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ABSTRACT

Cholera is an acute intestinal infection caused by ingesting Vibrio cholerae. It
is severely contagious acute bacterial infection which is caused by colonization
and multiplication of Vibrio cholerae inside the small intestine. When ingested,
the binding sub units of the enterotoxin combine extraordinarily rapidly to the
molecules in the cell wall of the intestine. The binding then becomes irreversible
within minutes since they become incorporated into the cell membrane and eventu-
ally results into modification of the binding protein which leads to rapid excretion
of electrolytes into the small intestine. Health providers have put several control
measures into place such as provision of clean water, improved food safety, good
sanitation and more so availability and access of vaccine which is administered to
stimulate the immune system to produce antibodies for protection. Despite the
use of the vaccine, cholera epidemics are still very frequent. Most of the cholera
vaccine mathematical models so far done are between-host models. Mathematical
modelling of the dynamics of Vibrio cholerae within the human host has largely
remained unexplored yet it is the interaction between the bacteria and the cells of
the small intestine that play a major role in the dynamics of the cholera disease. In
this research, a within-host cholera mathematical model has been developed using
a system of ODEs incorporating vaccine efficacy. The solutions of the model have
been shown to be well-posed. The vaccine Ry, has been done using the next gener-
ation matrix approach. Analysis of the model shows that I F'E point is both locally
and globally asymptotically stable when Rg, < 1 and [ E point is locally asymp-
totically stable when Rgy > 1. Further analysis shows the existence of backward
bifurcation. To highlight the relevance of vaccine efficacy, numerical simulation
of the model with respect to vaccination is carried out and shows that when the
vaccine efficacy v is high, there will be lower infection rate of cells. Due to the ex-
istence of backward bifurcation in the within-host cholera model with vaccination,
there is shedding out Vibrio cholerae to the environment whose multiplication
is affected by changes in temperatures, it is for this reason that a between-host
mathematical cholera model with temperature dependent parameter is formulated
to investigate the effect of temperature change on the dynamics of cholera dis-
ease. Analysis of the model shows that DFE point is both locally and globally
asymptotically stable when Ry < 1 and EE point is locally asymptotically stable
when Ry > 1. Sensitivity analysis shows that increasing the temperature of the
environment would help reduce the infection rate of the pathogen thus reduce the
reproduction number Ry. Numerical simulation of the model has been carried out
with respect to temperature change and the analysis shows that cholera pathogens
can multiply and spread faster under temperatures of 23°C' but between the tem-
perature range of 23°C' < T < 43°C' their multiplication and spread is lowered.
Finally this research adopts the use of Caputo fractional order time derivative to
analyse the dynamics of between-host cholera model and the results compared to
that obtained from the ordinary order derivatives and it shows that the fractional
order simulated results gave a better understanding of how temperature of the
environment is key to the control of the disease.
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CHAPTER ONE
INTRODUCTION

1.1 Background of the Study

Cholera is an acute diarrhoeal infection caused by ingestion of food or water con-
taminated with the bacterium Vibrio cholerae. Cholera remains a global threat to

public health and an indicator of inequity and lack of social development.
1.1.1 Clinical Manifestation of Vibrio cholerae

Cholera is an acute illness caused by an enterotoxin elaborated by Vibrio cholerae
that when ingested colonizes the small intestine. After 24hrs to 48hrs incubation
period, cholera begins with sudden onset of painless water diarrhea that mainly
quickly become voluminous and often followed shortly by vomiting. In severe
cases, stool volume can exceed 250 ml/kg in the first 24hrs. Fever is usually
absent, muscle cramps due to electrolyte disturbances are common. The stool
has a characteristic appearance; a non-bilious, grey, slightly cloudy fluid with
flecks of mucus, no blood, and somewhat sweet and in-offensive odor. It has
been called 'rice-water’ stool because of its resemblance to the water in which rice
has been washed. Clinical symptoms, parallel volume contraction shows losses of
(3 — 5) percent of normal body weight. If fluids and electrolytes are not replaced,

hypovolemic shock and death will occur [16].
1.1.2 Pathogenesis of Vibrio cholerae

For Vibrio cholerae to colonize the small intestine and produce cholera toxin
(CTX), it must colonize, control and traverse several hostile environments, the

first of this is the milieu of the stomach. Vibrio cholerae lacks genetically con-



trolled mechanism of acid resistance, rather, it relies on a large inoculum size to
allow some organisms to elude the bacterial effects of gastric acidity. If successful,

it must next traverse the mucus layer of the upper small bowel[16].

Several properties of the organism enhance its ability to accomplish this feat,
including its motility, chemotaxis and production of protease originally named
cholera lectin which is able to cleave mucin and fibronectin as well as the A sub-
unit of C'TX. The protease also serve to detach vibrios found in the small bowel
surface, thus facilitating their spread within the intestine and excretion in the
stool. The activated A sub-unit irreversibly transfers ADP — rybosylation to its
specific target protein, the binding regulatory component of adenylate cyclase in
intestinal epithelial cells. When AD P-ribosylated, the G protein regulates the cat-
alytic sub-unit, the result is the intracellular accumulation of high levels of cyclic
AMP from ATP. In turn, cyclic AM P inhibits the absorptive transport system
in vilius cells and activates the excretory chloride transport system in crypt cells
and these leads to the accumulation of sodium chloride in the intestinal lumen.
Since water moves positively to maintain osmolality, isotonic fluid accumulates in
the lumen. Then when the volume of the fluids exceeds the capacity of the rest
of the gut to re-absorb it, watery diarrhea results. Unless the wasted fluid and

electrolytes are adequately replaced, shock follows which could result to death[16].

According to the studies of natural infection, the human body has T-lymphocytes
cell and B-lymphocytes cell which produce antibodies that attack the pathogens
thereby providing protection. However, in a situation of excess consumption of
bacteria the body may not defend itself, as a result there is need for vaccination

8.



The World Health Organization (WHO) recommends the use of oral cholera vac-
cines, Dukoral and Shanchol for those at high risk [39]. When these vaccines are
administered, the cholera strain within the vaccine produce an incomplete, non-
toxic version of the toxin, the body then responds to the safe version of cholera
and creates an immunity to the infection through production of antibodies (T-

lymphocytes cells and B-lymphocytes).

Despite the availability and access of cholera vaccines, there is still high burden
of cholera in endemic areas [39][40]. Experimental studies have shown that the
vaccines have efficacy protection of about 66 percent with a period of protection
of 3-5 years [39]. This research is focused on formulating within-host cholera vac-
cination model to investigate the impact of cholera vaccine on the dynamics of the

in-host cholera infection in the small intestine.

A study [28] has shown that the dynamics of epidemic models are determined by
the disease’s basic reproduction number, Ry. Epidemiologists generally know that
if Ry < 1, the disease can be eliminated from the community and the epidemic
occurs when Ry > 1 [9]. Despite Ry < 1, studies [3],[2] and [17] have established

that infectious diseases can still persist.

With continuous persistence of cholera outbreak between human population, stud-
ies have shown that cholera incidence have been predominant when there is always
interchange of seasons (dry to wet seasons and vice versa)[15] and [20]. The qual-
ity and quantity of drinking, irrigation, environmental and recreational waters can

be associated with changes in environmental conditions that includes weather or



climate related variables. Floods may cause the overflow of waste-water treatment
plants, failure of septic systems, or combined sewer overflows, which could con-
taminate nearby water surfaces or wells. Furthermore, there is increasing concern
about pathogens in storm water runoff [15][40]. Also maintaining sanitary water
conditions is an issue during drought conditions, when contaminants may become
concentrated in available water. Additionally, the likelihood of multiple uses in a
water body may increase i.e cleaning, bathing, and drinking during droughts and
consequently enhance the risk of contamination of water and exposure to cholera

disease [18][46].

A study by Christaki et al [6] the impact of climate change on cholera. The study
finding shows that water ecosystems can be rather sensitive to evolving or sud-
den changes in weather parameters and the changes can result in alterations in the
natural habitat of pathogens, vectors, and human hosts, as well as in the transmis-
sion dynamics and geographic distribution of infectious agents. The study further
shows that the interaction between climate change and infectious disease is rather
complicated and not deeply understood. It is for this reason that in this study a
between host mathematical cholera model with temperature dependent parameter
is formulated to investigate the effect of temperature change on the dynamics of

cholera disease.

Finally, the between-host cholera model with temperature dependent parameter
developed is expressed in Caputo fractional order derivative and analysed to pre-
dict the dynamics of cholera disease with changes in temperature. This is because
mathematical models developed in fractional order are useful than the ordinary

order model as it can be used in predicting outbreaks of infectious diseases [4].



Fractional order derivative models are also suitable in data fitting, useful in giving
information about the memory that can describe the model in real cases and has

hereditary property [4].

Fractional-order Caputo derivative has also gained a lot interest in solving prob-
lems in science. For instance [36] Caputo fractional derivative has been used to
analyze the tuberculosis infection a case study Pakistan and the results shows that
the Caputo model provides a better approximation to the reported infected cases
[36]. Motivated by the this discussion, this study adopted the use of Caputo frac-
tional order time derivative to analyse and predict the dynamics of cholera disease

with temperature dependent parameter.

1.2 Statement of the Problem

Cholera is a bacterial infection of the small intestine of humans. Cholera control
measures such as improved food safety, use of safe drinking water and proper san-
itation have been put in place to the public. Vaccines against cholera infection are
also available in the public but the disease has remained persistently endemic with
regular outbreaks. It is not clear if the vaccine-in-host interaction is adequate to
sustain prolonged protection against cholera disease. However, most between host
cholera models have shown stable endemic equilibrium in cholera endemic areas.
The study focused on developing a within-host cholera model with vaccination to
investigate the impact of cholera vaccine on the dynamics of the in-host infection
of cholera disease. With persistence of cholera outbreak, studies have shown that
cholera incidence have been predominant when there is always interchange of sea-
sons (dry to wet seasons and vice versa) which makes it difficult to understand
the dynamics of cholera disease outbreak, this research therefore focused on de-

veloping a between host mathematical cholera model with temperature dependent



parameter to investigate the effect of change in temperature on the dynamics of

cholera disease.

