for the Laplacian ma-

trices [L]phr−1. This proves the singularity for the matrices.

ii) Reducing the adjacency matrix to its echelon form by conducting a row operation

on it, we obtain the matrix























1 0 · · · · · · · · · 0
0 1 0 · · · · · · 0

0 0 1 0 · · · ...
0 0 0 1 · · · 1phr−p(h−1)r

0 0 · · · · · · · · · 0phr−pr

...
... 0 · · · 0

...
0 · · · · · · · · · · · · 0phr−1























.

Clearly, from this reduced echelon form, we obtain phr−p(h−1)r non zero rows spanning

the matrix space. This leads to a rank of phr−p(h−1)r for the adjacency matrix [A]phr−1.

(iii) Similar to (ii), the Laplacian matrix obtained can be reduced to an echelon form


























1 0 0 · · · · · · · · · · · · −1
0 1 0 0 · · · · · · · · · −1
0 0 1 0 0 · · · · · · −1
0 0 0 1 0 0 · · · −1
0 0 0 0 1 0 · · · −1
0 0 0 0 · · · 1 0 −1p(h−1)r+2
... 0 · · · 0

...
0 · · · · · · · · · · · · · · · · · · 0phr−1



























which is of order (phr − 1)× (phr − 1). This results to p(h−1)r +2 linearly independent

70



vectors which span the matrix row space for the Laplacian matrix [L]phr−1, hence its

rank.

(iv) Let γ1, · · · , γr ∈ R′ with γ1, · · · , γr ∈ R′ form a basis for R′ over its prime subfield

R′/pR′. From the multiplication defined on R, Ann(Z(R)) = (Z(R))3 = p3R′. Let

V1, V2 and V3 be the vertex sets partitioning V (Γ(R)) such that V1 = Ann(Z(R)∗).

This implies that | V1 |= pr − 1. Therefore, for x ∈ V1, deg(x) = phr − 2.

Consider the vertex set V2 = {γiv +
∑h−2

k=1 bγiwk|b ∈ R′}. Then, | V2 |= p(h−1)r − pr

and each vertex y ∈ V2 is adjacent to a vertex of the form γiv+
∑h−2

k=1 γiwk. Therefore,

deg(y) = p(h−1)r−1. Let the set V3 = {γiu+aγiv+
∑h−2

k=1 cγiwk|a, c ∈ R′}. This means

that | V3 |= phr − p(h−1)r and deg(z) = pr − 1 where z ∈ V3 and z is only adjacent to

the vertices in the annihilator set V1.

The trace of the Laplacian matrix is the sum of diagonal entries in the degree matrix

[D]phr−1. Thus,

Tr([L]phr−1) = (phr − 2)(pr − 1) + (p(h−1)r − 1)(p(h−1)r − pr) + (phr − p(h−1)r)(pr − 1).

Upon expansion and simplification of this expression, we obtain

Tr([L]phr−1) = 2p(h+1)r − 3phr + p2(h−1)r + 2pr + 1.

(v) Solving the equation | λI − A |= 0, we obtain the characteristic polynomial

equation λphr−1 − (phr − 1)λphr−pr−1 − prλp(h−1)r
+ p(h−1)rλp(h−1)r−1 = 0 which can be

expressed in factor form as λp(h−1)r−1(1+λ)(λp(h−1)r−1−λpr−(phr−p(h−1)r)λ+p(h−1)r) =

0. Finding λ, we solve λp(h−1)r−1 = 0 to get λ = 0 of multiplicity p(h−1)r − 1 and

(1+ λ) = 0 gives λ = −1. The order of the real eigenvalues is obtained by adding the

multiplicities (p(h−1)r − 1) + 1 = p(h−1)r.

The equation (λp(h−1)r−1−λpr−(phr−p(h−1)r)λ+phr) = 0 yields the complex eigenvalues

as (p(h−1)r−2)i of multiplicity phr−pr−2 and (p(h−1)r−1)i of multiplicity pr−p(h−1)r+1.

Therefore, the sum of multiplicities of complex eigenvalues are

(phr − pr − 2) + pr − p(h−1)r + 1 = phr − p(h−1)r − 1.

(vi) For the Laplacian matrix [L]phr−1, we evaluate | λI − [L]phr−1 |= 0 to obtain the
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characteristic polynomial equation

−λ((−(phr − 1) + λ)(−(p(h−1)r − 1) + λ)(−1 + λ)p
hr−4) = 0.

Finding the values of λ in each factor, we have −λ = 0 giving λ = 0. Next, −(phr −

1)+λ = 0 gives λ = phr−1 and further −(p(h−1)r−1)+λ = 0 results in λ = p(h−1)r−1.

Finally, (−1 + λ)p
hr−4 = 0 implies λ = 1 is an eigenvalue of multiplicity phr − 4.

Proposition 4.2.3. Let R be a ring of Construction I and [dij] be the distance matrix

then:

(i) Tr([dij]) = 0,

(ii) rank([dij]) = phr − 1,

(iii) The eigenvalues λ[dij] =







−1, of multiplicity pr − 1;
−pr, of multiplicity phr − 2pr + 1;
−(pr − 1)i, of multiplicity pr − 1, where λ ∈ C,

and

(iv) Det([dij]) = p(2h+1)r.

Proof. (i) Since the distance between a vertex and itself d(vi, vi) = 0, it means

that every entry dii of [dij] is zero and thus
∑phr−1

i=1 dii = 0. Hence the trace,

Tr([dij]) = 0.

(ii) We carry out an elementary row operation on [dij] to obtain a row reduced matrix

of the form
















1 0 · · · · · · 0

0 1 0 · · · ...
... 0

. . . 0
...

. . . 0
0 · · · · · · 1phr−1

















.

Clearly there are phr − 1 linearly independent vectors in the matrix span hence

the rank.

(iii) To find the eigenvalues, we solve | λI − [dij] |= 0 to obtain the equation

−(1+λ)p
r−1(pr+λ)(p

hr−2pr+1)(λpr−1−(phr−1)λpr−2−(p(h+2)r−1)λ−p(h+1)r) = 0.
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From the equation, the real eigenvalues are −(1 + λ) = 0 which is λ = −1 of

multiplicity pr − 1 and (pr + λ)(p
hr−2pr+1) = 0 gives λ = −pr of multiplicity

phr − 2pr + 1.

Solving the equation (λ(pr−1) − (−1 + phr)λ(pr−2) − (p(h+2)r − 1)λ− p(h+1)r) = 0

yields the complex eigenvalues as −(pr − 1)i of multiplicity pr − 1.

(iv) In obtaining the determinant we evaluate
∑phr−1

i,j=1 (dij(−1)i+j | minor (dij) |) =

phr.p(h+1)r = p(hr+hr+r) = p(2h+1)r.

4.3 4-Radical Zero Finite Completely Primary Rings of Characteristic p2

4.3.1 Construction II

Let R′ = GR(p2r, p2) be a Galois ring of order p2r and characteristic p2. Consider R′

modules U, V and W which are generated finitely by {u1, · · · , us}, {v1, v2, · · · , vt} and

{w1, w2, · · · , wλ} respectively so that R = R′ ⊕ U ⊕ V ⊕W is additive abelian group

and s+ t+ λ = h. Assume s = h− 1, t = 1 and λ = 0 so that

R = R′ ⊕∑h−1
i=1 R′ui ⊕ R′v where pui ̸= 0, p2ui = 0 and pv = 0 with 1 ≤ i ≤ s. The

following defines multiplication on R.

(a◦, a1, a2, , · · · , ah−1, āh)(b◦, b1, b2, , · · · , bh−1, b̄h) =

(a◦b◦ + p
h−1
∑

i,j=1

aibj, a◦b1 + a1b◦, · · · , a◦bh−1 + ah−1b◦, a◦b̄h + āhb◦)

where āh, b̄h ∈ R′/pR′. The multiplication so defined turns R into a commutative

finite ring of identity (1, 0, 0, · · · , 0̄) as verified in [15]. The set Z(R) satisfies the

following properties;

Z(R) = pR′ ⊕
s

∑

i=1

R′ui ⊕R′v,

(Z(R))2 = pR′ ⊕ p
s

∑

i=1

R′ui ⊕R′v,

(Z(R))3 = p

s
∑

i=1

R′ui, (Z(R))4 = (0).
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The following result describes some properties of Γ(R) of the ring constructed in

this section.

Proposition 4.3.1. Let R be a ring of Construction II. Then:

(i) | V (Γ(R)) |= p2hr − 1,

(ii) Maximumn degree, ∆(Γ(R)) = p2hr − 2,

(iii) Γ(R) is an incomplete graph, and

(iv) Minimum degree, δ(Γ(R)) = phr − 1.

Proof. (i) Given that the structure of zero divisors is given by

Z(R) = pR′ ⊕∑s
i=1 R

′ui ⊕R′v and since pui ̸= 0, p2ui = 0 and pv = 0 with

1 ≤ i ≤ s, | pR′ |= pr, | R′ui |= p2r and | R′v |= pr. Therefore, | Z(R) |=

pr(p2r(h−1))pr = p2hr. Since | Z(R)∗ |=| Z(R)\{0} |, | Z(R)∗ |= p2hr−1 =| V (Γ(R)) | .

(ii) Let γ1, · · · , γr ∈ R′ with γ1 = 1 such that γ1, · · · , γr ∈ R′ is a basis for R′ over its

prime subfield R′/pR′. Let V1 = Ann(Z(R))\{0}. From the multiplication described,

Ann(Z(R)) = {pc1γiu1 + · · ·+ pch−1γiuh−1 + bγiv|c1, · · · , ch−1, b ∈ R′}. Vertices in V1

are adjacent to every vertex in Γ(R). Therefore, every y ∈ V1 is of degree p2hr − 2 for

avoidance of self loop. Hence the maximum degree ∆(Γ(R)) = p2hr − 2.

(iii) This is clear due to the fact that (Z(R))2 ̸= (0) and there are at least two vertices

of different degrees.

(iv) Let V1 be the set described in (ii) and y ∈ V1 then deg y = p2hr − 2 and

| V1 |= phr − 1. Any vertex of minimum degree is not adjacent to any other vertex in

V (Γ(R)) a part from the vertices in the set V1. Since there are phr − 1 vertices in set

V1, it implies that δ(Γ(R)) = phr − 1.

4.3.2 Matrices of the Zero Divisor Graph of the Ring in Construction II

The results below describe the properties of the matrices associated with Γ(R) of the

ring constructed in this section.
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Proposition 4.3.2. Let R be a ring of Construction II. Suppose [A]p2hr−1 and [L]p2hr−1

are the adjacency and Laplacian matrices respectively, then;

(i) Both matrices are singular,

(ii) rank([A]p2hr−1) = p2hr − phr,

(iii) rank([L]p2hr−1) = phr + 2,

(iv) The number of real and complex eigenvalues λ for [A]p2hr−1 is

{

phr, λ ∈ R;
p2hr − phr − 1, λ ∈ C.

(v) The eigenvalues λ[L]p2hr−1 =















0,
p2hr − phr,
phr + pr,
1, of multiplicity phr,

and

(vi) Tr([L]p2hr−1) = p2hr + phr + pr.

Proof. The proofs for (i), (ii) and (iii) can easily be followed from Proposition 4.2.2

(i), (ii) and (iii) respectively.

(iv) Solving the equation | λI − [A]p2hr−1 |= 0 results to a characteristic equation

of the form λp2hr−1 − (p2hr − 1)λp2hr−phr−1 − phrλphr + phr = 0 which factorizes to

λphr−1(1 + λ)(λphr−1 − λpr − (p2hr − phr)λ + phr) = 0. Finding the values of λ from

the equation, we obtain λphr−1 = 0 resulting in λ = 0 of multiplicity phr − 1 and

λ + 1 = 0 =⇒ λ = −1, as the real eigenvalues. Therefore, by evaluating the sum of

the multiplicities of real eigenvalues, we obtain the number of real eigenvalues to be

phr − 1 + 1 = phr.

The equation from the remaining factor, (λphr−1−λpr − (p2hr−phr)λ+phr) = 0 yields

(p2hr−1)−phr = p2hr−phr−1 complex eigenvalues due to the fact that the adjacency

matrix [A]p2hr−1 is a square matrix with p2hr − 1 rows and columns.

(v). For the Laplacian matrix [L]p2hr−1, the equation | λI − [L]p2hr−1 |= 0 results to

the characteristic polynomial equation of the form

−λ(−(p2hr − phr) + λ)(−(phr + pr) + λ)(−1 + λ)p
hr

= 0. Upon solving the equation,

−λ = 0 gives λ = 0, −(p2hr − phr) + λ = 0 implying that λ = p2hr − phr and
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−(phr + pr) + λ = 0 gives λ = phr + pr. Finally, (−1 + λ)p
hr

= 0 implies that λ = 1 of

multiplicity phr. Hence the eigenvalues for [L]p2hr−1.

(vi). Since trace can be computed as the sum of eigenvalues, Tr([L]p2hr−1) =
∑p2hr−1

i=1 λi

then Tr([L]p2hr−1) = 0+p2hr−phr+phr+pr+1(phr) = p2hr+phr+pr as required.

Proposition 4.3.3. Let R be a ring of Construction II and [dij], the distance matrix

of Γ(R) then;

(i) Tr([dij]) = 0,

(ii) rank([dij]) = p2hr − 1,

(iii) The eigenvalues λ =







−1, of multiplicity p(h+2)r − 2;
−pr, of multiplicity p(h+2)r − 1;
1
2
(σ ±

√
σ2 − 4τ) .

(iv) Det([dij]) = p(2h+2)r.

Proof. (i) Follows from the fact that d(vi, vi) = 0, thus entries dii of the main diagonal

are all 0′s hence the trace.

(ii) Given the general distance matrix [dij]p2hr−1 =











0 1 1 · · · · · · 1
1 0 1 1 · · · 1
...

...
. . .

...
0 0 · · · 0 · · · 0phr−1











,

consider the set V = {v1, · · · , vp2hr−1} consisting of vectors which are linearly indepen-

dent from a row reduced echelon form of matrix [dij]p2hr−1 such that v1 =

















1
0
.
.
.
0

















, v2 =

















0
1
0
.
.
0

















, · · · , vp2hr−1 =

















0
.
.
.
0
1

















. Clearly, the set V is of dimension p2hr − 1 equivalent

to the dimension of the matrix, thus the matrix space is spanned by vectors in V.

Therefore the rank([dij]) = p2hr − 1.

(iii) We evaluate the equation | [dij]−λI |= 0 to obtain the characteristic polynomial

−(1 + λ)p
(h+2)r−2(pr + λ)p

(h+2)r−1(λ2 − (p(h−1)r(p(h+2)r − phr − 1)λ+ (2p(h+2)r + 2phr −
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4)(phr + 3)). Finding λ in each factor, we solve (pr + λ)p
(h+2)r−1 = 0 which implies

λ = −pr of multiplicity p(h+2)r − 1. Further, −(1 + λ)p
(h+2)r−2 = 0 gives λ = −1 with

a multiplicity of p(h+2)r − 2. For the quadratic part, we solve

λ2 − (p(h−1)r(p(h+2)r − phr − 1))λ+ (2p(h+2)r + 2phr − 4)(phr + 3) = 0.

If we let (p(h−1)r(p(h+2)r − phr − 1)λ = σ and (2p(h+2)r + 2phr − 4)(phr + 3) = τ, we

obtain 1
2
(σ ±

√
σ2 − 4τ).

(iv) This follows form the proof of the determinant of distance matrix in Proposition

4.2.3.

4.4 The 4-Radical Zero Finite Completely Primary Rings of
Characteristic p3

4.4.1 Construction III

Let R′ = GR(p3r, p3) be a Galois ring of characteristic p3 and of order p3r. Consider

finitely generated R′ modules U, V and W with dimensions s, t and λ respectively

whose generating sets are {u1, · · · , us}, {v1, · · · , vt} and {w1, · · · , wλ} where

s + t + λ = h so that R = R′ ⊕ U ⊕ V ⊕W is an additive abelian group. Consider

s = h−1, t = 1 and λ = 0 so that R = R′⊕∑h−1
i=1 R′ui⊕R′v where p2ui ̸= 0, p3ui = 0

where 1 ≤ i ≤ s and pv = 0. Multiplication is defined in R as follows:

(a◦, a1, a2, · · · , ah−1, ãh)(b◦, b1, b2, · · · , bh−1, b̃h) =

(a◦b◦, a◦b1 + a1b◦, · · · , a◦bh−1 + ah−1b◦, a◦b̃h + ãhb◦ +
h−1
∑

i,j=1

aibj)

where ai, bj ∈ R′/p2R′ and ãh, b̃h ∈ R′/pR′. From [45], it is verifiable that R is turned

into a commutative ring with identity (1, 0, · · · , 0, 0̃) by the multiplication.

The set of zero divisors Z(R) satisfy the properties below;

Z(R) = pR′ ⊕
s

∑

i=1

R′ui ⊕R′v,

(Z(R))2 = p2R′ ⊕ p
s

∑

i=1

R′ui ⊕R′v,
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(Z(R))3 = pR′v,

and

(Z(R))4 = (0).

The results in the sequel describe some properties of Γ(R) of the ring constructed in

this Section.

Proposition 4.4.1. Let R be a ring of Construction III. Then:

(i) The cardinality, | V (Γ(R)) |= p3hr − 1,

(ii) The maximum degree, ∆(Γ(R)) = p3hr − 2,

(iii) The minimum degree, δ(Γ(R)) = phr − 1, and

(iv) The graph Γ(R) is incomplete.

Proof. (i) Given that Z(R) = pR′ ⊕ ∑s
i=1 R

′ui ⊕ R′v and that p2ui ̸= 0, p3ui = 0

and pv = 0, it follows that | pR′ |= p2r, | R′ui |= p3r and | R′v |= pr. Therefore,

| Z(R) |= p2r(p3r(h−1))pr = p3hr. Since | Z(R) \ {0} |=| (Z(R))∗ |= p3hr − 1, then

| (Z(R))∗ |=| V (Γ(R)) |= p3hr − 1.

The proofs for (ii) and (iii) can be followed easily from Proposition 4.3.1 parts (ii)

and (iv) respectively.

For (iv), the fact that (Z(R))2 ̸= (0) explains the incompleteness of Γ(R).

Proposition 4.4.2. Let R be a ring of Construction III. Suppose V1, V2, V3, V4 and

V5 are the partitions of V (Γ(R)). Then the degrees of vertices v ∈ V (Γ(R))

=























p3hr − 2, v ∈ V1 and | V1 |= phr − 1;
p2hr − 2, v ∈ V2 and | V2 |= p2hr − phr;
deg(v) ∈ (X ∪ Y ) = V3, v ∈ V3 and | V3 |= p(h+1)r − p(h−1)r ;
deg(v) ∈ (W ∪ Z) = V4, v ∈ V4 and | V4 |= 2p(h+2)r;
p(h+1)r − phr + p(h−1)r − 1, v ∈ V5 and | V5 |= p3hr − 2p(h+2)r + p(h+1)r.

Proof. We describe the connectedness of Γ(R) as follows:

Let γ1, · · · , γr ∈ R′ with γ1 = 1 such that γ1, · · · , γr ∈ R′ is the basis of R′ over its

prime subfield R′/pR′. From the defined multiplication, Ann(Z(R)) = {p2γiu1+ · · ·+
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p2γiuh−1 + bγiv | b ∈ R′}. Let V1 = Ann(Z(R))∗, therefore the order of V1, | V1 |=

phr − 1. Every v ∈ V1 is adjacent to each vertex in Γ(R) and therefore the degree,

deg(v) = p3hr − 2.

Similarly, consider set V2 = {p2r◦ + p2γiu1 + · · ·+ p2γiuh−1 + bγiv | p2r◦ ̸= 0, b ∈ R′}.

Each vertex v ∈ V2 is connected to other vertices in Γ(R) apart from the vertices of

the form pr◦ + γiu1 + · · ·+ γiuh−1 + bγiv, b ∈ R′ where r◦ is not a multiple of p. Thus,

| V2 |= p2hr − phr and deg(v) = p2hr − 2 for every v ∈ V2.

Next, suppose X = {p2r◦ + pγiu1 + · · ·+ pγiuh−1 + bγiv} \ V1 ∪ V2. It means that the

order of X, | X |= p(h+1)r−phr. Each vertex in set X is connected to a vertex in either

set V1, V2, X or Y where Y = {pγiu1+ · · ·+pγiuh−1+bγiv | b ∈ R′}\V1. This implies

that | Y |= phr − p(h−1)r hence, deg(v) = p(h−1)r − 1 + phr − p(h−1)r + phr − p(h−1)r +

p(h+1)r − phr − 1 = p(h+1)r + phr − 2p(h−1)r − 2 for every v ∈ X and each v ∈ Y is

adjacent to either a vertex in V1, V2, X or Y. Thus deg(v) = p(h+1)r+phr−2p(h−1)r−2

for every v ∈ Y.

Further, let V3 = X ∪ Y. and consider set W = {pr◦ + pγiu1 + · · · + pγiuh−1 + bγiv |

b ∈ R′} \ V1 ∪ V2 ∪ V3. Therefore, the order of W, | W |= p(h+2)r − (p(h−1)r + p(h+1)r −

phr + phr − p(h−1)r) = p(h+2)r − p(h+1)r. Each v ∈ W is either adjacent to a vertex in

V1 or V2 therefore, deg(v) = p(h−1)r − 1 + phr − p(h−1)r = phr − 1 for every v ∈ W.

Similarly, let Z = {p2r◦ + γiu1 + · · · + γiuh−1 + bγiv | b ∈ R′}. It means that the

order of Z, | Z |= pr(phr − p(h−1)r)pr = p(h+2)r − p(h+1)r. Each vertex, v ∈ Z is either

connected to a vertex in V1 or Y. So, deg(v) = p(h−1)r− 1+phr−p(h−1)r = phr− 1. We

finally consider the set V4 = W ∪Z. and let set V5 = {pr◦+γiu1+ · · ·+γiuh−1+ bγiv |

b ∈ R′} \ Z. Then, | V5 |= p(h−1)r(p(h−1)r)pr − (p(h+2)r − p(h+1)r = p(h−1)r(p(h+1)r −

phr) − (p(h+2)r − p(h+1)r) = p(h+3)r − 2p(h+2)r + p(h+1)r. Therefore the degree of every

vertex in V5 is p(h−1)r − 1 + (p(h+1)r − phr) = p(h+1)r − phr + p(h−1)r − 1.
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4.4.2 Matrices of the Zero Divisor Graph of a Ring in Construction III

The following results describe some properties of the adjacency, Laplacian and dis-

tance matrices associated with Γ(R) of the ring described in Construction III.

Proposition 4.4.3. Let R be a ring of Construction III. The adjacency and Laplacian

matrices have the following properties;

(i) [A]p3hr−1 and [L]p3hr−1 are both singular and symmetric.

(ii) rank([A]p3hr−1) = p3hr − p2hr + pr + 1.

(iii) rank([L]p3hr−1) = p3hr − p(h−1)r.

(iv) The number of real and complex eigenvalues λ is

{

p2hr − phr + 1, λ ∈ R;
p3hr − p2hr − phr, λ ∈ C.

for both the adjacency and Laplacian matrices.

Proof. The steps for the proof of (i),(ii) and (iii) are similar to Proposition 4.2.2. We

provide the proof for (iv) as follows.