1.3 Objectives of the Study

1.3.1 General Objective

The main objective of this study was to develop and analyze a mathematical
cholera model with vaccination and temperature dependent parameter using sys-

tem of ordinary differential equations.
1.3.2 Specific Objective

The specific objectives of this study are:

(i)To develop and analyze a deterministic mathematical model of within-host

cholera dynamics with vaccination.

(ii) To develop and analyze a deterministic between-host cholera mathematical

model with temperature dependent parameter

(iii) To analyze the dynamics of Caputo-fractional order time derivative between-

host cholera model with temperature dependent parameter.

1.4 Justification of the Study

Cholera outbreak has attracted global attention due to continued number of cases
of cholera mortalities [42][40]. Much is being done about controlling the infection
in cholera prone areas, such as provision of improved food safety and use of cholera
vaccine yet cholera disease is still persistently endemic with regular epidemic out-
break. Existing within-host cholera models formulated investigated the interaction
between the intestinal walls and the vibrio. Guided by the fact that despite the

availability of the vaccine, there is still frequent cholera outbreaks. This study



focused on developing a within-host cholera model with vaccination to investigate
the impact of cholera vaccine on the dynamics of the in-host infection cholera
disease. According to the study [1], temperature drives the disease transmission
through various traits of the pathogen population such as reproduction, develop-
ment and lifespan. Theoretical work has also established that most physiological
and life history traits respond non linearly to temperature [1], as a result in this
study, a between host cholera model is developed and analysed to investigate the

effect of temperature change on the dynamics of cholera disease.

1.5 Significance of the Study

This study will guide policy makers and health practitioners in making decisions
such as vaccinating individuals against cholera in cholera endemic areas before an
outbreak. Also, temperature being a determining factor in the multiplication of
Vibrio cholerae, this study is relevant in that there is need to heat/warm food
before consumption. The formulation and analysis of the model will also make

contribution to the body of knowledge in Biomathematics (disease modelling).



CHAPTER TWO
LITERATURE REVIEW

2.1 Introduction

Cholera, an ancient disease, has been a major health threat to the third world
countries. Several cholera outbreaks have been reported in recent years, for in-
stance recently in Kenya in the year 2022, according to acting Director General
for health in Kenya, Dr Patrick Amoth, the outbreak whose origin was traced
to a wedding festival in Kiambu County was spread across Kiambu (31) cases,
Nairobi (17) cases, Murang’a (1) case, Kajiado (2) cases, Nakuru (2) cases and
Uasin Gishu (8) cases [19]. Also in Haiti between 2010 — 2012 and in Zimbabwe
between 2008 — 2009 cholera outbreaks occurred with very high mortality rate.
Cholera disease can be transmitted from the environment to individuals ingest-
ing contaminated food and water, between individuals through direct and indirect
contact with those infected e.g by shaking hands. This section therefore gives an
overview of literature concerning within-host cholera models, between-host cholera

models and fractional order derivative models.

2.2 Within-host and Between-host Cholera Models

Xueying Wang and Jin Wang [48] formulated a model linking within-host and

between-host interaction is given as follows:

dS SB

o /lN_ﬁHZS]_ﬁLK_'_B_/JS"i_UR
dl

P 6HZSI+5LK+B_(’Y+H>I

dB



Z is the concentration of vibrios in humans, Sy is human transmission and 3y, is
the environment transmission. The formulation of the within-host dynamics given

as follows:

Cfi—f = %uB +vZ —pZ (2.2)
Where vZ is the intrinsic growth of human vibrios, uB is the rate at which the
environmental vibrios are ingested in human body, pZ is the rate at which human
vibrios are removed due to shedding or death of vibrios and € is the constant

emphasizing time scale. The environmental factor linking within and between

host is given as follows:

(ii—lj = €(2)-46Z (2.3)
€(Z) is the shedding rate of the vibrio that depends on human vibrios, ¢ is the
degradation rate of B (natural death and other forms of removal) and B is the con-
centration of the vibrio. Their results show that dynamics of the coupled system
can be recovered by those of the slow and fast systems obtained by the fast-slow ap-
proximations. They suggested that incorporation of the immunological modelling
principles with detailed pathogen - cell interactions into the model will enrich the
within-host dynamics, and lead to potentially deeper understanding of the disease
mechanism. The model assumes that the growth of human vibrios only depends
on the environmental vibrios and the intrinsic dynamics of the human vibrios de-

spite the within-host cholera dynamics may also connect to several epidemiological

factors such as the disease prevalence.

Wang J and Modnak C [41] developed a between-host mathematical cholera model

with controls given as follows:



as B
= pN — ﬁeSqu—B — BpST — pS —v(t)S

@
al B

G = S oS =Gl —a(n)]

‘;—f — I —6B—w(t)B (2.4)

i denotes the natural human birth/death rate, € is the rate of human contribution
(e.g. shedding) to Vibrio cholerae, § is the natural death rate of Vibrio cholerae,
~ is the rate of recovery from cholera and (. and [, represent rates of ingesting
vibrio from the contaminated water and through human-to-human interaction re-
spectively. Vaccination is introduced to the susceptible population at a rate of
v(t), so that v(¢)S(¢) individuals per time are removed from the susceptible class
and added to the recovered class. Therapeutic treatment is applied to the infected
people at a rate of a(t), so that a(t)I(t) individuals per time are removed from
the infected class and added to the recovered class and water sanitation leads to
the death of vibrios at a rate of w(t). Their simulation results show that differ-
ent controls (such as vaccination and treatment) closely interplay with each other.
Further analysis shows that a combination of multiple intervention methods gen-

erally achieves better results than a single control such as vaccination only.

A multi-scale cholera model linking between-host and within-host dynamics was
developed by Chayu Yang et al [7] to investigate the transmission dynamics of
cholera disease. The model emphasized on the different levels of infection among

human individuals in the within-host dynamics;

7 _ CB=Y_ Z

dt
N
dB B
— = aB(l—-—= Y Z;—0B 2.
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Where ¢ = 1,2, ...., N The within-host dynamics is connected to the between-host
dynamics through an environmental equation that characterizes the growth of the

pathogen and its interaction with the hosts outside the human body.

Xueying Wang and Jin Wang [45] developed a within-host dynamics of cholera

with bacterial-viral interaction given as follows:

iB B
% == A_aK+BV_01B

iz

z _ o Z

@ ~ D) thagTRV -0

A )40 V— gV (2.6)
it kB’ % '

Where B represents environmental vibrios, Z human vibrios, V' concentration of
the virus (cholera toxin phage), « is the contact rate between the environmental
vibrios and the virus and g(Z) and h(V) is the intrinsic growth rate of Z and V/
respectively. Their main focus is the interaction of environmental vibrios, human
vibrios and the vibrios within the human host since such interaction is critical
in shaping the evolution of the pathogen within human body and directly con-
tributes to the epidemiology of cholera at the population level, since the human
vibrios shed out of human body will remain highly infectious for a certain period
of time and can be transmitted among human hosts. They established the basic
reproduction number as a sharp threshold for disease dynamics such that when
Ry < 1, the highly infectious vibrios will not grow within the human host and the
environmental vibrios ingested into human body will not cause cholera infection
and when Ry > 1, the human vibrios will grow and persist, leading to human

cholera.

Conrad Ratchford and JinWang [12] developed cholera within-host model for an

average infected individual given as follows:

11



dz
= CBV —diMZ —e€Z

dt

av

% = CQBV—dQMV—TV

dM

W = elMZ + BQMV - pM (27)

which is the fast scale system where Z, V, and M represent the concentrations of
human vibrios, pathogen and host immune cells, respectively. The dynamics of
the environmental evolution of the vibrios is governed by the equation given as

follows:

CZ—? = €(Z)I—-6B

Is the low scale system, where €(Z) is the host shedding rate that depends on
the human vibrios. In their analysis, the within-host dynamical system proposed
is expanded to include the influence of human virus (cholera toxin phage) and
immune cell interaction with the infectious vibrios and they findings shows that
the slow-scale and intermediate scale systems act predictably and the dynamics
of the smaller of the two combined systems depends mostly on R,. However,
the study recommends a complete stability analysis of the equilibrium of the full
system of particular interest and they suggest that numerical simulation using
real world data should be done to shed more light onto the likelihood of various
assumptions.

This study focused on developing a within-host cholera model with vaccination

investigating the impact of vaccination on the dynamics of in-host infection of

cholera disease.

12



2.3 Mathematical Models with Temperature Dependent Parameter

In this section, we take a look at the mathematical models that have incorpo-
rated the relationship between temperature and infectious diseases but the first
step towards understanding the relationship between temperature and disease is
to define “normal” body temperature, from where deviations can be measured.
For instance, many attempts has been made to this end, including the 1868 sem-
inal paper by Wunderlich [43], who is believed to be the first to establish a link
between fever and clinical diagnosis. He was also the first to apply a thermometer
experimentally to measure human body temperature. Using a large sample size,
Wunderlich [43] concluded that the average axillary human body temperature is
37.0°C, with the upper limit of normal defined as 38.0°C. However, newer stud-
ies challenged Wunderlich’s [43] “normothermia” [29]. Furthermore, research has
shown that body temperature is a function of several variables such as age ,gen-
der, time of the diurnal cycle and more so environmental temperature and state
of health [26] and [27]. Below are some description of mathematical models that

show the relationship between infectious diseases and temperature changes.

Md Arquam et al [30] developed an SIR model for Vector-Borne diseases inte-

grating environmental temperature conditions given as follows:

dS;;(t) = —Bn(k)Shk () Ink(t) — Bonb(T) Sy (t) L, (t)
d];i;(t) = Bu(k) Sk () Ink(t) + Bonb(T) S (t) Lo (t) — pn Ik (t)
% = ppdpi(t) 28)

Where b(T) is the bitting rate that is dependent on temperature. The study inves-

tigated the effect of temperature on spreading of vector-borne diseases. The study

13



concluded that favourable temperature increases the disease spreading from vector
to host and by cascading effect to the host population. The study further shows
that the threshold of spreading rate of the disease is proportional to the square of
the biting rate b(7") which is defined as the function of temperature. Simulations
are performed using the SIR model using an homogeneous contact network and
shows that temperature increases the critical threshold value of the spreading rate

of the disease.