Upon solving the equation | λI − [A]p3hr−1 |= 0, we obtain the real eigenvalues by

evaluating −λ(p2hr−phr−pr)(1 + λ)p
r+1 = 0. This implies that λ = 0 of multiplicity

p2hr − phr − pr and λ = −1 of multiplicity pr + 1. Therefore real eigenvalues are

p2hr−phr−pr+pr+1 = p2hr−phr+1 in number. The number of complex eigenvalues

in [A]p3hr−1 is (p3hr − 1)− (p2hr − phr + 1) = p3hr − p2hr − phr.

For the Laplacian matrix, simplifying | λI− [L]p3hr−1 |= 0 results to the characteristic

equation of the form −(−1+λ)(p
2hr−phr−pr)λpr+1 = 0. Solving the equation yields real

eigenvalues λ = 0 of multiplicity pr + 1 and (−1 + λ)(p
2hr−pr−1) = 0 implying that

λ = 1 of multiplicity p2hr − phr − pr. Therefore, the number of real eigenvalues are

p2hr − phr − pr + pr + 1 = p2hr − phr + 1. From this and given that the matrix is of

order p3hr − 1, the complex eigenvalues are p3hr − p2hr − phr in number.

Proposition 4.4.4. Let R be a ring of Construction III and [dij], the distance matrix.

Then;
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(i) Tr([dij]) = 0,

(ii) rank([dij]) = p2hr − 2,

(iii) The eigenvalues λ =







−1, of multiplicity p2hr;
−p2r, of multiplicity p2hr − 1;
p2r + 1 ,

and

(iv) Det([dij]) = phr.

Proof. The steps for the proof are similar to those in Propositions 4.3.3.

4.5 4-Radical Zero Finite Completely Primary Rings of Characteristic p4

4.5.1 Construction IV

Let R′ = GR(p4r, p4) be a Galois ring of order p4r and characteristic p4. Consider

finitely generatedR′-modules U, V andW generated by {u1, u2, · · · , us}, {v1, v2, · · · , vt}

and {w1, w2, · · · , wλ} respectively. Let dimR′U = s, dimR′V = t and dimR′W = λ,

so that R = R′ ⊕U ⊕ V ⊕W is an additive abelian group and s+ t+ λ = h. Assume

that s = h, t = 0 and λ = 0 so that R = R′ ⊕ ∑s
i=1 R

′ui with pui = 0, 0 ≤ i ≤ s.

The multiplication on R is defined by;

(a◦, a1, · · · , ah)(b◦, b1, · · · , bh) =

(a◦b◦, a◦b1 + a1b◦, · · · , a◦bh + ahb◦)

where ai, bj ∈ R′/pR′ and 1 ≤ i, j ≤ s. The ring R is turned by this multiplication

into a commutative ring with identity (1, 0, · · · , 0). The set Z(R) satisfy the following

properties;

Z(R) = pR′ ⊕
s

∑

i=1

R′ui,

(Z(R))2 = p2R′,

(Z(R))3 = p3R′,

and

(Z(R))4 = (0).
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The following result describes the zero divisor graph Γ(R) of the ring constructed in

this section.

Proposition 4.5.1. Let R be a ring of Construction IV. Let V1, V2, V3 and V4 be the

order of partitions of vertices in V (Γ(R)). Then:

(i) The cardinality, | V (Γ(R)) |= p(h+3)r − 1, and

(ii) deg(v) =















p(h+3)r − 2, v ∈ V1 and | V1 |= p(h+2)r − 1;
phr + p(h−1)r + pr, v ∈ V2 and | V2 |= phr;
p(h+1)r − pr, v ∈ V3 and | V3 |= phr + p(h−1)r;
phr − p(h−1)r + 1, v ∈ V4 and | V4 |= p(h+1)r − phr.

Proof. (i) Given Z(R) = pR′ ⊕∑s
i=1 R

′ui and that pui = 0, then,

| Z(R) |=| V (Γ(R)) | . Further, | pR′ |= p3r and | R′u |= phr. Therefore, | Z(R) |=

p3r(phr) = p(h+3)r and | Z(R) \ {0} |= p(h+3)r − 1 =| V (Γ(R)) | .

(ii) Let γ1, γ2, · · · , γr ∈ R′ with γ1 = 1 such that γ1, γ2, · · · γr ∈ R′ forms a basis

of R′ over its prime subfield R′/pR′. From the multiplication given, Ann(Z(R)) =

{p3r◦ + bγiu1 + · · · + bγiuh | b ∈ R′}. Let V1 = Ann(Z(R)) \ {0}. This implies that

| V1 |= p(h−1)r − 1. Each vertex v ∈ V1 is connected to every other vertex in V (Γ(R)).

Therefore, deg(v) in the set V1 is p(h+3)r − 1− 1 = p(h+3)r − 2.

Let V2 = {p3r◦ + bγiu1 + · · ·+ bγiuh | b ∈ R′}. Clearly | V2 |= phr and every v ∈ V2 is

adjacent to a vertex of the form pr◦ + bγiu1 + · · ·+ bγiuh therefore, deg(v) in the set

V2 is phr + p(h−1)r + pr.

Further, let V3 = {p2r◦ + bγiu1 + · · ·+ bγiuh | b ∈ R′} then | V3 |= phr + p(h−1)r. Each

v ∈ V3 is adjacent to the vertex of the form p2r◦ + bγiu1 + · · · + bγiuh. Therefore,

deg(v) in V3 is p(h+1)r − pr.

Finally, let V4 = {pr◦ + γiu1 + · · ·+ γiuh} \ V1 ∪ V3, then

| V4 |= p(h+1)r−(p(h−1)r+phr−p(h−1)r) = p(h+1)r−phr. Each v ∈ V4 is either adjacent to

a vertex in V1 or V2. So, deg(v) in the set V4 is p
hr−(p(h−1)r−1) = phr−p(h−1)r+1.

4.5.2 Matrices of the Zero Divisor Graph of a Ring in Construction IV

Proposition 4.5.2. Let R be a ring of Construction IV. The adjacency and Laplacian

matrices satisfy the following properties;
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(i) [A]p(h+3)r−1 and [L]p(h+3)r−1 are both singular,

(ii) rank([A]p(h+3)r−1) = phr + p(h−2)r + 1,

(iii) rank([L]p(h+3)r−1) = p(h+1)r + phr + 2, and

(iv) The number of real and complex eigenvalues λ is

{

p(h+1)r + 2p(h−1)r, λ ∈ R;
p(h+2)r − p(h+1)r − 2p(h−1)r − 1, λ ∈ C.

for both [A]p(h+3)r−1 and [L]p(h+3)r−1.

Proof. We provide a proof for (iv). The proofs for (i), (ii) and (iii) are clear.

Upon obtaining the characteristic polynomial for the adjacency matrix, we find the

real eigenvalues from the equation −λ(p(h+1)r+p(h−1)r−1)(1 + λ)(p
(h−1)r+1) = 0.

The solution to this result is λ = 0 of multiplicity p(h+1)r + p(h−1)r − 1 and (1 +

λ)(p
(h−1)r+1) = 0 implying that λ = −1 of multiplicity p(h−1)r +1. Therefore, the num-

ber of real eigenvalues from the characteristic polynomial equation of the adjacency

matrix is p(h+1)r + p(h−1)r + p(h−1)r − 1 + 1 = p(h+1)r + 2p(h−1)r.

Given that the adjacency matrix [A]p(h+3)r−1 is a square matrix with p(h+2)r − 1 rows

and columns and its characteristic polynomial has both real and complex parts, we

have that the number of complex eigenvalues are (p(h+2)r − 1) − p(h+1)r + 2p(h−1)r =

p(h+2)r − p(h+1)r − 2p(h−1)r − 1.

For the Laplacian matrix, the characteristic polynomial equation is of the form

−(λp(h+2)r−1 + λp(h+1)r − p(h−1)r)(−1 + λ)(p
(h+1)r+p(h−1)r−1)λ(p(h−1)r+1) = 0. From the

equation, we obtain the real eigenvalues by solving

(−1 + λ)(p
(h+1)r+p(h−1)r−1)λ(p(h−1)r+1) = 0. This implies that λ = 0 of multiplicity

p(h−1)r + 1 and λ = 1 of multiplicity p(h+1)r + p(h−1)r − 1. Similarly, we can find

the values of λ in the remaining factor by solving the equation

−(λp(h+2)r−1 + λp(h+1)r − p(h−1)r) = 0 to obtain the complex eigenvalues.
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CHAPTER FIVE

SOME GRAPH INDICES AND GENERAL MATRIX PROPERTIES
OF THE CLASSES OF COMPLETELY PRIMARY FINITE RINGS

5.1 Introduction

In the previous chapters, we discussed the zero divisor graphs, matrices of the graphs

and the algebraic properties of these matrices. We take a further discussion on proper-

ties resulting from either the algebraic properties, spectral properties and some matrix

properties from the subgraphs of these graphs in Propositions 5.1.1 to 5.1.4. Some

general algebraic properties such as the order, trace, rank and spectral properties of

matrices of the subgraphs discussed in Propositions 5.1.5 to 5.1.8 are from the in-

duced subgraphs obtained by the removal of a vertex with minimum or maximum

degree from the zero divisor graphs. We also present the graph indices such as the

binding number in Propositions 5.2.1 to 5.2.4, Wiener index (Propositions 5.3.1,5.3.4

and 5.3.6), average distance indices and average disorder numbers in Propositions

5.3.2,5.3.3 and 5.3.5 together with bounds on the Zagreb indices of Γ(R) discussed in

Propositions 5.4.1, 5.4.2 and 5.4.3.

Proposition 5.1.1. Consider the adjacency matrix [A]p(h+(k−1))r−1 of Γ(R) of the

classes of rings described by Constructions I, II and III in 4.2.1, 4.3.1 and 4.4.1

respectively. Let p, be prime, r, k ∈ Z+ and h be the dimension of R′−modules. Then,

p(h+(k−1))r−1
∏

i=1

λi = 0

and
p(h+(k−1))r−1

∑

i=1

λi = Tr([A]p(h+(k−1))r−1)

where λi are eigenvalues of [A]p(h+(k−1))r−1.

Proof. Let [A]p(h+(k−1))r−1 be the adjacency matrix of Γ(R). Suppose λ1, λ2, · · · , λp(h+(k−1))r−1

are the eigenvalues obtained from its characteristic polynomial equation
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p(λ) = λp(h+(k−1))r−1+cp(h+(k−1))r−2λ
p(h+(k−1))r−2+· · ·+c1λ+c◦ where c1, c2, · · · , cp(h+(k−1))r−2

are constant coefficients. From the Cayley Hamilton Theorem, we have that

p(λ) = (λ − λ1)(λ − λ2) · · · (λ − λp(h+(k−1))r−1). Considering c◦, the constant term in

the characteristic polynomial equation, we can obtain it in two ways. First,

p(0) = (0− λ1)(0− λ2) · · · (0− λp(h+(k−1))r−1) = (−1)p
(h+(k−1))r−1λ1 · · ·λp(h+(k−1))r−1. Al-

ternatively, p(0) =| 0I − A |=| −A |= (−1)p
(h+(k−1))r−1 | A | . Therefore,

c◦ = (−1)p
(h+(k−1))r−1λ1 · · ·λp(h+(k−1))r−1 = (−1)p

(h+(k−1))r−1 | A | which implies that

λ1.λ2. · · ·λp(h+(k−1))r−1 =| [A]ph+(k−1)r−1 | . As seen earlier, the adjacency matrices of

class of rings in the chapter were found to be singular, the product of p(h+(k−1))r − 1

eigenvalues of [A]p(h+(k−1))r−1 which gives determinant. Therefore,
∏p(h+(k−1))r−1

i=1 λi = 0.

Next, we show that
∑p(h+(k−1))r−1

i=1 λi = trace([A]p(h+(k−1))r−1).

Consider cp(h+(k−1))r−1, the coefficient of λp(h+(k−1))r−2. The coefficient can be calculated

by first expanding p(λ) = (λ−λp(h+(k−1))r−1) · · · (λ−λp(h+(k−1))r−1). To obtain the term

in λp(h+(k−1))r−2, we choose λ from p(h+(k−1))r − 2 of the factors and constant from the

other. This implies that λp(h+(k−1))r−2 term will be

−λ1λ
p(h+(k−1))r−2 − · · · − λp(h+(k−1))r−1λ

p(h+(k−1))r−2 =

− (λ1 + λ2 + · · · + λp(h+(k−1))r−1)λ
p(h+(k−1))r−2 ⇒ cp(h+(k−1))r−2 = −(λ1 + λ2 + · · · +

λp(h+(k−1))r−1).

Further, we can obtain the coefficient cp(h+(k−1))r−2 of λ
p(h+(k−1))r−2 upon simplification

of | λI − A | . We thus calculate the determinant by finding the product of elements

in positions 1j1, 2j2, 3j3, · · · , (p(h+(k−1))r − 1)jp(h+(k−1))r−1 for all possible permutations

j1, j2, · · · , jp(h+(k−1))r−1 of 1, 2, 3, · · · p(h+(k−1))r − 1. The (p(h+(k−1))r − 1)! products are

added together to give determinant. One of such products is

(λ− a11)(λ− a22) · · · (λ− ap(h+(k−1))r−1). Other products have p(h+(k−1))r − 3 elements

on the leading diagonal of the matrix which will contain at most

(p(h+(k−1))r−3) λ′s. When an expansion of all these is done, a polynomial with degree

at most p(h+(k−1))r − 3 is obtained. Let this polynomial be denoted as g(λ).

Therefore, p(λ) = (λ− a11) · · · (λ− a(p(h+(k−1))r−1)(p(h+(k−1))r−1)) + g(λ).
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Since deg(g(λ)) ≤ p(h+(k−1))r−3, it has no λp(h+(k−1))r−2 term and therefore the leading

term of g(λ) must be from the product

(λ−a11)(λ−a22) · · · (λ−a(p(h+(k−1))r−1)(p(h+(k−1))r−1)). From this argument it shows that

the term has to be −(a11 + · · ·+ a(p(h+(k−1))r−1)(p(h+(k−1))r−1))λ
p(h+(k−1))r−2.

So, cp(h+(k−1))r−2 = −(λ1+· · ·+λp(h+(k−1))r−1) = −(a11+a22+· · ·+a(p(h+(k−1))r−1)(p(h+(k−1))r−1)).

λ1 + λ2 + · · ·+ λp(h+(k−1))r−1 = a11 + a22 + · · ·+ a(p(h+(k−1))r−1)(p(h+(k−1))r−1) is the trace

of [A]p(h+(k−1))r−1.

Definition 5.1.1. [63] A component of a graph G = (V,E) is the maximal connected

subgraph, where maximality condition mean that a subgraph H ⊆ G is a connected

subgraph and for any v ∈ V (G), v /∈ V (H), G[V (H) ∪ {v}] is disconnected.

Definition 5.1.2. [63] Let G=(V,E) be a graph with a collection of vertices V and

edges E. The nullity of the graph G with n vertices, m edges and k components is a

non-negative integer η(G) = m− n + k and η(G)=the multiplicity of 0 eigenvalue of

the adjacency or the Laplacian matrix of G.

Proposition 5.1.2. Let Γ(R) be the zero divisor graph of classes of rings described

by Constructions I, II and III in subsections 3.3.1, 3.4.1 and 3.5.1 respectively and let

[A] be the adjacency matrix associated with Γ(R). If η(Γ(R)) is the nullity of Γ(R),

then for any prime integer p and r, s ∈ Z+ with s fixed,

η(Γ(R)) =























2pr − 1, when Char(R) = p, p ̸= 2;

p(
(s2+3s+2)

2
)r − p(

(s2+3s)
2

)r, when Char(R) = p2, pui = 0;

p(
(s2+5s+2)

2
)r − p(

(s2+3s+2)
2

)r, when Char(R) = p2, pui ̸= 0;

p(
(s2+5s+4)

2
)r − p(

(s2+3s+2)
2

)r − 3, when Char(R) = p3.

Proof. From the Dimension Theorem formula: dim(V ) = dim(ker(T ))+ dim(im(T ))

where T is a linear transformation and V is a vector space over T, we can obtain the

nullity of the zero divisor graph Γ(R) with respect to the adjacency matrices of the

classes of rings as follows:

η(Γ(R)) = dim([A])− rank([A]) but dim([A]) =| V (Γ(R)) |=| (Z(R))∗ | .
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Case (i): When Char(R) = p and p ̸= 2,

rank(Γ(R)) = p(
(s2+3s)

2
)r−2pr and given that | V (Γ(R)) |= p(

(s2+3s)
2

)r−1, we have that

η(Γ(R)) = p(
(s2+3s)

2
)r−1− (p(

(s2+3s)
2

)r−2pr) = p(
(s2+3s)

2
)r−1−p(

(s2+3s)
2

)r+2pr = 2pr−1.

Case (ii): When Char(R) = p2, pui = 0 we have,

| V (Γ(R)) |= p(
(s2+3s+2)

2
)r − 1 and the rank of the adjacency matrix related to Γ(R) is

p(
(s2+3s)

2
)r − 1. Therefore

η(Γ(R)) = p(
(s2+3s+2)

2
)r − 1 − (p(

(s2+3s)
2

)r − 1) = p(
(s2+3s+2)

2
)r − p(

(s2+3s)
2

)r, which is the

nullity of Γ(R) in this case.

Case (iii): When Char(R) = p2 where pui ̸= 0,

η(Γ(R)) = p(
(s2+5s+2)

2
)r − 1 − (p(

(s2+3s+2)
2

)r) = p(
(s2+5s+2)

2
)r − p(

(s2+3s+2)
2

)r − 1 since |

V (Γ(R)) |= p(
(s2+5s+2)

2
)r − 1 and the rank of the adjacency matrix associated with

Γ(R) in this case is p(
(s2+3s+2)

2
)r. This gives η(Γ(R)) as desired.

Case (iv): When Char(R) = p3,

| V (Γ(R)) |= p(
(s2+5s+4)

2
)r − 1 and the rank of the adjacency matrix is p(

(s2+3s+2)
2

)r + 2.

We therefore obtain η(Γ(R)) as

η(Γ(R)) = p(
(s2+5s+4)

2
)r − 1− (p(

(s2+3s+2)
2

)r + 2) = p(
(s2+5s+4)

2
)r − p(

(s2+3s+2)
2

)r − 3.

Proposition 5.1.3. Let Γ(R) be the zero divisor graph of the classes of rings given

by Constructions I, II and III in Sections 3.3.1, 3.4.1 and 3.5.1 respectively and [L]

be the Laplacian matrix associated with Γ(R). Then for r, s ∈ Z+, p prime integer

and s fixed, we have η(Γ(R)) = 1.

Proof. We show that the nullity, η(Γ(R)) of Γ(R) with respect to the Laplacian matrix

[L] is 1 for all the characteristics pk, 1 ≤ k ≤ 3.

When Char(R) = p and p ≥ 2.

It was established that | Γ(R) |= p(
(s2+3s)

2
)r − 1 and the rank of the Laplacian matrix

is p(
(s2+3s)

2
)r − 2. We obtain the nullity of Γ(R) with respect to [L] as follows

η(Γ(R)) = p(
(s2+3s)

2
)r − 1− (p(

(s2+3s)
2

)r − 2) = 1.

When Char(R) = p2 and pui = 0,

87



| Γ(R) |= p(
(s2+3s+2)

2
)r − 1 and the rank of Laplacian matrix is p(

(s2+3s+2)
2

)r − 2 so we

obtain η(Γ(R)) = p(
(s2+3s+2)

2
)r − 1− (p(

(s2+3s+2)
2

)r − 2) = 1.

Further, for Char(R) = p2 and pui ̸= 0,

η(Γ(R)) = p(
(s2+5s+2)

2
)r − 1− (p(

(s2+5s+2)
2

)r − 2) = 1 since | Γ(R) |= p(
(s2+5s+2)

2
)r − 1 and

rank([L]) = p(
(s2+5s+2)

2
)r − 2.

The result is similar to the proof for η(Γ(R)) in the case when Char(R) = p3.

Proposition 5.1.4. Let Γ(R) be the zero divisor graph of classes of rings described

by Constructions I, II, III, and IV in 4.2.1, 4.3.1, 4.4.1 and 4.5.1 respectively and

[A]p(h+(k−1))r−1 be the adjacency matrix associated with Γ(R). Then for r ∈ Z+, p prime

and h, the dimension of R′−modules, we have

η(Γ(R)) =















p(h−1)r − 1, when Char(R) = p;
p(h+2)r − pr − 1, when Char(R) = p2;
p(h+2)r − pr − 2, when Char(R) = p3;
p(h+2)r − phr − p(h−2)r − 2, when Char(R) = p4.

Proof. The proof is similar to that of Proposition 5.1.2.

Definition 5.1.3. [63] Let G = (V,E) be the graph Γ(R) and vi be any vertex in

V (Γ(R)). The subgraph obtained by removing vi ∈ V (Γ(R)) is an induced subgraph

and V − vi is called the removal of a vertex.

Definition 5.1.4. [63] Let G = (V,E) be a graph and ei = (vi, vj) be any edge in

E(Γ(R)), then the operation of removing ei gives an induced subgraph with edge set

E − ei and is called the removal of an edge.

Proposition 5.1.5. Let Γv(R) be the induced subgraph of the zero divisor graph of

classes of rings given by Constructions I, II, III, and IV in 4.2.1, 4.3.1, 4.4.1 and

4.5.1 respectively obtained by removal of vi ∈ Γ(R) of maximum degree p(h+(k−1))r−2.

If [Av] is the adjacency matrix of Γv(R) then for any r, k ∈ Z+, prime integer p and

h, the dimension of R′−modules, we have

(i) The order of [Av] is (ph+(k−1))r − 2)× (ph+(k−1))r − 2),

(ii) rank([Av]) = p(h+(k−2))r − 1,

88



(iii) Det([Av]) = Det([A]), and

(iv) σpoint((Γv(R)) ≤ σpoint(Γ(R)).

Proof. (i) Since Γv(R) is obtained by the operation V − vi from Γ(R),

| V (Γ(R)) | − | V (Γv(R)) |= 1. Since | V (Γ(R)) |= p(h+(k−1))r − 1 equivalent

to the number of rows and columns of [A]p(h+(k−1))r−1, and [Av] is obtained from

V (Γ(R))−vi implies Γv(R), we have that the dimension of [Av] = (p(h+(k−1))r−1)−1 =

p(h+(k−1))r − 2. The matrix [Av] being square, the order follows.

ii) Given that the rank of [A]p(h+(k−1))r−1 is of the form p(h+(k−1))r and any sub ma-

trix [Av] of [A]p(h+(k−1))r−1 obtained by removal of a vertex vi ∈ V (Γ(R)) is of order

p(h+(k−1))r−2, we perform elementary row operation on [Av] to obtain p(h+(k−2))r−1 lin-

early independent vectors x1, x2, · · · , x(h+(k−2))r−1 which span the whole matrix space

due to the removal of a vertex vi from V (Γ(R)). The operation V − vi leads to a

deletion of one row and one column from [A]p(h+(k−1))r−1 hence the result.

(iii) The proof to show that [Av] is singular follows from the fact that [Av] inherits

properties from [A]p(h+(k−1)r , and that [A]p(h+(k−1)r is singular, follows from the fact

that [Av] is singular.