Eunice et al[14] developed a mathematical model of the impact of temperature
variations and immigration on malaria prevalence in Nigeria. The study examines
the population-level impact of temperature variability and immigration on malaria
prevalence in Nigeria using a novel deterministic model. The model incorporates
disease transmission by immigrants into the community. In the absence of immi-
gration, the model is shown to exhibit the phenomenon of backward bifurcation.
The disease-free equilibrium of the autonomous version of the model was found to
be locally asymptotically stable in the absence of infective immigrants. However,
the model exhibits an endemic equilibrium point when the immigration parameter
is greater than zero. The endemic equilibrium point is seen to be globally asymp-
totically stable in the absence of disease-induced mortality. Numerical simulations
of the model show that in Nigeria, malaria burden increases with increasing mean

monthly temperature in the range of (22 to 28)°C.

Salisu M. and Danbaba [33] developed a mathematical modelling of the effect of
temperature variability on malaria control strategies. The population of wholly
susceptible humans is generated by birth at a constant rate. This population in-

creases through the loss of vaccination-acquired immunity by wholly vaccinated
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individuals and is decreased by vaccination. Proportion of these individuals ac-
quire malaria infection following effective contact with infectious mosquitoes at a

temperature dependent rate AH (7T'), given as follows:

_ BvuaMi(t)

)\H(T) = Nv(t) (1 — eBaB)aM(T)

In the study, a non-autonomous (temperature dependent) and autonomous (tem-
perature independent) models for the transmission dynamics of malaria in a popu-
lation are designed and analysed. The models are used to assess the impact of tem-
perature changes on various control strategies. The autonomous model is shown to
exhibit the phenomenon of backward bifurcation, where an asymptotically-stable
disease-free equilibrium (DFE) co-exists with an asymptotically-stable endemic
equilibrium when the associated reproduction number is less than unity. Sensitiv-
ity analysis using temperature data is used to assess the parameters that have the
most influence on malaria transmission. The partial rank correlation coefficient
for the use of larvicides is positively correlated with the vaccinated reproduction
number when the temperature ranges between (15 to 20)°C and (30 to 35°C'), thus
within those temperature intervals, use of larvicides may impede effort aimed at

reducing malaria infection.

Based on the above studies, this study focused on developing a between-host
cholera model with temperature dependent parameter, the infection rate of the
pathogen «; that is dependent on temperature is incorporated both on long and
short cycle transmission roots to investigate the dynamics of cholera disease with

change in temperature.
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2.4 Fractional Order Derivatives Models

A study [21] developed a fractional order model for cholera disease transmission

with control strategies given as follows:

DIS() = X (1= 0giso e - O gy
D) = (-1 - S P o tani
DIB(t) = §(t) — (wi+ 59 B(t)

DIR(t) = wial(t)+01S(t) — pIR(t) (2.9)

The result of the study shows that at different values of order of derivative, the
solution profile of the model attains its stability at the equilibrium point. The
control measures investigated in this study were health education campaigns, hy-

giene practices and treatment of infected individuals.

Sani and Mohammed [35] developed a Caputo sense fractional order derivative
model of cholera and analysed the dynamics of cholera disease with controls. The
control measures studied includes treatment, hygiene consciousness and vaccine,
the results were produced in graphs to show the dynamics of the susceptible, effects
of vaccine on the susceptible and the rate of cholera infection. The result show
that lower fractional order values in the range 0.25 to 0.5 gives lower values of sus-

ceptible and vaccinated individuals but gives higher number of infected individuals.

The findings of the study [35] further shows that the fractional order results gave
a better and efficient, portray of the successful useable controls. However, this

study did not consider the effect of environmental conditions such as temperature
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on the transmission dynamics of the disease, as a result, this study adopts the use
of Caputo fractional order time derivative to analyse the dynamics of between-host

cholera model with temperature dependent parameter.
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CHAPTER THREE

DYNAMICS OF WITHIN-HOST INFECTION CHOLERA MODEL
WITH VACCINATION.

3.1 Introduction

In this chapter a within-host cholera model with vaccination is developed to in-
vestigate the impact of vaccination on the dynamics of in-host infection of cholera
disease in the human small intestine. In section (3.2) the model is described and
formulated, in section (3.3) positivity and boundedness of solutions of the model
are investigated, in section (3.4) the basic reproduction number is determined, in
section (3.5) stability analysis at the equilibrium points are analysed and in sec-
tion (3.6) numerical simulation of the formulated model is done to investigate the

impact of cholera vaccine on the dynamics of in-host infection of cholera disease.

3.2 Model Description and Formulation

Cholera infection involves the interaction between the vibrio V' and the target cells
B. The target cells B are recruited at a constant rate A and they die naturally
at a rate p;. Multiplication of the vibrio within the small intestine is given by
By V', the recruitment rate of the vibrio is given by hy Z . The interaction of vibrio
within the small intestine with the target cells B leads to the infection of target
cells at the rate aBV, where « is the contact rate between the target cells and
the vibrios in the small intestine that leads to production of infected cells Z. The

infected cells die naturally at a rate uo, and they are shed out at a rate d. The

aBV

v such that ¢ is the measure of saturation

saturation incidence rate is given by
level of the vibrio. The natural clearance rate of the vibrio and shedding rate is

given by o and s, respectively. The vaccine whose efficacy is v with proportion
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of non-effectiveness of the vaccine given by 1 — v exposes an individual to a dose
of live cholera bacteria, which causes the body to produce antibodies against the

disease.

The system of ordinary differential equation governing the description previously

is as follows:

B aBV

Do A—a- — B
dt =Ny —m
4z aBV

- Uiy~ @tm)Z
PA%S

3.2.1 Assumptions of the Model.
Target cells are recruited at a constant rate

3.3 Positivity and Boundedness of the Model.

Since model (3.1) describes human cells, it should be well posed. Thus in this sec-
tion, positivity and boundedness solutions of model (3.1) are discussed. Positivity
of solutions of the model (3.1) is determined using the following initial conditions
(3.2):

B(0)=By>0,Z(0)=Z,>0,V(0) =V, > 0. (3.2)

3.3.1 Positivity of the Model

Proposition 3.3.1. Solutions of model (3.1) with initial condition (3.2) are pos-
itive in the region defined as R3, = {(B,Z,V)|B >0,Z >0,V > 0}.

Proof. Let N = sup{t > 0|B > 0,7 > 0,V > 0}. For the first equation of model

(3.1) given as follows:
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dB aBV aV
2 A1 B=A-—
=Ny —m =15

dt
by aV(T) o
From this the integrating factor is efo!™7) Thavimdrm(®)

“u)B (3.3)

Multiplying (3.3) by the integrating factor yields;

1— _aV(r) dr
dB(t)e Jo =) T30y dr+im @) > Aol 0= SR dr+m ()
dt -
aV(r) _aV(r)
Solving the inequality yields B(t)efot =55 dmHm (0 _p () > fo Aedo 0= vy dr i (0dr
Therefore B(t) becomes;
— [F1—ry) oY) g t
B(t) > B(0)e ot mavidri
t
o I3 TR drtm ®) / Aels =) R drtm e
0
Thus B(t) > 0.
From the second equation of model (3.1) given as follows:
dz aBV aBV
E:( —7)1+5V—<d+M2)Z:(1—7)1+5V_(d‘i‘m)z (3.4)
The integrating factor is elo(d+n2)tdr
Multiplying (3.4) by the integrating factor yields;
t
dZ(t)efo (d+p2)td > (1 ,y) aBV efg(d+ﬂ2)td7—
dt - 1+0V
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Solving the inequality yields Z(t)eo (@tu)tdr) — 7(0) > N 7)%ef0k(d+“2)t)d7

Therefore Z(t) becomes;

t t t B k
£ > Z(0)e~ Jodtuz)tr = Jo (dtp2)tdr o / 1 aBV Jo (d4p2)t)dr>0
Z(t) > Z(0)e +e O( ’7)1 5‘»‘3

Thus Z(t) > 0.

In a similar manner to the third equation of model (3.1) as follows;

C;—‘t/ =06yV —(c+ )V (3.5)

From this the integrating factor is efo (et

Multiplying (3.5) by the integrating factor yields;

dV (t)elo (e +s)dt

> vV fg(a—l—s)dt
7 > (ByV)e

Solving the inequality yields as follows:
t
VO v ()2 [ (vl (3)
0

Therefore V(t) becomes V (t) > V(0)e~ Jo(ots)dt f;(ﬁVV)efok(HS)dk >0

Thus V(¢) > 0.
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Hence, all the solution of model (3.1) given initial conditions (3.2) at any time ¢
are positive. Therefore, the population of target cells and infected cells in human

will continue to grow positively.

3.3.2 Boundedness of the Model

Since the model formulated describes cells in a human being, the population of

the target cells and the infected cells will always remain bounded as shown below.

Proposition 3.3.2. Let tg > 0. If By > 0, Zy > 0 and Vi > 0 then B(t), Z(t)

and V (t) will each remain nonnegative and bounded in € R® for all t € [0, t,].

Proof. Let N(t) = B(t) + Z(t), where N is the total number of cells and let

[ = p1 = po. From the system of equation (3.1), we have

N'(t) < A= (u2Z) < A — puN(t)

N'(t) < A — uN (1)

Integrating both sides of N'(t) < A — uN(t) yields;

/N’(t)dt < /(A — uN(t))dt =

A
N(t)e' < /;e“tdt

Integrating the right side of N(t)e* < [ %e“tdt with respect to (t) yields
t A t
N(t)et < —e" 4+ C
i

N(t) < —+Ce
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lim N(t) <

A
t—r00 ﬁ
Hence N(t) is bounded, since solutions of model (3.1) are positive and bounded for
t > 0; therefore, model (3.1) is mathematically and epidemiologically meaningful

and is sufficient to consider its solution in ®. ]

3.3.3 Existence of Infection Free Equilibrium (IFE) Points

These are steady state solutions in absence of cholera disease in the body; therefore,
target cells are not infected. Stability analysis is carried out to predict the long

term behaviour of the solutions of the model (3.1).

Proposition 3.3.3. For the model (3.1) IFE point is given by [FE = (By, Zo, Vo)
= (;+,0,0).

Proof. At IFE, Z = 0,V = 0. Therefore considering the first equation in system

(3.1) and replacing Z = 0,V = 0 and equating its right hand side to 0 yields

A= muyB=0
AN=muB
Making B the subject yield
A
B = m (3.7)

Therefore the infection free equilibrium point of system (3.1) is (ﬁ,0,0). This
shows that the infected class is zero since there are no pathogens and the entire
population of cells consists of target cells only and their growth is bounded by
N O

T

3.4 Basic Reproduction Number, R,.

The basic reproduction number R, is the epidemiological measurement of the
transmission potential of cholera disease in a given population of human cells.

Hence, when vibrio enters into a population of target cells it will infect them.
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Definition 3.4.1. The reproduction number Ry is defined as the average number
of secondary infections produced by a unit infectious cholera pathogen over the

course of its infectious period in uninfected target cell population [38].

Lemma 3.4.1. The vaccine reproduction number of model system (3.1) is given

by;
hy (1 —~)aB

(d+ p2)(o+s—pPv)

ROV =

Proof. Using the method of next generation matrix approach given by [38] to

determine the basic reproduction number Ry. Consider the matrix
M=FK

F'is the jacobian of F which refers to the rate of new infection of cells and K is
the Jacobian of K which refers to the rate of transfer of infected cells from one
compartment to another. From model (3.1) the associated matrices are;

(1—y)aBV
ro (S "

(d+ p2)Z
k= ( —hyZ + (O’:L— s — ﬁv)v ) (39)

The jacobian matrices of (3.8) and (3.9) are;

F= < 8 (1_8’)0‘3 > (3.10)

K- ( d+ o 0 > (3.11)

The inverse of matrix K is;

1 0
K‘1=< (&) 1 > (3.12)
(

dtp2)(o+s—PBv) (o+s)—PBv

24



Therefore,

(3.13)

(1—y)aB (1—y)aB
0

M=FK= ( hy (d+p2)(o+s—Bv) (o+s—PBv)
0

The intervention strategy in this study is the vaccine efficacy; hence, the associ-
ated reproduction number is referred to as vaccine reproduction number denoted
Ryy; it is the threshold quantity that predicts the spread of cholera disease in a
given population of target cells in presence of vaccination. Therefore, the vaccine
reproduction number Ry, = p(FK™!) which is the spectral radius of the matrix
FK1is;
hy(1 —~)aB

(d+ p2)(o + s — Bv)

The calculated Ry, depends on vaccine efficacy and when Ry, < 1 there will be

Roy =

(3.14)

elimination of infected cells due to the action of vaccine. The vaccine reproduction
number, Ry, being the measure of severity of an epidemic, it determines whether

or not cholera disease will invade target cell population.

Epidemiologically this implies that if Ry, < 1, cholera infection will die out and

if Roy > 1, cholera infection will persist in cell population. O

3.5 Stability Analysis

The stability at the I F'E determines the short-term epidemics of the infection of
cells, while its dynamics over a longer period of time is characterized by the global
stability at the IFE. In this section, the analysis of local and global stability of

I FE and local stability of I F is done.
3.5.1 Local Stability of the Infection Free Equilibrium (IFE)

Theorem 3.5.1. For any time t > 0, the infection free equilibrium IFE =
(ﬁ,0,0) of model (3.1) is locally asymptotically stable whenever Rgy < 1 and

unstable whenever Ryy > 1.
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Proof. The jacobian matrix of (3.1) is given as follows;

—(1—y)aV 0 —(1—7)aA
B s
J = TV —(d+m) e (3.15)
0 hV 6‘/ - (O’ + S)

Evaluating the I F'E points in the jacobian matrix (3.15) at [FE = (%, 0,0) yields;

Jirg = 0 —(d+p) (1;# (3.16)
0 hV ﬁv - (O’ + 8)

The matrix (3.16) in terms of Ryy yields;

Jire = 0 —(d+p2) (17## (3.17)
0 hV BV — (O’ + 8)

For asymptotic stability all the eigenvalues should be strictly negative. It can be

seen clearly that \y = —p

From (3.17) consider the matrix A

A= ( —(d + p2) O}# )

hy By — (o +5)

The trace of A is —(d+p2)+[By —(o+s)]. The trace will be negative if (o+s) > By
The determinant of A = —(d + p2)[By — (¢ + s)] — [hv(1 — v)aB]. This implies
that the determinant = —(d+ p2)[Bv — (0 + s)] — Rov (d + u2)[(c + s) — fv]. This
can be written as det (A) = (d + p2)[(o + s) — Bv] — Rov(d + p2)[(o + s) — Bv].
When the determinant is simplified, it becomes det (A)= (d+ u2)[(0 +s) — By ][1 —
Royv]. Whenever (o + s) — By > 0 and Roy < 1, det> 0 .
This shows that I F'E is locally asymptotically stable whenever Ry, < 1 otherwise

unstable.
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This implies that with small perturbation of I FE, the solution of model (3.1) will

eventually converge to [ F'E/ whenever Ry, < 1.

Epidemiologically it implies that if a few infectious cholera pathogens are intro-
duced into a population of target cells, the disease would die out when Ry, < 1,

otherwise the cholera disease would spread into population of target cells. O]
3.5.2 Global Stability of the Infection Free Equilibrium (IFE)

The global stability of the I F'E of the model (3.1) is explored using Castilo-Chavez

[11]. The model (3.1) is rewritten in the form;

dH(t) _
o = LX), Z(1)
20 _ ax (0, 2).6(x(0).0) =0

Where X (t) = B(t), X(t) € R, denotes the uninfected cells and Z(t) € Ry
denoting the number of infected cells . At IF'E there are no cells infected which

implies that Z(t) = 0 and V(¢) = 0. Hence

A
IFE=(X",7"), X" =(—,0)
21

The conditions;

d);—;” = H(X(t),0), X*
G(X(1),Z(t) = MZ —G(X (), Z(1), G(X(t), Z(t)) >0 (3.18)

X* is globally asymptotically stable, Where M = D,G(X*,0) is a Metzler matrix
(the off diagonal elements of (M) are non-negative). If model (3.1) satisfies the
conditions above (3.18), then Theorem (3.5.2) holds.
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Theorem 3.5.2. The fized point IFE = (X*,0) is globally asymptotically stable
equilibrium point of model (3.1) whenever the Ry, < 1 whenever conditions (5.19)

are satisfied, otherwise unstable.

Proof. From model (3.1), at DFE we obtain;

A — /,LlB
H(X(t),0) = 0 (3.19)
0
And
G(X (1), Z(t) = M(t)Z(t) — G(X (1), Z(t))
Where
B R
u=(T g e ) 20
And

: L GxX@.2(0) (0
G(X(”’O)‘<é2<x<t>,z<t>>)‘( ) (3.21)

Since G(X (), Z(t)) > 0 and the conditions (3.19) are satisfied, IFE is globally

asymptotically stable whenever Ry, < 1 otherwise unstable.

This implies that given a large perturbation of the I F'E, the solutions of the model

(3.1) will eventually converge to I F'E whenever Ry, < 1.

Epidemiologically, this means that if large number of vibrios are introduced to
a population of target cells, cholera disease would die off hence elimination of
infection in cells since there are no secondary infection produced whenever Ry, <

1, otherwise cholera disease would persist. O
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3.5.3 Local Stability of the Infection Equilibrium (IE) Point

Infection Equilibrium (IE) points is the state at which the disease persists in
the cells. We investigate the local stability of infection equilibrium points at
EX(B*, Z*, V™).

Theorem 3.5.3. The infection equilibrium point E*(B*, Z*,V*) of system (3.1)

15 locally asymptotically stable whenever Ry, > 1, otherwise unstable.

Proof. The infection equilibria E*(B*, Z*, V*) of model (3.1) is obtained by equat-

ing model (3.1) to zero then solving.

aBV
A—(l—V)H—év—mB—O
aBV
1 - 7 =
( 7>1+5V (d+p2)Z =0

hvZ + ByV — (0 +s)V =0

The following equilibrium points are obtained by solving the above equations in

Theorem 3.5.3 simultaneously:

[(d + p)][(1 + 6V™)] 27

B = T (3.22)
v (5+3)—5VZ*
hy

Now, the jacobian matrix of (3.1) evaluated at E* is given as follows:

—(I=y)aV* 0 _{(1*7)a3*]
v H1 (+0v)
_ 1—y)aV™ 1—v)aB*
Jp- = St —(d+p2)  [y] (3.23)
0 hy Py — o +s)

For the linearized system (3.1), the characteristic polynomial is expressed as fol-

lows:

| J=A|=0 (3.24)
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When (3.23) is substituted into (3.24), it yields

—(1—y)aV* 1—y)aB*
R — - A 0 _[((1435)\/*) }
1—y)aV* 1—~)aB* —
= “drm)-x (el (=0 (3)
0 hV ﬂv - (O' + S) - A

Solving (3.25) yields;

~m Al ) Al A= s aB -+

Let

m:[<1_7)05 *]
146V

n= By — (o +9)]

V*: (5—{_8)_6‘/2*
hy

(1—=17) ;
maB ]hv

1=9 ..
(1+5V*)aB I

c=|

(1-7)

2=l (14 06V

aV”]
Then equation (3.26) can be written as
[—m — g — AN[=(d+ p2) = A][n = A+ 2[n—A —c=0 (3.27)

Expanding equation (3.27) yields;

(NN [(m— ) = (detpr2) +n] + A [[(metpa) (At prz) + (m— g )]+ (mt g ) (At prz) +-2]

nfm+p—1)(d+p+2)+c=0

Solving the above cubic equation yields;
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A= =[n[(m 4+ p = 1)(d+ p2 + 2)] + ¢]

Implying that A + A[(m + p1)(d + p2) + (m — pa)n] + [(m + ) (d + ps) + 2] =0

and

S CRTHICLTAEIUETAL .