(iv) Consider the subgraph Γv(R) obtained by removing the vertex vi of maximum

degree. Let x = (x1, x2, · · · , xp(h+(k−1))r−2)
T be the eigenvectors corresponding to

σpoint(Γv(R)). Let x = (x◦, · · · , xp(h+(k−1))r−2)
T be the eigenvectors corresponding to

the deleted vertex from Γ(R) to obtain Γv(R). Set x◦ = 0, we have Row(A(Γ(R), x) =

Row(Av(Γv(R)), x). Therefore,

σpoint(Γ(R)) ≥ Row(A(Γ(R), x) = Row(Av(Γv(R)), x) = σpoint(Γv(R)) which implies

that σpoint(Γ(R)) ≥ σpoint(Γv(R)).

Proposition 5.1.6. Let Γv(R) be the induced subgraph of the zero divisor graph of

classes of rings described by Constructions I, II, III and IV in 4.2.1, 4.3.1, 4.4.1 and

4.5.1 respectively obtained by removal of vi ∈ Γ(R) of maximum degree p(h+(k−1))r−2.
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If [Lv] is the Laplacian matrix of Γv(R) then for any r, k ∈ Z+, a prime integer p,

and h the dimension of R′−modules; then

(i) The order of [Lv] is (ph+(k−1))r − 2)× (ph+(k−1))r − 2),

(ii) rank([Lv]) = rank([L]p(h+(k−1))r−1) = p(h+(k−2))r + 1, and

(iii) Det([Lv]) = Det([L]).

Proof. The proof is similar to the ones in Proposition 5.1.5.

We now look aat properties of matrices obtained by raising them to finite powers

in the following results.

Proposition 5.1.7. Let Γ(R) be the zero divisor graph of the classes of rings described

by the Constructions I, II, III and IV in Subsections 4.2.1, 4.3.1, 4.4.1 and 4.5.2

respectively. If the diameter of Γ(R) is q and [A]p(h+(k−1))r is the adjacency matrix of

Γ(R), then for any prime integer p and r, k ∈ Z+ with h the dimension of R′−modules,

then the matrix given by ([A]p(h+(k−1))r−1)
q + ([A]p(h+(k−1))r−1)

q−1 has nonzero entries.

Proof. If q is even, let vi, vj ∈ V (Γ(R)) and di,j be the distance from vertex vi to vj.

Then we have a walk of length di,j+q−di,j = q between the vertices vi and vj. There-

fore, the entry aij ∈ [A]p(h+(k−1))r−1 > 0. If there is an odd di,j, then q− di,j − 1 is even

thus we have a vi, vj-walk of length di,j + (q − di,j − 1) = q − 1 resulting to athij -entry

of the matrix ([A]p(h+(k−1))r−1)
q−1 is greater than 0. Since aij ∈ ([A]p(h+(k−1))r−1)

q and

([A]p(h+(k−1))r−1)
q−1 are non-negative, it implies that ([A]p(h+(k−1))r−1)

q+([A]p(h+(k−1))r−1)
q−1

is of non-zero entries.

Lemma 5.1.1. Suppose q is the smallest positive integer such that

([A]p(h+(k−1))r−1 + I)q is of non-zero entries then, q = diam(Γ(R)).

Proof. Let ([A]p(h+(k−1))r−1)
q = I + q([A]p(h+(k−1))r−1) + · · ·+ ([A]p(h+(k−1))r−1 + I)q with

aij being non-negative. Therefore ([A]p(h+(k−1))r−1)
q has a non-zero athij− entry only if

akij is greater than zero for 1 ≤ k ≤ q. Assume ([A]p(h+(k−1))r−1)
q + ([A]p(h+(k−1))r−1)

q−1
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has aij zero entry, then there exist ([A]p(h+(k−1))r−1)
k with 1 ≤ k ≤ q − 2 such that

athij -entry is non-zero.

Thus we have walks of length k + (q − k) = q or k + (q − k − 1) = q − 1 be-

tween the vertices vi, vj. This implies that athij entry of the sum ([A]p(h+(k−1))r−1)
q−1 +

([A]p(h+(k−1))r−1)
q is not zero, a contradiction. Therefore the smallest natural number

such that ([A]p(h+(k−1))r−1)
q+([A]p(h+(k−1))r−1)

q−1 has no zero entries is q. Hence follows

the result from the previous Proposition 5.1.7

Proposition 5.1.8. Let Γ(R) be the zero divisor graph of the classes of rings given by

Constructions I, II, III and IV in Subsections 4.2.1, 4.3.1, 4.4.1 and 4.5.1 respectively

such that | V (Γ(R)) |= p(h+(k−1))r−1 for any p prime, k, r ∈ Z+ and h the dimension

of R′−modules. If [A] is the adjacency matrix of Γ(R), then the entry afij of [A]f is

the number of vi − vj distinct walks of length f in Γ(R) for any f = 1, 2, · · · and

i, j = 1, 2, · · · , p(h+(k−1)) − 1.

Proof. Proceeding by induction on f, let f = 1. Then [A] = [A]1 whose entries are

aij =

{

1, if vi, vj are adjacent;
0, if vi, vj are non adjacent.

Clearly, for all vi, vj ∈ V (Γ(R)), the walk vi − vj is of length 1.

Assume the vi − vj walks of length f in Γ(R) is afij for any positive integer f. We

illustrate that [A]f+1 has an entry af+1
ij which gives vi − vj walks of f + 1 in length.

This entry is represented by

[A]f+1 =



















af+1
11 af+1

12 . . . af+1

1(p(h+(k−1))r−1)

af+1
21 af+1

22 . . . af+1

1(p(h+(k−1))r−1)

.

. af+1
ij

.

af+1

(p(h+(k−1))r−1)1
af+1

(p(h+(k−1))r−1)2
. . . af+1

(p(h+(k−1))r−1)



















=



















af11 af12 . . . af
1(p(h+(k−1))r−1)

af21 af22 . . . af
1(p(h+(k−1))r−1)

.

. afij

.

af
(p(h+(k−1))r−1)1

af
(p(h+(k−1))r−1)2

. . . af
(p(h+(k−1))r−1)



















×
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















a11 a12 . . . a1(p(h+(k−1))r−1)

a21 a22 . . . a1(p(h+(k−1))r−1)

.

. amj

.
a(p(h+(k−1))r−1)1 a(p(h+(k−1))r−1)2 . . . a(p(h+(k−1))r−1)

















.

Therefore, the af+1
ij entry can be obtained through the product of ith row of [A]f and

jth column of [A]. That is,

af+1
ij =

p(h+(k−1))r−1
∑

m=1

vm = afi1a1j + afi2a2j + · · ·+ af
i(p(h+(k−1))r−1)

a(p(h+(k−1))r−1)j.

Thus each vi−vj walk of length f+1 has length f of vi−vm walks. vm being adjacent

to vj implies that vi − vj walks of length f + 1 in Γ(R) is af+1
ij .

5.2 The Binding Number of Γ(R) of the Classes of 3-Radical Zero and
4-Radical Zero Completely Primary Finite Rings

5.2.1 Introduction

The reason for rapid and steady development in the study of the binding number

b(Γ(R)) of graphs is related to its diversity in both theoretical and real world applica-

tions in graph networks and communication links. This is an important characteristic

quantity which is applicable in understanding the graph characteristics and vulnera-

bility.

Definition 5.2.1. The binding number of Γ(R) denoted by b(Γ(R)) = |N(S)|
|S|

where

S ⊆ V (Γ(R)), N(S) ̸= V (Γ(R)), S ̸= Φ such that

(i) N(S) ∪ S = V (Γ(R)),

(ii) N(S) ∩ S = Φ,

(iii) deg(u) ≤ deg(v) for all u ∈ S, v ∈ N(S), and

(iv) no pair of vertices in S are adjacent.

92



The following are some results we have obtained on the binding number indices of

the zero divisor graphs of the classes of 3-radical zero and 4-radical zero completely

primary finite rings.

Proposition 5.2.1. Let Γ(R) be the zero divisor graph of a ring given by Construction

I in Section 3.3. Then the binding number,

b(Γ(R)) =
p(

(s2+3s)
2

−1)r − 1

p(
(s2+3s)

2
)r − p(

(s2+3s)
2

−1)r
.

Proof. Due to the fact that N(S) = Ann(Z(R)) \ {0} and S = V (Γ(R)) \N(S).

we have | N(S) |= p(
(s2+3s)

2
−1)r − 1.

But | S |=| V (Γ(R)) \ N(S) |= p(
(s2+3s)

2
)r − 1 − (p(

(s2+3s)
2

−1)r − 1) = p(
(s2+3s)

2
)r − 1 −

p(
(s2+3s)

2
−1)r + 1 = p(

(s2+3s)
2

)r − p(
(s2+3s)

2
−1)r. Therefore, the binding number of Γ(R),

b(Γ(R)) =
| N(S) |
| S | =

p(
(s2+3s)

2
−1)r − 1

p(
(s2+3s)

2
)r − p(

(s2+3s)
2

−1)r
.

Proposition 5.2.2. Let Γ(R) be the zero divisor graph of a ring given by Construction

II in Section 3.4. Then the binding number,

b(Γ(R)) =















p(
(s2+3s)

2 )r−1

p(
(s2+3s+2)

2 )r−p(
(s2+3s)

2 )r
, pui = 0;

p(
(s2+3s+2)

2 )r−1

p(
(s2+5s+2)

2 )r−p(
(s2+3s+2)

2 )r
, pui ̸= 0.

Proof. Case (i): pui = 0.

Since N(S) = Ann(Z(R)) \ {0} and S = V (Γ(R)) \N(S),

it is established that | N(S) |= p(
(s2+3s)

2
)r − 1.

But | S |=| V (Γ(R)) \N(S) |= p(
(s2+3s+2)

2
)r − 1− (p(

(s2+3s)
2

)r − 1) = p(
(s2+3s+2)

2
)r − 1−

p(
(s2+3s)

2
)r + 1 = p(

(s2+3s+2)
2

)r − p(
(s2+3s)

2
)r. Therefore, the binding number of Γ(R),

b(Γ(R)) =
| N(S) |
| S | =

p(
(s2+3s)

2
)r − 1

p(
(s2+3s+2)

2
)r − p(

(s2+3s)
2

)r
.

Case (ii): pui ̸= 0.

Given that | V (Γ(R)) |= p(
(s2+5s+2)

2
)r−1, consider the Ann(Z(R))∗ = N(S). We notice
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that N(S) = p(
(s2+3s+2)

2
)r − 1 and therefore

| S |= (p(
(s2+5s+2)

2
)r − 1)− (p(

(s2+3s+2)
2

)r − 1) = p(
(s2+5s+2)

2
)r − 1− p(

(s2+3s+2)
2

)r + 1 =

p(
(s2+5s+2)

2
)r − p(

(s2+3s+2)
2

)r.

So,

b(Γ(R)) =
p(

(s2+3s+2)
2

)r − 1

p(
(s2+5s+2)

2
)r − p(

(s2+3s+2)
2

)r
.

Proposition 5.2.3. Let R be a ring described by Construction III in Section 3.5 and

Γ(R) be its zero divisor graph. Then,

b(Γ(R)) =
p(

(s2+3s+2)
2

)r − 1

p(
(s2+5s+4)

2
)r − (p(

(s2+3s+2)
2

)r)
.

Proof. The proof follows from the fact that

| N(S) |=| Ann(Z(R))∗ |= p(
(s2+3s+2)

2
)r − 1

for the rings of characteristic p3 and S = V (Γ(R)) \ N(S). We have that | S |=

(p(
(s2+5s+4)

2
)r−1)− (p(

(s2+3s+2)
2

)r−1) = p(
(s2+5s+4)

2
)r−1−p(

(s2+3s+2)
2

)r+1 = p(
(s2+5s+4)

2
)r−

p(
(s2+3s+2)

2
)r

Using the ratio |N(S)|
|S|

, we obtain

b(Γ(R)) =
p(

(s2+3s+2)
2

)r − 1

p(
(s2+5s+4)

2
)r − p(

(s2+3s+2)
2

)r
.