VIm A+ pa)(d+ p2) + (m — py)n]? — 4(m — ) (d + po)
2

+

Now the eigenvalues A\; = —[n[(m+pu—1)(d+pus+2)]+¢] and the second eigenvalue

is as follows:

N — —[(m+M1)(d+52) + (m — p)n] (3.29)

VIm + ) (d + po) + (m — p)n]? — 4[(m + pu)(d + p2) + 2]
2

and the third eigenvalue is as follows:

o —[(m+#1)(d+52) + (m — pu)n] (3.30)

VIm+ m)(d+ po) + (m — p)n]? — 4[(m + p)(d + p2) + 2]
2

_|_

If 4[(m+ p1)(d+ p2) + 2] > [(m+ ) (d + pa) + (m — p1)n)?, then the square root
part of \g,3 yields an imaginary root hence a possibility of backward bifurcation
2] which is an indication of the oscillatory behaviour in cholera outbreaks; also,
Theorem (3.5.3) implies that a small perturbation of IE, the solution of model

(3.1), will always converge to I E whenever Ryy > 1. Since Ay = [n[(m+p—1)(d+

—[(mtp) (d+p2) +(m—pa)n] =/ [(met ) (d+ )+ (m—pa )n]> =4[ (mtp ) (d+p2) +2]

po+2)|+c] and Ag,3 = 5
have negative real parts at infection equilibrium point, then infection equilibrium

point is locally asymptotically stable whenever Rgy, > 1 .
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Epidemiologically implying that if vibrios are introduced in a population of target
cells and there are new secondary infections produced whenever Rqy, > 1, then
cholera disease would persist in the population of cells. The study of backward
bifurcation in a disease dynamics can also occur when the reproduction number is

less than unity, Roy < 1; this is explored in the next section.
3.5.4 Bifurcation Analysis

Backward bifurcation in disease transmission models is where a stable endemic
equilibrium co-exists with a stable disease-free equilibrium when the associated

reproduction number is less than unity.

Investigating the nature of bifurcation involving [ F'E (ﬁ, 0,0) using Castilo and

Song[10], consider a general system of ODFEs given by (3.31):

dx

= flaw)f i RUX R f € CHR" X RY) (3.31)

Theorem 3.5.4. Castilo-Chavez and Song [10], we consider the following:

(i) Let I = D,f(0,0) is the linearization matriz of system (3.33) around the
equilibrium point x = 0 with ¢ evaluated at 0. Zero is a simple eigenvalue

of the matrix I and all other eigenvalues of I have negative real parts.

(11) Matriz I has a non-negative right eigenvector w and a left eigenvector v

corresponding to the zero eigenvalue.

(iii) Let fi denote the k'™ component of f and
n 9?2
(a) a] = Zi,j,kzl vkwiwj —azi(';;j (0, 0)

n 2
(b) as = 37y vewi 54 (0,0)
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Then the local dynamic of system (3.1) around x = 0 is determined by ay

and as.

()If a; > 0, ag > 0. When ¢ < 0, with || << 1, then x = 0 is locally
asymptotically stable and there exists a positive unstable equilibrium and
when 0 < ¥ << 1, x = 0 s unstable and there exists a negative and lo-

cally asymptotically stable equilibrium.

(i1) If a; < 0, ag < 0 when ¢ < 0, with || << 1, x = 0 is unstable; when
0 < << 1, x=01slocally asymptotically stable and there exists a positive

unstable equilibrium.

(1i)If a; > 0 and as < 0 when ¥ < 0, with [¢| << 1, then x = 0 is unstable
and there exists a locally asymptotically stable negative equilibrium, when

0 < << 1, x=0 is stable and positive unstable equilibrium appears.
(iv)When a1 < 0 and ay > 0 then there exists a forward bifurcation.

(v)When a; > 0 and ay > 0, then the bifurcation at ¢ =0 is backward.

]

Proof. Using Castilo-Chavez and Song [10], let ¢» be the bifurcation parameter

such that if Rgy < 1, z¢ is an I F'E equilibrium for all values of .

Consider

dz

= = f@v) (3.32)

Where f is a continuous differentiable function at least twice in both z and .
The IFE is the line (zg,7) and local stability of the IF'E' changes at the point
(ajOa ¢) .
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Let

B:$1,Z—$2,V—$3

The system (3.1) becomes;

d$1<t) _ A—(l— )04.1'1() ()

dt N omm M =h
dI;t(ﬂ = (1- 7)% (d+ p2)xo(t) =: fo
B8O~ hyat BV — (o + 8)aalt) = Jy 2.33)

Applying Theorem (3.5.4) to investigate if the system (3.1) exhibit a backward
bifurcation. We first linearize the system and then compute its eigenvalues and
eigenvectors corresponding to eigenvalues with negative real part form a basis for
the stable eigenspace.

Linearizing (3.33) around the [ FE' yields;

—i 0 —(1/:’1)/)041\
0 —(d+m) 1R (3.34)
0 hV ﬂv - (0’ + S)

The eigenvalue of (3.34) is given by A\ = —puq, the trace is —(d+p2) + By — (0 +3)
and the determinant (d + p2)[By — (0 + s)][Rov — 1] > 0.

Now let w = (wy,wsy, w3)” be the right eigenvector for the matrix (3.35). Hence,

—(1—y)aA

—H1 0 — w1
0 —(d+m) 2t wy | =0 (3.35)
0 hy ﬁv — (O' + S) ws
Which yields;
1— A
( uv)a ws = 0
1

1— A

—[(d + p2)ws + %wg =0
1
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By — (0 + s)Jws =0

Solving for wy, wy and w3, we obtain wy = 2(1 — v)aA, we = % and ws = 1.
Let v = (v1,v2,v3)" be the left eigenvector of equation (3.35)
—t 0 0 (4]
0 —(d + ,ug) hy () =0 (3.36)
—(1—y)aA —y)aA
(1“?) a :1) ﬁv — (O' + S) U3
—pvr =0
—[(d+ p2)lv2 =0
—(1 —v)aA 1 —7v)aA
[—( ) Jur + [—( ) Jva 4+ [By = (0 + 8)]vg =0

H1 K1

Solving for vy, v and v3 we obtain v; =0, v =0 and v3 = 1.
It is observed that v.w = 1. Now, evaluating the partial derivatives of system

(3.34) at IFE yields;

9 f1 _ 9 fi _ (=9
8$18!E3 81:381:1 )

9 fa _ (1—-9)a
8x18x3 )

]

We therefore note that all the other second order partial derivatives are equal to

zero. Thus, computing the coefficients a; and a, defined in Theorem 3.5.4.

n
3 0 fi
a); = vkwiwj&v—
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- 0* fi

ik=1

Consider the system (3.33) and considering a; and as only as the non-zero deriva-

tives for the terms 82%5’; - and aiég; - it follows that;
1 7 1 J

a; = 21)3’[1)11113 2f2 -+ V3w a2f1
0x10x3 0x301,
*f P fa *f
= 3.37
2 st 81’181’3 T sz 8;1:1(93:3 + s 381’181’3 ( )
Substituting vs and w; in (3.37) yields
(1—7)%’A
—o VT
aq 5
(1=—7)a, (1 —7al
Ay = +2(1 — v)aA
2 5 [ /vbl(d"i_ :UQ) ( 7) ]

The signs of coefficients a; and as determine the nature of bifurcation exhibited by
system (3.1). For model (3.1) to undergo backward bifurcation, then a; > 0 and
as > 0. Consider the parameter values used in T'able 3.1 to verify the conditions

a1 > 0 and ay > 0 where

_,(I=7)%A
i =2
_(I=q)a. (1 —7)aA e
as = 5 [1+#1(d+,u2)+2(1 v)aA]

Let a = 0.09, v = 0.9, 6 = 0.05, 1y = po = 0.27 substituting these numerical values
in a; and ay yields a; > 0 = 3.24 x 10® and a, > 0 = 2.68304 x 10°. Hence, model
(3.1) exhibits backward bifurcation. This implies the epidemiological implication
in relation to cholera disease of backward bifurcation is that Ry, < 1 is necessary
and not sufficient for effective control of cholera disease; hence in a backward
bifurcation setting the cholera disease will invade to a relatively high endemic

level in cells.
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3.6 Numerical Simulation

In this section, numerical simulation is done to illustrate the theoretical results by
numerically solving the model system (3.1). This is carried out by first taking the
initial values from existing literature as shown in T'able 1. Using the parameter
values in T'able (1) and fitting the model (3.1) in MATLAB software, the ode45
command in MATLAB is used to solve it and the results in Section (3.6.2) are

obtained.
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3.6.1 Parameter Values

The parameters values are described in Table (3.1).

Table 3.1: Parameter values for the within-host cholera Model

Description Parameters Initial value Source
Recruitment rate of B A 1.0 % 10° cells 137]
Natural death rate of B 1 0.27 day™! [12]
Natural death rate of Z f2 0.27 day™! [12]
Contact rate of B and V a 0.9 day™* [12]
Clearance rate of V o 0.02 day™! [12]
Vaccine Efficacy Y 0.66 [39]
Recruitment rate of V hy 0.7 day™! 37]
Shedding rate of V s 0.03 day~! 37]
Multiplication rate of V By 0.3 day~! 37]

3.6.2 Simulation Results

The graphs and the results obtained are described as in the Figures 3.1, Figure
3.2, Figure 3.3 and Figure 3.4 .

Figure 3.1, Figure 3.2, Figure 3.3 and Figure 3.4 shows a graph of target cells
B, infected cells Z and the vibrio V' against time in minutes when v = 0.1, when

v = 0.6 and when v = 0.9 respectively.

In Figure 3.1, it is observed that if the vaccine efficacy is low i.e v = 0.1, there
are more cells infected which is an indication that there are pathogens invading
the target cells in the small intestine as a result decrease in number of target cells
as they become infected due to their interaction with the pathogen. This implies

that the lower the vaccine efficacy, the higher the rate of infection of target cells.