Proposition 5.2.4. Let R be rings given by Constructions I, II, III and IV in Sections

4.2, 4.3, 4.4 and 4.5 respectively and Γ(R) be the zero divisor graph. Then the binding

number,

b(Γ(R)) =











1
phr−2

, when Char(R) = p;
phr−1

p(h+3)r−phr
, when Char(R) = p2;

p(h−1)r

p(h+3)r−p(h−1)r , when Char(R) = p3 and p4.

Proof. With the fact that N(S) = Ann(Z(R))∗ and S = V (Γ(R)) \ N(S), applying

the ratio |N(S)|
|S|

, the results follows from the proofs in Propositions 5.2.1, 5.2.2 and

5.2.3.
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5.3 The Wiener Index of Γ(R) and its Invariants for the Classes of 3-
Radical Zero and 4-Radical Zero Completely Primary Finite Rings

5.3.1 Introduction

Other than the binding number, we also present some findings on the Wiener in-

dex W (Γ(R)), the average disorder number A(Γ(R)) and the average distance index

µ(Γ(R)) of the zero divisor graph Γ(R). The Wiener index denoted as W and also

known as path number or the Wiener number is a graph index defined on a graph by

n nodes as

W =
1

2

n
∑

i=1

n
∑

j=1

[d]ij

where [d]ij is the graph distance matrix. The Wiener index W (Γ(R)) of the graph G

with vertex count | V (Γ(R)) | has a relationship with the average disorder number of

the zero divisor graph A(Γ(R)) = 2W (Γ(R))
|V (Γ(R))|

and the average distance µ(Γ(R)) between

the vertices of Γ(R) which is given by

µ(Γ(R)) =
W (Γ(R))

(

| V (Γ(R)) |
2

) .

In chemical graph theory, computations for Wiener indices for cyclic carbon-chained

organic compounds and its applications cannot be underestimated. This index has

been quite handy in determination of the boiling points and polarity number of alkanes

and their branched isomers. Further, the most common natural field in the applica-

tion of the Wiener index is the quantitative structure relationships especially in the

estimation of emission spectra of the ultra violet radiations of α and β-unsaturated

ketones. We therefore present the following results on the Wiener index of Γ(R) and

other results describing average disorder number and the average distance indices of

Γ(R) due to their close interdependence with the Wiener index.
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Proposition 5.3.1. Let Γ(R) be the zero divisor graph of the classes of rings given

by Constructions I, II and III in Sections 3.3, 3.4 and 3.5 respectively. Then for any

prime integer p and r, s ∈ Z+ with s fixed, the Wiener index, W (Γ(R))

=



























1
2(2p

(
2(s2+3s)

2
−1)r + p2(

(s2+3s)
2

−1)r − p(
(s2+3s)

2
)r − 5p(

(s2+3s)
2

−1)r + 2), if char(R) = p;

1
2(2p

(
2(s2+3s)

2
+2)r + p2(

(s2+3s)
2

)r − p(
(s2+3s+2)

2
)r − 5p(

(s2+3s)
2

)r + 2), if char(R) = p2, pui = 0;

1
2(2p

(
(2s2+8s+4)

2
)r + p2(

(s2+3s+2)
2

)r − p(
(s2+5s+2)

2
)r − 5p(

(s2+3s+2)
2

)r + 2), if char(R) = p2, pui ̸= 0;

1
2(2p

(
(2s2+10s+6)

2
)r + p2(

(2s2+10s+4)
2

)r − p2(
(s2+5s+4)

2
)r − 5p(

(s2+5s+2)
2

)r + 2), if char(R) = p3.

Proof. Case (i): Char(R) = p. The maximum degree of vi ∈ V (Γ(R)) =

p(
(s2+3s)

2
)r − 2 and there are p(

(s2+3s)
2

−1)r − 1 of such vertices. This is due to the

fact that | ann(Z(R))∗ |= p(
(s2+3s)

2
−1)r − 1. Therefore, the sum of minimum dis-

tances between vi of a maximum degree and any other vertex vj ∈ V (Γ(R)) is

(p(
(s2+3s)

2
)r − 2)(p(

(s2+3s)
2

−1)r − 1). For the vertices of minimum degrees, each is of

degree p(
(s2+3s)

2
−1)r − 1 and sum of the distances between a vertex of minimum de-

gree and any other vertex in the set of vertices of minimum degree is p(
(s2+3s)

2
)r − 2.

Since they are p(
(s2+3s)

2
−1)r in number, then from the argument we obtain the sum as

((p(
(s2+3s)

2
−1)r − 1) + (p(

(s2+3s)
2

)r − 2))p(
(s2+3s)

2
−1)r. The multiple 1

2
handles the fact that

each path between vi and vj is also counted as the path between vj and vi hence

W (Γ(R)) = 1
2
(p(

(s2+3s)
2

)r − 2)(p(
(s2+3s)

2
−1)r − 1) + ((p(

(s2+3s)
2

−1)r − 1) + (p(
(s2+3s)

2
)r −

2))p(
(s2+3s)

2
−1)r =

1
2
(p(

2(s2+3s)
2

−1)r−p(
(s2+3s)

2
)r−2p(

(s2+3s)
2

−1)r+2+p2(
(s2+3s)

2
−1)r+p(

2(s2+3s)
2

−1)r−3p(
(s2+3s)

2
−1)r) =

1

2
((2p(

2(s2+3s)
2

−1)r + p2(
(s2+3s)

2
−1)r − 5p(

(s2+3s)
2

−1)r − p(
(s2+3s)

2
)r + 2)).

Case (ii): Char(R) = p2 where pui = 0.

Using the same argument similar to char(R) = p, we obtain

W (Γ(R)) = 1
2
((p(

(s2+3s+2)
2

)r−2)(p(
(s2+3s)

2
)r−1)+((p(

(s2+3s)
2

)r−1)+(p(
(s2+3s+2)

2
)r)p(

(s2+3s)
2

)r) =

1
2
(p(

2(s2+3s)
2

+2)r−p(
(s2+3s+2)

2
)r−2p(

(s2+3s)
2

)r+2+p(
2(s2+3s)

2
)r+p(

2(s2+3s)
2

+2)r−3p(
(s2+3s)

2
)r) =

1

2
(2p(

2(s2+3s)
2

+2)r + p2(
(s2+3s)

2
)r − p(

(s2+3s+2)
2

)r − 5p(
(s2+3s)

2
)r + 2).

Case (iii): Char(R) = p2 where pui ̸= 0,

W (Γ(R)) = 1
2
((p(

(s2+5s+2)r
2

)r)− 2)(p(
(s2+3s+2)

2
)r − 1)+ ((p(

(s2+3s+2)
2

)r − 1)+ (p(
(s2+5s+2)

2
)r −
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2))p(
(s2+3s+2)

2
)r) =

1
2
(p(

(2s2+8s+4)
2

)r−p(
(s2+5s+2)

2
)r−2p(

(s2+3s+2)
2

)r+2+(p2(
(s2+3s+2)

2
)r+p(

(2s2+8s+4)
2

)r−3p(
(s2+3s+2)

2
)r) =

1

2
(2p(

(s2+8s+4)
2

)r + p2(
(s2+3s+2)

2
)r − p(

(s2+5s+2)
2

)r − 5p(
(s2+3s+2)

2
)r + 2).

Case (iv): Char(R) = p3.

We have

W (Γ(R)) = 1
2
((p(

(s2+5s+4)
2

)r − 2)(p(
(2s2+5s+2)

2
)r − 1)+ ((p(

(s2+5s+2)
2

)r − 1)+ (p(
(s2+5s+4)

2
)r)−

2)p(
(s2+5s+2)

2
)r) = 1

2
(2p(

(2s2+10s+6)
2

)r − p(
(s2+5s+4)

2
)r − 2p(

(s2+5s+2)
2

)r + 2 + (p(
(2s2+10s+4)

2
)r +

p(
(2s2+10s+6)

2
)r − 3p(

(s2+5s+2)
2

)r) =

1

2
(2p(

(2s2+10s+6)
2

)r + p(
(2s2+10s+4)

2
)r − p(

(s2+5s+4)
2

)r − 5p(
(s2+5s+2)

2
)r + 2).

Proposition 5.3.2. Let Γ(R) be the zero divisor graph of the classes of rings given
by Constructions I, II and III in Sections 3.3, 3.4 and 3.5 respectively and W (Γ(R))
be its Wiener index. Then for any prime integer p, positive integers r, s with s fixed,
the average distance of Γ(R)

µ(Γ(R)) =































































1
2
(2p(

(2(s2+3s)
2 −1)r+p2(

(s2+3s)
2 −1)r−p(

(s2+3s)
2 )r−5p(

(s2+3s)
2 −1)r+2)

(p(
(s2+3s)

2 )r−1)(p(
(s2+3s)

2 )r−2)

, Char(R) = p;

1
2
(2p(

2(s2+3s)
2 +2)r+p(

2(s2+3s)
2 )r−p(

(s2+3s+2)
2 )r−5p(

(s2+3s)
2 )r+2)

(p(
(s2+3s+2)

2 )r−1)(p(
(s2+3s+2)

2 )r−2)

, Char(R) = p2, pui = 0;

1
2
(2p(

(2s2+8s+4)
2 )r+p2(

(s2+3s+2)
2 )r−p(

(s2+5s+2)
2 )r−5p(

(s2+3s+2)
2 )r+2)

(p(
(s2+5s+2)

2 )r−1)(p(
(s2+5s+2)

2 )r−2)

, Char(R) = p2, pui ̸= 0;

1
2
(2p(

(2s2+10s+6)
2 )r+p2(

(2s2+10s+4)
2 )r−p2(

(s2+5s+4)
2 )r−5p(

(s2+5s+2)
2 )r+2)

(p(
(s2+5s+4)

2 )r−1)(p(
(s2+5s+4)

2 )r−2)

, Char(R) = p3.

Proof. The proof follows from the previous Proposition 5.3.1 and the fact that µ(Γ(R)) =

W (Γ(R))




| V (Γ(R)) |
2





.

Proposition 5.3.3. Let Γ(R) be the zero divisor graph of the classes of rings described
by Constructions I, II and III in Sections 3.3, 3.4 and 3.5 respectively. Then for any
prime integer p, positive integers r, s and s fixed, the average disorder number of the
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zero divisor graph

A(Γ(R)) =



























































2p(
(2(s2+3s)

2 −1)r+p2(
(s2+3s)

2 −1)r−p(
(s2+3s)

2 )r−5p(
(s2+3s)

2 −1)r+2

(p(
((s2+3s)

2 )r−1)

, Char(R) = p;

2p(
2(s2+3s)

2 +2)r+p(
2(s2+3s)

2 )r−p(
(s2+3s+2)

2 )r−5p(
(s2+3s)

2 )r+2

(p(
((s2+3s+2)

2 )r−1)

, Char(R) = p2, pui = 0;

2p(
(2s2+8s+4)

2 )r+p2(
(s2+3s+2)

2 )r−p(
(s2+5s+2)

2 )r−5p(
(s2+3s+2)

2 )r+2

(p(
((s2+5s+2)

2 )r−1)

, Char(R) = p2, pui ̸= 0;

2p(
(2s2+10s+6)

2 )r+p2(
(2s2+10s+4)

2 )r−p2(
(s2+5s+4)

2 )r−5p(
(s2+5s+2)

2 )r+2

(p(
((s2+5s+4)

2 )r−1)

, Char(R) = p3.

Proof. Using the ratio A(Γ(R)) = 2W (Γ(R))
|V (Γ(R))|

and the Wiener indices obtained, the result

follows.

Proposition 5.3.4. Let Γ(R) be the zero divisor graph of a ring given by Construction

I in Section 4.2. Then the Wiener index,

W (Γ(R)) =
1

2
(p(h+1)r + p2hr − 2(p2r + pr) + 2).

Proof. Let V1, V2 and V3 be the order of partitioning of the vertices in Γ(R). Consider

V1 = Ann(Z(R)) \ {0}. As in Proposition 4.2.1(ii), | V1 |= pr − 1 and the degree of

each vertex x ∈ V1, deg(x ∈ V1) = phr − 1 − 1 = phr − 2 due to avoidance of self

annihilation. Therefore the sum of the distances between vertices x ∈ V1 and any

other vertex in V (Γ(R)) is (phr − 2)(pr − 1) = p(h+1)r − phr − 2pr + 2.

Next, consider the set of vertices V2 which are linked by edges with vertices in V1 and

among themselves such that d(x, y ∈ V2) = phr + 2. Since | V2 |= pr, we have that

∑

y∈V2

d(x, y) = pr(phr + 2) = p(h+1)r + 2pr.

Finally, let V3 be the set of vertices such that z ∈ V3 is only adjacent x ∈ V1. Therefore,

| V3 |= (phr − 1)− (pr + pr − 1) = phr − 2pr and the distance between every vertex in

V3 and all other vertices in Γ(R) is phr + pr + 1. Therefore, the sum of the minimum

distances between z ∈ V3 and vertices V (Γ(R)) is obtained as

∑

z∈V3

d(x, z) = (phr − 2pr)(phr + pr + 1) =

p2hr + p(h+1)r + phr − 2p(h+1)r − 2p2r − 2pr = p2hr − p(h+1)r + phr − 2p2r − 2pr.
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Therefore,

W (Γ(R)) =
1

2
(p(h+1)r − phr − 2pr +2+ p(h+1)r +2pr + p2hr − p(h+1)r + phr − 2p2r − 2pr)

which simplifies to

1

2
(p(h+1)r + p2hr − 2p2r − 2pr + 2) =

1

2
(p(h+1)r + p2hr − 2(p2r + pr) + 2).

Proposition 5.3.5. Let W (Γ(R)) be the Wiener index of the zero divisor graph of

a ring given by Construction I in Section 4.2. Then the average disorder number

A(Γ(R)) and the average distance index µ(Γ(R)) are given by;

(i) A(Γ(R)) = p(h+1)r+p2hr−2(p2r+pr)+2
phr−1

.

(ii) µ(Γ(R)) =
1
2
(p(h+1)r+p2hr−2(p2r+pr)+2)

(phr−1)(phr−2)
.

Proof. From the fact that | V (Γ(R)) |= phr − 1, using the ratios A(Γ(R)) = 2W (Γ(R))
|V (Γ(R))|

and the average distance µ(Γ(R)) between the vertices of Γ(R), µ(Γ(R)) = W (Γ(R))




| V (Γ(R)) |
2





,

the results follows from the previous Proposition 5.3.4.

Proposition 5.3.6. Let Γ(R) be the zero divisor graph of classes of rings with char-

acteristics p2, p3 and p4 respectively given by the Construction II and W (Γ(R)) be the

Wiener index. Then,

W (Γ(R))







1
2
(p(h+2)r + p(2h+1)r − 2(p3r + p2r)), when Char(R) = p2;

1
2
(p(h+3)r + p(2h+2)r − 2(p4r + p3r)), when Char(R) = p3;

1
2
(p(h+4)r + p(2h+3)r − 2(p5r + p4r)), when Char(R) = p4.

Proof. The proof follows a similar trend as in the proof of Proposition 5.3.4.
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5.4 The Bounds On Zagreb Indices of the Zero Divisor Graphs Γ(R) of
Classes of 4-Radical Zero Completely Primary Finite Rings

5.4.1 Introduction

Let G = Γ(R) be a simple graph such that G = (V,E) whose vertex set V (G) consists

of elements {v1, · · · , vn} such that | V (G) |= n and the set of edges E(G) of order m.

Given that the minimum degree of G is denoted by δ(G) and ∆(G) is the maximum

degree. Let di = degΓ(R)(vi), i = 1, 2, · · · , n be the vertex degrees of vi ∈ Γ(R) so that

di ≥ d2 ≥ · · · ≥ dn. The first Zagreb index is the sum of the squares of degrees of the

vertices and the second Zagreb index is the sum of the products of the degrees of the

pairs of adjacent vertices. We denote the first and second Zagreb indices of Γ(R) by

Z1(Γ(R)) and Z2(Γ(R)) respectively. Therefore,

Z1(Γ(R)) =
n

∑

i=1

(deg(vi))
2,

Z2(Γ(R)) =
n

∑

i,j=1

(deg(vi))(deg(vj))

where vi, vj are adjacent. The Zagreb indices were introduced in [25] and given an

elaboration in [26]. Fundamental properties of the indices were summarized in [43].

We obtain the bounds on Z1(Γ(R)) and Z2(Γ(R)) of classes of the finite rings discussed

in Chapter 4 in terms of number of vertices, number of edges, minimum degree and

maximum degree. In the sequel we shall require the following results:

Lemma 5.4.1. [18] Let G be a graph of order n with m edges and di be the degree of

vertex i then

n
∑

i=1

d2i ≤ m(
2m

n− 1
+ n− 1).

Lemma 5.4.2. [6] For positive real numbers a1, a2, · · · , ar, A
1
2 ≥ B

1
r−1 where

A =
2

r(r − 1)
(a1a2 + a1a3 + · · ·+ a1an + a2a3 + · · ·+ ar−1ar)

B =
1

r
(a1a2 · · · ar−1 + a1a2 · · · ar−2ar · · ·+ a2a3 · · · ar−1ar).
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Lemma 5.4.3. [37] Let (a) = (a1, a2, · · · , ar), (b) = (b1, b2, · · · , br) be two real r-tuples.

Then
r

∑

i=1

a2i

r
∑

j=1

b2j − (
r

∑

i=1

aibj)
2 =

∑

1≤i<j≤r

(aibj − ajbi)
2.

5.4.2 Bounds on First Zagreb Index, Z1(Γ(R)) of the Classes of 4-Radical
Zero Completely Primary Finite Rings

We make use of Lemma 5.4.1, 5.4.2 and 5.4.3 to generally describe some of the results

on the bounds on the first Zagreb index of Γ(R) of the classes of 4-radical zero rings.

Proposition 5.4.1. Let R be classes of rings described in Sections 4.2, 4.3, 4.4

and 4.5 and Γ(R) be the zero divisor graph with m edges such that | V (Γ(R)) |=

p(h+(k−1))r − 1. If ∆(Γ(R)) and δ(Γ(R)) are the maximum and minimum degrees

of Γ(R) respectively, then for any r, k ∈ Z+, p prime, and h is the dimension of

R′−module U ,

(i) Z1(Γ(R)) ≥ ((∆(Γ(R)))2+(2m−∆(Γ(R))))2

(p(h+(k−1)r)−2)
+ 2(p(h+(k−1))r−3)

(p(h+(k−1)r)−2)2
.(∆2(Γ(R))−δ(Γ(R)))2, where

∆2(Γ(R)) is the second maximum degree of Γ(R).

(ii) Z1(Γ(R)) ≤ 4m2+2((∆(Γ(R)))2−4m((∆(Γ(R)))−((p(h+(k−1)r)−2)((p(h+(k−1)r)−

3))[ T (Γ(R))

(p(h+(k−1)r)−2)∆(Γ(R))
(I(Γ(R)))− 1

∆(Γ(R))
]

2

p(h+(k−1)r)
−3 .

Proof. (i) From Lemma 5.4.3, set r = p(h+(k−1)r − 2, ai = di+1, bi = 1, i = 1, 2, · · · r

which results to

(p(h+(k−1))r−2)(
∑p(h+(k−1))r−1

i=2 d2i )−(
∑p(h+(k−1))r−1

j=2 d2j)
2 =

∑p(h+(k−1))r−1)
i,j=2 (di−dj)

2. This

results to

(p(h+(k−1))r)(Z1(Γ(R)) − (∆(Γ(R)))2 = (2m − (∆(Γ(R)))2 +
∑p(h+(k−1))r−1

i,j=2 (di − dj).

Now,
∑p(h+(k−1))r−1

i,j=2 | di − dj |= (p(h+(k−1))r − 3)d2 −
∑p(h+(k−1))r−1

i=3 di +
∑p(h+(k−1))r−2

i,j=3 | di − dj | +
∑p(h+(k−1))r−4

i=3 di − (p(h+(k−1))r − 4)dp(h+(k−1))r−1 =

(p(h+(k−1))r−3)(d2−dp(h+(k−1))r−1)+
∑p(h+(k−1))r−2

i,j=3 | di−dj |≥ (p(h+(k−1))r−3)(∆2(Γ(R)−
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(δ(Γ(R)))(∗ ∗ ∗). which results to

∑p(h+(k−1))r−1
i,j=2 (di − dj)

2

(p(h+(k−1))r−2)(p(h+(k−1))r−3)
2

≥
∑p(h+(k−1))r−1

i,j=2 | di − dj |
(p(h+(k−1))r−2)(p(h+(k−1))r−3)

2

.

From this we obtain

p(h+(k−1))r−1
∑

i,j=2

(di − dj)
2 ≥ 2

(p(h+(k−1))r − 2)(p(h+(k−1))r − 3)
(

p(h+(k−1))r−1
∑

i,j=2

| di − dj |2)

which together with (∗ ∗ ∗) gives
∑p(h+(k−1))r−1

i,j=2 (di − dj)
2 ≥ 2(p(h+(k−1))r−3)

p(h+(k−1))r−2
(∆2(Γ(R)) − δ(Γ(R)))2 which is simplified to

give the result as desired.

(ii) We let the simple topological index of Γ(R) be T (Γ(R)) =
∏p(h+(k−1))r−1

i=1 di and

the inverse degree of Γ(R) be I(G) =
∑p(h+(k−1))r−1

i=1
1
di
.

Set r = p(h+(k−1))r − 2, ai = di+1, i = 1, 2 · · · , r. Making use of Lemma 5.4.3, we have

p(h+(k−1))r−1
∑

i,j=2

didj ≥

(p(h+(k−1))r − 2)(p(h+(k−1))r − 3)

2
[

1

p(h+(k−1))r − 2

p(h+(k−1))r−2
∏

j=2

dj

p(h+(k−1))r−1
∑

i=2

1

di
]

2

(p(h+(k−1))r
−3) =

(p(h+(k−1))r−2)(p(h+(k−1))r−3)
2

[ 1
(p(h+(k−1))r−2)(∆(Γ(R)))

∏p(h+(k−1))r−2
j=2 dj(

∑

j
1
dj
− 1

∆(Γ(R))
)]

2

(p(h+(k−1))r
−3) .

= (p(h+(k−1))r−2)(p(h+(k−1))r−3)
2

[ T (Γ(R))

(p(h+(k−1))r−2)(∆(Γ(R)))
(I(Γ(R))− 1

∆(Γ(R))
]

2

(p(h+(k−1))r
−3) .

From this we have that

p(h+(k−1))r−1
∑

i,j=2

(di − dj)
2 =

p(h+(k−1))r − 3

p(h+(k−1))r−1
∑

i=2

d2i − 2

p(h+(k−1))r−1
∑

i,j=2

didj ≤

(p(h+(k−1))r − 3)(Z1(Γ(R))−∆(Γ(R))(p(h+(k−1))r − 2)(p(h+(k−1))r − 3)×

[
T (Γ(R))

(p(h+(k−1)r) − 2)∆(Γ(R))
(I(Γ(R)))− 1

∆(Γ(R))
]

2

p(h+(k−1)r)
−3 .