38



>~ 104

R
o]

<NW
|

BZV

O r N W M O 0 N 0O O

N

o 500 1000 1500 2000 2500 3000 3500 4000
Time in mins

Figure 3.1: Graph of (B,Z,V) against time when v =0.1
In Figure 3.2, the vaccine efficacy is v = 0.6, the number of cells infected decreases
compared to when v = 0.1. This shows that with improved vaccine efficacy there
will be low infection of cells without which the vibrios will continue to invade the

cells to cause infection and this explains why cholera disease is persistence.
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Figure 3.2: Graph of (B,Z,V) against time when v = 0.6

In Figure 3.3, the vaccine efficacy is v = 0.9, this leads to decrease in the number
of cells infected which implies that with vaccine efficacy being high, the chances of
cells getting infected will be low compared to when the vaccine efficacy is low. It
also implies that when the vaccine efficacy is high, it takes longer time for healthy

cells to be infected.
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Figure 3.3: Graph of (B,Z,V) against time when v = 0.9

Figure 3.4 shows backward bifurcation diagram for the force of infection against

reproduction number of model (3.1) using parameter values a« = 0.9, v = 0.66,

0 = 0.05, d = 04 and pu; = ps = 0.27. This shows that backward bifurcation

occurs for values of Ryy such that R < Rgy < 1 hence, reoccurrence of in-host

infection cholera disease when Rgy < 1.
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Figure 3.4: Bifurcation Analysis Curve
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3.7 Conclusion

In this research, a within-host cholera model with vaccination is developed and
analysed. The existence and stability of the steady states of the model has been
determined and show that it is locally and globally asymptotically stable when
Ry < 1 and unstable when Ry, > 1. The analysis of the model also show that
infection equilibrium point is locally asymptotically stable when Ry, > 1; this
means that there is persistent infection. Furthermore, analysis shows that when
the vaccine efficacy 7 is high, there is high clearance rate of Z and V. In this
research, Roy < 1 is not sufficient enough to eradicate in-host cholera disease; as
a result, the model (3.1) undergoes backward bifurcation indicating co-existence
of infection free equilibrium point and infection equilibrium point when Ry, < 1

and this explains why cholera disease has remained persistently endemic.
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CHAPTER FOUR

DYNAMICS OF BETWEEN-HOST CHOLERA MODEL WITH
TEMPERATURE DEPENDENT PARAMETER

4.1 Introduction

Many studies have been done to determine the dynamics of weather conditions
(rain/drought) on the spread of cholera disease but none has been done to de-
termine the dynamics of temperature on the multiplication and spread of Vibrio
cholerae. In the previous model of within-host cholera disease with vaccination
analysed in Chapter 3, it has been shown that despite vaccination against cholera
backward bifurcation occurs even when Ry, < 1. It therefore means that Vibrio
cholerae still exists in the human small intestine and is thus released to the envi-
ronment through defaecation or is spread between human beings. From research
[32], the normal standard state environmental temperature is in the range 20.0°C
to 25.0°C and the average axillary body temperature is 37.0°C, with the upper
limit of normal defined as 38.0°C and the typical temporary elevations in body
temperature ranging from 38.0°C' to 40.0°C' caused by most short-lived (acute)
infections. Studies [15] have shown that cholera incidence have been predominant
when there is always interchange of seasons hence making it difficult in control-
ling cholera disease. In this study a between-host cholera model with temperature
dependent parameter is formulated and analysed to investigate the effect of tem-

perature change on the dynamics of between-host cholera disease.

In section (4.2) the model is described and formulated, in section (4.3) positivity
and boundedness of solutions of the model are investigated, in section (4.4) the

basic reproduction number is determined, in section (4.5) stability analysis at the
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equilibrium points are analysed, in section (4.6) sensitivity analysis is performed
to examine the effect of changes in the model’s parameter and in section (4.7)
numerical simulation of the formulated model is done to investigate the effect of

the temperature of the environment on the dynamics of cholera disease.

4.2 Model Description and Formulation

The human population is divided into Susceptible individuals S(t¢), Infected in-
dividuals 7(t) and the Removed individuals R(t). The vibrio concentration is
denoted by B(t). Susceptible individuals are recruited at a constant rate A;. The
population of the susceptible individuals is reduced by infection resulting from
interaction with the Vibrio cholerae in the environment at contact rate #. The
transmission rates when susceptible interacts with the pathogens is controlled by
w. This population of susceptible is reduced through oral vaccination at the rate
v. The vaccine administered presently are not perfect, some have efficacy as low as
65 percent [39]. Therefore, it is likely that vaccinated individuals can acquire in-
fection. The population of vaccinated removed individuals is given by pvS, where
p is the fraction of vaccinated individuals who don’t get infected and vS is the
total vaccinated population. (1 — p)vS is the population of vaccinated individuals

who can be infected.

In formulation of this model, the temperature of the environment is considered
as a determining factor to the multiplication of Vibrio cholerae and its ability to
cause infection hence, the temperature dependent parameter o (7") is incorporated
in the transmission route. The population of infected individuals resulting from

the interaction between the susceptible individuals and the pathogen in the envi-

SBay(T)
K+B

ronment is given by w6
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wbi(1—p)vSBay (T

o ) is the proportion of those vaccinated and infected from interacting

with the pathogens from the environment, where 6, accounts for the fact that the
transmission probability for the vaccinated group is less than unvaccinated group.
The infected population is reduced by the death due to infection at the rate o
and natural death the rate p and recovery from the infection at the rate v;. The
carrying capacity of vibrios is given by K. Susceptible population is reduced by
natural death at the rate p. The concentration of the vibrio is generated at the
rate € through the action of the infected individuals [39] and is decreased by nat-

ural death at the rate p,.

The system of ordinary differential equation governing the description previously

is as follows:

% = nl+pvS—puR
% — - B (4.1)

4.2.1 Assumptions of the Model.

The model considers infection due to interaction with the pathogen from the en-

vironment.

4.3 Positivity and Boundedness of the Model.

Since model (4.1) describes human population, it should be well posed. Thus
in this section, positivity and boundedness solutions of model (4.1) is discussed.

Since equation (4) of model (4.1) is the equation of the pathogen class, it shall not
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be considered in the analysis.
Positivity of solutions of the model(4.1) is determined using the following initial

conditions (4.2);
S(0) = Sy > 0,1(0) = Iy > 0, R(0) = Ry > 0, B(0) = By > 0. (4.2)
4.3.1 Positivity of the Model

In this section, initial conditions (4.2) is used to show that the solutions for model

(4.1) are positive in region defined by .

Proposition 4.3.1. Solutions of model (4.1) with initial condition (4.2) are pos-

itie in the region defined as ¢ = (S,I,R) € R x R

Proof. From Proposition (4.3.1) the solutions of model (4.1) given the initial con-

dition (4.2) are positive for all ¢ > 0. Consider the first equation of model (4.1)

given by;
as wdSBay(T)  whi(1 — p)vSBay(T)
A - — —uS — 4.
i """ T K+B K+B us—pvS - (43)
wlBay(T)  wbi(1 — p)vBay(T)
e K+ B Tt puiS

. . _ rtjw6Bay(T) | woy(l—p)vBay(T)
This results in S(t) > Spe Jo[Tmrs +7 xrm el 5

This implies that S(t) > 0.

In a similar manner, the second equation of model (4.1) given by;

dl  w8SBay(T) N wby (1 — p)vSBay(T)

al _ I
dt K+ B K+ B (mt+etuto)

>—(Mm+et+pto)l
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This results in I(t) > Iye~ Jotntetutoldt 5

This implies that (t) > 0.

The third equation of model (4.1) given by;

dR
T _
pt + pvS — uR

Which results in R(t) = Rpe~ ot <
This implies that R(t) > 0.

Therefore (S, I, R) € R? is a positive invariant set for the system of equation (4.1).
Hence, with positive initial conditions (4.2), the solutions of model (4.1) are all

positive. []
4.3.2 Boundedness of the Model

Since the model formulated describes human population, the population will al-

ways remain bounded.

Proposition 4.3.2. Let ty > 0. If Sy > 0, Iy > 0 and Ry > 0 then S(t), S(t) and

Rt) in model (4.1) will remain bounded in € R3 for all t € [0, ).

Proof. Let N(t) := S(t) + I(t) + R(t) be the total number of human population.

From the system of equation (4.1);

N'(t) <A —u(S+I+R)<A —uN(t)
N'(t) < Ay — uN(¥)

Integrating both sides of N'(t) < Ay — uN(t) with respect to (t) given by;
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N'(#)dt < [ (A, — uN(2))dt
fems |

A
N(t)e' < / “Lertdt
I

Integrating the right side of N(t)et < [ %e“tdt with respect to (t) yields

A
N(t)e' < u—;e“t +C

A _
N(t) < u—; + Ce

A
lim N(t) < —
t—o0 Iu

Hence N(t) is bounded. From Proposition (4.3.1) and (4.3.2), solutions of model
(4.1) are positive and bounded for ¢ > 0. Hence, the model (4.1) is mathematically

and epidemiologically meaningful to consider its solutions in ). O]

4.4 Basic Reproduction Number, R,.

Definition 4.4.1. The basic reproduction number (Ry) is the number of secondary
infections resulting from the introduction of an infective individual into a popula-

tion of susceptible individuals.

Applying the method of next generation matrix approach given by [38] to deter-

mine the basic reproduction number Rj. Consider the matrix
Fv—1.

Where F'is the jacobian of F which refers to the rate of new infection and V' is
the Jacobian of V which is the matrix for the transition terms. From model (4.1)

the associated matrices are;
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whSBa(T) + wb1 (1—p)vSBai(T)
F = ( K+B 0 K+B ) (4.4)

vz(““zgfzﬁl) (4.5)

The reproduction number Ry = n(FV™!) is the spectral radius of the matrix
FV =1 Therefore;

wON 0 (T) + wbi (1 — p)vAyon (T')
Kpu(p+pv)(n+e+p+o)

Ry = e] ] (4.6)

Since Ry is a measure of the severity of an epidemic, it determines whether the
disease will invade in a population or not. Epidemiologically, this implies that if

Ry < 1 the infection dies out and if Ry > 1 the disease persist in the population.