Which describes the upper bound on Z1(Γ(R).
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Proposition 5.4.2. Let R be classes of rings described in Sections 4.2, 4.3, 4.4 and

4.5 and Γ(R) be the zero divisor graph with m edges such that | Γ(R) |= p(h+(k−1))r−1.

If ∆(Γ(R)) is the maximum degree of each vi ∈ Γ(R) then,

Z1(Γ(R)) ≤ (p(h+(k−1))r)m−∆(Γ(R))((p(h+(k−1))r− 1)−∆(Γ(R)))+
2(m−∆(Γ(R)))

p(h+(k−1))r − 3

Proof. Let v1 be a vertex of maximum degree in Γ(R) and H = {vi1, vi2,···,vi∆(Γ(R))
} ⊆

V (Γ(R)) be the vertex set consisting of vertices adjacent to v1. Let Γv1(R) = Γ(R)−v1

be the induced subgraph of Γ(R) obtained by removing a vertex of minimum degree

d′i. Then we have,

d′i =

{

di−1, vi ∈ H;
di, vi ∈ V (Γ(R)) \H

Since Γv1(R) has p(h+(k−1))r − 2 vertices and m−∆(Γ(R)) the maximum degree of a

vertex in the subgraph, then by Lemma 5.4.1 we obtain

∑

vi∈V (Γ(R))

d2i = 2(m−∆(Γ(R))),

Therefore

∑

vi∈V (Γ(R))

d2i =
∑

vi∈V (Γ(R))

2(m−∆(Γ(R))) ≤ (m−∆(Γ(R)))[
2((m−∆(Γ(R))))

p(h+(k−1))r − 3
+(p(h+(k−1))r−3)].

Now,

Z1(Γ(R))) = (∆(Γ(R)))2 +
∑

vi∈H

d2i +
∑

vi∈V (Γ(R)))\H,i ̸=1

d2i =

(∆(Γ(R)))2 +
∑

vi∈H

(d′i + 1)2 +
∑

vi∈V (Γv1 (R)))\H

d′
2

i =

(∆(Γ(R)))2 +∆(Γ(R)) + 2
∑

vi∈H

d′i +
∑

vi∈V (Γv1 (R)))

d′
2

i , | H |= ∆(Γ(R))

≤ (∆(Γ(R)))2 +∆(Γ(R)) + 2
∑

vi∈V (Γv1 (R)))

d′i +
∑

vi∈V (Γv1 (R)))

d′
2

i

≤ (∆(Γ(R)))2 +∆(Γ(R)) + 4(m−∆(Γ(R))) + (m−∆(Γ(R)))[
2((m−∆(Γ(R))))

p(h+(k−1))r + 2
].
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5.4.3 Bounds on the Second Zagreb Index, Z2(Γ(R)) of the Classes of 4-
Radical Zero Completely Primary Finite Rings

Using the previous results obtained in Propositions 5.4.1 and 5.4.2, we generally

present some results on the upper and lower bounds on the second Zagreb index

Z2(Γ(R)) from the maximum and minimum degrees of Γ(R) with m-edges as follows.

Proposition 5.4.3. Let R be classes of rings described in Sections 4.2, 4.3, 4.4

and 4.5 and Γ(R) is the zero divisor graph with m edges such that | V (Γ(R)) |=

p(h+(k−1))r−1 and that ∆(Γ(R))) and δ(Γ(R)) are the maximum and minimum degrees

of Γ(R) respectively. Then for any prime integer p, positive integers r, k, and h the

dimension R′−module U, we have

(i) Z2(Γ(R)) ≥ 2m2 − m(p(h+(k−1))r − 2)∆(Γ(R)) + 1
2
(∆(Γ(R)) − 2)[(∆(Γ(R)))2 +

(2m−∆(Γ(R)))2

p(h+(k−1))r−2
+ 2(p(h+(k−1))r−3)

(p(h+(k−1))r−2)2
(∆(Γ(R))− δ(Γ(R)))2].

(ii) Z2(Γ(R)) ≥ 2m2 −m(p(h+(k−1))r − 2)δ(Γ(R)) + 1
2
(δ(Γ(R))− 1)[m(p(h+(h−1))r)−

∆(Γ(R))(p(h+(h−1))r −∆(Γ(R))) + 2(m−∆(Γ(R)))2

p(h+(k−1))r−3
].

Proof. (i) Given that µ is the average distance of the vertices adjacent to vi ∈ V (Γ(R)),

we have that

Z2(Γ(R))) =
1

2

p(h+(k−1))r−1
∑

i=1

d2iµ.

We have that

1

2

p(h+(k−1))r−1
∑

i=1

di[2m− di − ((p(h+(k−1))r − 1)− di − 1)∆(Γ(R))] ≤

Z2(Γ(R)) ≤ 1

2

p(h+(k−1))r−1
∑

i=1

di[2m− di − ((p(h+(k−1))r − 1)− di − 1)δ(Γ(R))]

where 2m2 − (p(h+(k−1))r − 2)m∆(Γ(R)) + 1
2
(∆(Γ(R))− 1)Z1(Γ(R))) ≤

Z2(Γ(R))) ≤ 2m2 − (p(h+(k−1))r − 2)m δ(Γ(R)) +
1

2
(δ(Γ(R))− 1)Z1(Γ(R))).

The inequality on the right hand side holds if and only if for every vi,

di = p(h+(k−1))r − 2 or dj = δ(Γ(R)) for every vi if vi is non adjacent to vj in Γ(R).

Proof for (ii) follows from Proposition 5.4.2.
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CHAPTER SIX

CONCLUSION AND RECOMMENDATIONS FOR FURTHER
RESEARCH

In this chapter, we conclude the thesis and highlight gaps which may be considered

for future research.

6.1 Conclusion

The main aim of this research was to investigate the structures of matrices and indices

of zero divisor graph Γ(R) of classes of 3-radical zero and 4-radical zero completely

primary finite rings. This has been attained in different chapters due to differences in

the ring structures and choices of invariants involved. In Chapter Three, we looked

at 3-radical zero completely primary finite ring with the Jacobson radical J satisfying

(J(R))3 = (0), (J(R))2 ̸= (0). In this case, we began by looking at the general con-

struction of R with R′−modules U and V whose dimensions are s and t respectively

such that t = s(s+1)
2

for a fixed s. In every characteristic p, p2 and p3, we determined

the structures of the zero divisors, isolated them and constructed their graphs then ob-

tained the graph geometric properties such as the order, girth, diameter,completeness,

minimum and maximum degrees among others. These were illustrated in Propositions

3.3.1, 3.3.2, 3.4.1, 3.4.2, 3.4.6, 3.4.7 and 3.5.1. After characterizing the graphs, ad-

jacency, Laplacian and distance matrices of these graphs were constructed and their

algebraic properties such as the trace, order, rank, determinant and the eigenvalues

established as the main results of the Chapter demonstrated in Propositions 3.3.3,

3.3.4, 3.3.5, 3.3.6, 3.4.3, 3.4.4, 3.4.5, 3.4.8, 3.4.9 and 3.5.2. It was discovered that for

characteristic p, the rank of Laplacian and distance matrices were p(
((s2+3s)

2
)r − 2 and

p(
((s2+3s)

2
−1)r respectively. For p ≥ 2, the matrices considered were found to be singu-

lar and symmetric. Their spectrum had a 0-eigenvalue and other eigenvalues were of

different multiplicities apart from the adjacency matrix whose 0-eigenvalue had a mul-
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tiplicity of 2pr−1 for p = 2 and p2(
((s2+3s)

2
−1)r−1 for p ≥ 3. We also characterised ma-

trices of the rings of characteristic p2 for cases where pui = 0 and pui ̸= 0 respectively.

For both cases, the adjacency and Laplacian matrices were singular and symmetric

and for the case where pui = 0, the Laplacian matrix had a rank of p(
((s2+3s+2)

2
)r−2 and

its trace was 2p(
(2(s2+3s)

2
)r − 2p(

(2(s2+3s)
2

)r − 2p2(
((s2+3s+2)

2
)r − p(

((s2+3s)
2

)r +1. The non-zero

eigenvalues had multiplicities of p(
((s2+3s)

2
)r − 1 and p(

((s2+3s)
2

)r − 2 for the Laplacian

and adjacency matrices respectively and pr + 1 for the distance matrices. For the

case where pui ̸= 0, the adjacency and distance matrices were found to have the same

multiplicity of p(
((s2+3s+2)

2
)r − 2 for the non-zero eigenvalues and distance matrix had

p(
((s2+3s+2)

2
)r−1 non-zero eigenvalues. When characteristic of R is p3 the adjacency and

Laplacian matrices were singular and the ranks were established to be p(
((s2+3s+2)

2
)r+2

and p(
((s2+5s+2)

2
)r + p(

((s2+3s+2)
2

)r + 1 respectively. The 0−eigenvalues for Laplacian ma-

trix and non-zero eigenvalues for the adjacency matrix were established to have the

same multiplicity of p(
((s2+3s+2)

2
)r − 2. In Chapter Four, this thesis considered matrices

of the zero divisor graphs of 4-radical zero completely primary finite rings with Jacob-

son radical J such that (J(R))4 = (0), (J(R))3 ̸= (0). The structures of zero divisors

were determined, the zero divisors isolated, zero divisor graphs constructed and the

matrices were formulated from the graphs. Both algebraic and spectral properties of

the matrices were analysed and the results presented as demonstrated in Propositions

4.2.1, 4.2.2, 4.2.3, 4.3.1, 4.3.2, 4.3.3, 4.4.1, 4.4.2, 4.5.1 and 4.5.2. It was noticed that

the distance matrices were of full rank.

In Chapter Five, we looked at the graph indices and some general graph properties

exhibited by the matrices discussed in Chapter Three and Chapter Four. We began

by studying the general properties regarding the product and the sum of eigenvalues

in Proposition 5.1.1. Further, a relationship between the graph nullities with respect

to the adjacency matrix and the multiplicities of 0-eigenvalues was analysed in Propo-

sitions 5.1.2, 5.1.3 and 5.1.4. The general algebraic properties of the matrices from

an induced subgraph resulting from removal of a vertex of maximum degree was also
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discussed and the results presented in Propositions 5.1.5 and 5.1.6. In Propositions

5.1.7, 5.1.8 and Lemma 5.1.1, we established some outcomes from raising the matrices

to some finite power. The cases considered were for the adjacency matrices for both

Γ(R) and its induced subgraph. It was found that if q is any prime integer such that

dim(Γ(R)) = q, then ([A]p(h+(k−1))r)q + ([A]p(h+(k−1))r)q−1 has non-zero entries. The re-

sults on the indices of Γ(R) were also established beginning from the binding numbers

in Propositions 5.2.1, 5.2.2, 5.2.3 and 5.2.4. Further, the Wiener index, average dis-

tance and average disorder numbers were also generalized in Propositions 5.3.1, 5.3.2,

5.3.3, 5.3.4, 5.3.5 and 5.3.6. Finally, we generally considered the bounds on the first

and second Zagreb indices of Γ(R) in relation with ∆(Γ(R)) and δ(Γ(R)) of the rings

in Chapters Three and Four. The results were summarized in Propositions 5.4.1, 5.4.2

and 5.4.3.

6.2 Recommendations

Having studied the matrices and indices of the zero divisor graphs of classes of 3-

radical zero and 4-radical zero completely primary finite rings, some gaps still exist

to be considered for further research. We therefore recommend a further research on

the following:

(i) Matrices and indices of completely primary finite rings satisfying (J(R))5 =

(0), (J(R))4 ̸= (0).

(ii) Matrices and indices from Mulay’s zero divisor graph ΓE(R).

(iii) Matrices and indices of zero divisor graphs determined by annihilator ideals.

(iv) A study on other graph invariants and indices on the same classes of 3-radical

zero and 4-radical zero completely primary finite rings.
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