4.5 Stability Analysis

In this section the stability analysis of the equilibria points is carried out to predict
the long term behaviour of the solutions of the model (4.1).

4.5.1 Existence of Disease Free Equilibrium (DFE) Point

These are steady state solutions in absence of cholera disease, hence I = B = 0.

Proposition 4.5.1. For the model (4.1) there always ezists a DFE point denoted
(89 1° R° BY).

Proof. At the equilibrium point, the rate of change of the model equations (4.1)

are assumed to be zero. Therefore

~ whSBay(T)  wbi(1 — p)vSBau(T)

A
! K+ B K+ B

—uS —pvS =0

wdSBaoy (T') N wby (1 — p)vSBay (T)
K+ B K+ B

—(m+tetp+o)l=0
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vl + pvS —puR =0

el —uB=20

Since at DF'E the infection compartments are zero, let I = 0 and B = 0. Substi-

tuting I = 0, B = 0 into the above equations yield;

Ay —pvS—puS=0
pvS — R =0
Solving the above equations yields
Ay

(1 + pv)
I=0

B=0

pvAy
1(p + pv)

Therefore the DF'E points of model system (4.1) is given by;

A A
(8% 1% B, B") = (0,2 )
(1 +pv)" 7+ po)
This shows that there is no infection in the DF'E of the model (4.1). O

4.5.2 Local Stability of the Disease Free Equilibrium (DFE)

Theorem 4.5.1. For any time t > 0, the disease free equilibrium points of model

(4.1) is locally asymptotically stable when Ry < 1 and unstable when Ry > 1.
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Proof. The jacobian matrix of (4.1) is as follows;

J= e S —(mtetpto) 0 g
pu gl -0
0 € 0 — U1
(4.7)
_ wlSKai(T) w1 (1—p)vSKai (T wOSKay(T) w1 (1—p)vSKai(T)
where u = —*Zo T — S ) and g = Ten )i s v
Substituting the DF'E point in the jacobian matrix of (4.1) yields;
weLal(T) why (1—p)v 2Ly (T)
v) Gitpo) @
—/— pv 0 0 (u+pK _ u+p
wl—L—<a; (T wbhq (1— a1 (T
Jpre = 0 —~(nm+etp+o) 0 (”J”}? @ + e }g*’”) i
pU N — 0
0 € 0 — 1
(4.8)

For asymptotic stability all the eigenvalues should be strictly real and negative. It
can be seen clearly from (4.8) that A\; = —p and \y = —p — po.
For local asymptotic stability consider Jordan block 2 x 2 matrix (4.9) to deter-

mine the negative trace and conditions for positive determinant.

Q(Hﬁﬁo‘l(T) wh1(1—p)v (u+pv)a1(T) ) (49)

—(ptetpto) “EEAT L =
€ —H1

From (4.9) the trace is —(y +e+pu+0) — 1y

Determinant;

wh e (1) whi(1 = pJogissan(T)

(m+e+pto)um — ¢ % + e ]

wSa(T)[0+61 (l—p)v]

This determinant is written as [(y1 + € + p + o)1 | Ry = €] 7

This is equivalent to [(y1 + € + u + 0)][1 — Ry, hence the determinant will be
positive if Ry < 1. Hence all the roots are real and negative, it implies that DF'E

is locally asymptotically stable whenever Ry < 1, otherwise unstable.
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This implies that a small perturbation of the DFE, the solutions of model (4.1)

will eventually converge to DF'E whenever Ry < 1.

Epidemiologically this implies that if a few infectious individuals are introduced
into a fully susceptible population, then there is a high chance of infecting less than
one individual in its entire period of infectivity, this implies that cholera disease

would die out whenever Ry < 1, otherwise the disease would spread.

4.5.3 Global Stability of the Disease Free Equilibrium (DFE)

In this section, the global asymptotic stability of the DFE of the model (4.1) is

explored. Using the Matrix theoretic method; let

f(x,y) = (F_ V)x—}"(w,y) +V($,y)

Then ' = (F — V)2 — F(z,v)

Now let f(0,7) = 0 and w? > 0 be the left eigenvector of the nonnegative V~1F
corresponding to the eigenvalue pV ~'F = pFV~! = R,. Therefore the following
results provide a general method to construct Lyapunov function for z° = (F —
V)x — F(x,y). This type of Lyapunov function has previously been used to study

the global dynamics for disease models for instance [22] [23].

Theorem 4.5.2. Let F', V and f(x,y) be defined as in f(x,y) = (F — V)x —

Fla,y)+V(w,y) and F = [37(0,30)] and V = [52(0, yo)] respectively. If f(x,y) >

0inl CRY™, F>0,V'>0 and Ry <1, then the function C = w'V 'z is a

Lyapunov function on T'.
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Proof. From model (4.1)

whSBa(T) + wb1 (1—p)vSBai(T)
F = ( K+B 0 K+B ) (4.10)
and
o (mtetpto)l
v_( B el (4.11)

Differentiating C' along solution of

/ ’

v =F(z,y) = V(z,y)y =g(z,y)
Gives;
O - C |(z/:J:(x,y)—V(a:,y),y/:g(ar,y)) = wTV_lx - WTV_1<F — V).CE — CUTV_lf(aj, y)

= (Ry — Dwhz =TV f(2,y)

Since w? >0, V™! > 0 and f(z,y) > 0 in T, then the last term is nonpositive.

If Ry < 1, then ¢' < 0 in I" and therefore C' is a Lyapunov function for 2’ =

Theorem 4.5.3. Let F', V and f(x,y) be defined as in f(x,y) = (F — V)x —

F(z,y) + V(x,y) and F = [gf; (0,90)] and V' = [gﬂ‘j; (0,y0)] respectively. Suppose

that f(z,y) >0 with f(x,y0) =0in T, F >0, V71 >0 and V-'F is irreducible.

Assuming that the DFE system 3y = ¢(0,7) has a unique equilibrium y = 1y > 0

that is globally asymptotically stable in RT'. Then the following results holds for

v = Flr,y) = V(x,y),y = g(z,y).
(i) If Ry < 1 then the DFE is globally asymptotically stable in T’

(ii) If Ry > 1 then the DFE is unstable and the system x’ = F(z,y)=V(z,y),y =

g(x,y) is uniformly persistent and there exists at least one EE
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Proof. By Theorem (4.5.2), C = w"V 'z is a Lyapunov function for ' = F(z,y)—
V(z,y),y = g(z,y) provided Ry < 1. Since V~'F is irreducible , it follows that

w > 0.

Hence by (Ry — Dw"z — TV~ f(2,y), C' = 0 implying that w2z = 0 and thus

z=0.

Using the global stability assumption for the disease free system and the fact that
f(0,y) = 0, the only invariant set in R"*™, where 2 = 0 is the singleton Fy. By

Lasalle’s invariance principle [25], Py is globally asymptotically stable in T".

If Ry > 1, then by (Ry — Dw™z — "V~ f(z,y), C" = (Ry — 1)w”x > 0 provided
x>0 and y = 3. By continuity C' > 0 in a neighborhood of Py. Therefore, solu-
tions in the positive cone sufficiently close to Py move away from F,, this implies

that P, is unstable.

Epidemiologically implying that if a large number of infectious individuals are
introduced into a fully susceptible population, the disease would die off if there
are no secondary infections produced whenever Ry, < 1, otherwise the disease

would spread. O
4.5.4 Local Stability of the Endemic Equilibrium (EE) Points

This is the state in which all the compartments of the model (4.1) are non-zero.

To obtain the F'E points, the model (4.1) is solved simultaneously.

Theorem 4.5.4. The endemic equilibrium point EE*(S*, I*, R*, B*) of model

(4.1) is locally asymptotically stable whenever Ry > 1.
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Proof. When the system of equations in model system (4.1) is equated to zero we

obtain;

~ wlSBai(T)  wbi(l — p)oSBay(T)

A
! K+ B K+ B

—uS —pvS =0

wlSBa;(T) N wb (1 — p)vSBay(T)
K+ B K+ B

—(nm+e+tpu+o)l=0

vl + pvS —puR =0

el — NIB =0

Solving for B* yields;

B _ el”

H1
Solving for R* yields;

* S*
R* — (71 + pu )

1
Solving for S* yields;

S = Ay

- whear (T wb1(1—p)vea (T)
Bt pv+ S Ga + Kt
Solving for I* yields;
. wheS* oy (T') w1 (1 — p)eS*ay(T)

(K+%)(71+e+u+0) (K+%)(V1+e+u+0)

The jacobian matrix of (4.1) in terms of (S*, I*, R*, B*) is given by

—q 0 _ wiS*Kon(T)  wbhi(1—p)vS* Koy (T)
weéi{g(ﬁ?;) wb1 (1f(pl)<v—g§;()02¢1 (T)
Tope — I —(m+e+pu+o) 0 Cenormi ATy
pu gl —p 0
0 € 0 — U1
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wOB*ay (T w1 (1—p)vB*ay (T wOB*a (T w1 (1—p)vB*ay (T
let ¢ = K+1;£ ) 4 wh [23* @) 4 )i+ pvoand [ = K+l;£ ) 4 wh [é’lB* 1@

To find the eigenvalues, consider the characteristics equation

A — Jgp- |= 0
Yields;
whS*Kay(T) w1 (1—p)vS*Ka1(T)
—q¢—A 0 _9§K+B*l)2 - , : (I/;-EB*P 1

whS*Kay (T w1 (1—p)vS*Ka (T
l _(71+€+/-L+0')_)\ O (K+B*l)(2)+ 1( ([g)—‘,—B*)2 1( ) :0
pv gl —p = A 0
0 € 0 — U1 — A

(4.13)

From (4.13) which can be written as (A + p)(A + p1) (A2 + 0\ +¢) =0

Where
_wiB oy (T) | whi(1 — p)uB*an(T)
b— [K+B* T +u+po] —[(n+et+p+o)
And
OB*a (T 0:(1 — p)vB*ay (T
C:[OJ ay(T) | woy( p)vB*au( )+u+pv][(%+6+ﬂ+g)]

K + B* K + B*
It implies that \; = —p and Ay = —p;. Hence it can clearly be seen that \; = —p,
Ao = —u1 are negative.

To find the remaining eigenvalues of (4.13), let A> + b\ + ¢ = 0 such that

When A2 4 bA\ + ¢ = 0 is solved yield b = A3 + A\, and ¢ = A3)\s. Hence whenever

Ry < 1, then [Wﬁ}g@ —i—“’el(l}'{OfBB:al(T) +u+pv] < [(y1+e+p+o)]. If pv < pthen
b >0, ¢ > 0. Therefore, A\3 < 0, Ay < 0. Therefore all the roots are real and nega-

tive and E E* is locally asymptotically stable whenever Ry > 1, otherwise unstable.

Theorem (4.5.4) implies that a small perturbation of the EF, the solutions of the

model (4.1) will always converge to the EE whenever Ry > 1.
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This implies that if a few infectious individuals are introduced into a fully suscepti-
ble population and there are new secondary infections produced whenever Ry > 1,

then the disease would persist in the population. O

4.6 Sensitivity Analysis

Sensitivity analysis is the degree to which an input parameter to a model affects
the output. This analysis is performed to examine the effect of changes in the
model’s parameter to the dynamics of the models’ compartment. This parameters
have a significant impact on the dynamics of disease transmission [31]. Using the
normalized forward sensitivity index of a variable to a parameter which is the ratio
of the relative change in the parameter, this variable is a differential function of the

parameter [31]. The sensitivity index is therefore defined using partial derivatives.

Definition 4.6.1. The normalized forward sensitivity index of a variable Ry that

depend differentiability on a parameter p is defined by;

0R0 _ 8R0£

P 9p Ry

p is the parameter whose sensitivity index is to be measured [31].

There is need to investigate the sensitivity indices of the basic reproduction number
Ry, relative to the parameters involved. The basic reproduction number of the

model 4.1 is given by;

wOA 0 (T) + wbi (1 — p)vAja(T)
Kpi(p+pv)(n +e+p+o0)

Rosz[ ]

We now analyze the sensitivity indices of the parameter Ry and the following re-

sults are obtained

For 6

%x(i)— way (T) y O(K) (1 +e+p+o) B 1
00 "Ry, (K)m+e+p+o) wha(T)+wd(1—pva(T)  0+6,(1—pv
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For 01

%X(ﬁ_ Wl —par(T)  O(E)mtetpto) 6l —pp
00, "Ry’ (K)(mi+e+tpu+o) whay(T)+wh(1—pway(T)  0+6,(1—p
For oy (T')

OR, ><((Jq(T)): wl + why (1 — p)v " a(TYK)nm+e+p+o) _q
day (T) Ry (K)m+e+p+o) wlo(T)+wbhi(1— plvag(T)
For v
ORy v w(l = p)bran(T) V(K)(m+e+p+o) 01— p)v

WX(E} T K tetpto) whon(T) +wh(l—ppan(T) 0+ 6:(1—pp
Using parameter values in Table 4.2 the sensitivity indices of Ry in Table 4.1 are
obtained.

These indices measure the relative change in Ry with respect to the change in the
parameters. Therefore, using these indices, we find the parameters that highly

affect the Ry and need to be targeted for intervention strategies.

Table 4.1: Sensitivity indices of R, with respect to the model parameter

Parameters Sensitivity indices
0 0.159

0, 0.044

(05} 1

v 0.044

From Table 4.1 we discuss these parameters and how they affect the Ry of our
STRB cholera temperature dependent disease transmission model. From the sen-

sitivity indices in Table 4.1, the following can be concluded.

The sensitivity analysis of model (4.1) parameters shows that Ry is highly sensitive

to infection rate of pathogen oy that is dependent on temperature.
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An increase in infection rate of pathogen a; that is dependent on temperature by

10% would increase Rg by 10% and decreasing it by 10% reduces Ry by 10%.

Sensitivity analysis also shows that Ry is also sensitive to the effective contact rate
f on unvaccinated individuals which increases Rq by 15.9% while the transmission
probability for the vaccinated group 6; would be much less since if individuals are

vaccinated their probability of getting infected would reduce by 4.44%

Through this sensitivity analysis, this study suggest that increasing the tempera-
ture of the environment would help reduce the infection rate of the pathogen that

depends on temperature since this would help reduce the reproduction number R,.

4.7 Numerical Simulation

In this section, numerical simulation is performed using the temperature dependent
STRB between-host cholera model to illustrate the theoretical results by numeri-
cally solving the model system (4.1). This is done by first taking the initial values
from existing literature as shown in Table 4.2. By applying Euler’s formulae into

the model system (4.1) by letting n =1:T — 1 yield

wlS, B,aq(T) B wb1(1 — p)vS, Bray(T)

B wlS, B,a1(T)  wbi(1 — p)vS, Braq(T)
Liw = I,+di] KB, + K1 B, —(mte+p+o)l,

Rn+1 = Rn + dt[’}/lln + p’USn — [LRn]

Using the parameter values in table (4.2) and fitting the model system (4.1) in

MATLAB software, the results in section (4.7.2) are obtained.
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4.7.1 Parameter Values

The parameters values below are described in Table (4.2), these values have been

chosen from existing literature and others through estimation.

Table 4.2: Parameter values for the Between-Host Cholera Model

Description Parameters Initial value Source
Susceptible S Estimated
1000
Pathogens B [42]
100000
Temperature Ty = 23°C and T = Estimated
43°C
Natural death rate L 0.06 day~! [42]
disease induced death o 0.7 day™! 5]
vaccination rate v 0.2 [42]
Recovery rate T 0.1 day~* 5]
Effective contact rate 0 0.6 day™* Estimated
Transmission  probability 6, 0.2 day™* Estimated
for vaccinated group
Fraction of vaccinated indi- p 0.30 day* Estimated
viduals who don’t get in-
fected
Natural death rate of B 5 0.06 day* Estimated
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4.7.2 Simulation Results and Discussion

In this section, simulation results are presented using the temperature dependent
SIR — B model as described in the Figures (4.1), Figure (4.2), Figure (4.3)
and Figure (4.4). The key focus is in Figure (4.2) which shows the behaviour in
concentration of Vibrio cholerae for different vales of temperature. In relation to
a study [34] investigation of water quality in wet and dry seasons under climate
change whose result shows that a lot of contaminating materials normally enter the
water basin due to the lack of sewage and refinery collection systems that makes
waste water of the surrounding villages to flow into water basin. The findings shows
that during dry seasons when the temperature is high their is limited supply of
clean water for consumption and this contributes to contamination of water bodies
through human activities such as poor waste disposal. This implies that during
dry season cholera disease will still persist. Relating the results in [34] with our
simulation results of the between-host cholera model with temperature dependent
parameter, it is observed that when the temperature is high the rate of infection

will be low compared to when the temperature is low. This can be seen in Figure

(4.1), Figure (4.2), Figure (4.3) and Figure (4.4).

In Figure (4.1), is a graph of B when T' = 43°C and T = 23°C. The concentration
of B at T = 43°C is reduced at a faster rate but when T' = 23°C' the population of
B is high, this is an indication that vibrios spread and multiply faster at 7' = 23°C
but they spread and multiply at lower rate when the temperature is high. This is

clearly seen in Figure (4.2)
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Figure 4.1: Graph of (B) against time for 7' = 43°C and T = 23°C
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Figure 4.2: Graph of (B) against temperature in degree Celsius

In Figure (4.3), is a graph of susceptible population when T' = 43°C' , T' = 30°C
up-to T' = 23°C. The population of susceptible reduces at a faster rate when
the temperature is 7" = 23°C and at a lower rate when the temperature is high
(T = 43°C). This implies that at 7' = 23°C' there are more pathogens present to

cause infection hence more susceptible individuals are being infected .
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Figure 4.3: Graph of (S) against time when T = 43°C , T = 30°C and
T =23°%C

In Figure (4.4), when T' = 23°C the population of the infected individuals increases
at a higher rate compared to when the temperature is 7' = 30°C' and T = 43°C
respectively. This shows that at T = 23°C' there are more pathogens active to
cause infections which leads to many individuals being infected, after sometimes
this population decreases. Despite the differences in temperature, there will still

be infected individuals which shows persistence in cholera disease.
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Figure 4.4: Graph of I against time when 7 = 43°C and T = 23°C
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4.8 Conclusion

A between-host cholera model with temperature dependent parameter has been
formulated. The DFE points of the model is locally and globally asymptotically
stable when Ry < 1, this implies that there is extinction of the pathogen in an
individual. On the other hand, when R, > 1, the DFE becomes unstable. The
model also has endemic equilibrium point which is locally asymptotically stable
when Ry > 1, this means that there is persistent infection. Numerical analysis
has been performed to graphically illustrate the solutions to the model’s analytic
solutions and simulation result shows that Vibrio cholerae pathogens can multi-
ply and spread faster at temperatures of 23°C' but between 23°C < T < 43°C
their multiplication is hindered hence at temperatures 23°C, there will be more
pathogens active to cause infection compared to when the temperature is high.
Sensitivity analysis of model (4.1) parameters is done and shows that infection rate
of pathogen «; that is dependent on temperature would reduce Ry by 10%, also
the effective contact rate # for unvaccinated individuals will increase Ry by 15.9%
while the transmission probability for the vaccinated group #; would be much less
if individuals are vaccinated, this would reduce Ry by 4.44% . Through sensitiv-
ity analysis, this study suggest that increasing the temperature of the food/water
before consumption through heating would help reduce the infection rate of the
pathogen that depends on temperature since this would help reduce the reproduc-

tion number Ry of the pathogen.
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CHAPTER FIVE

DYNAMICS OF THE FRACTIONAL ORDER BETWEEN-HOST
CHOLERA MODEL WITH TEMPERATURE DEPENDENT
PARAMETER

5.1 Introduction

In this chapter a between host mathematical cholera model (4.1) is expressed in
Caputo fractional order derivative form and then analysed. Mathematical mod-
els developed in fractional order are useful than the ordinary order model as it
can be used in predicting outbreaks of infectious diseases. For instance, Sani and
Mohammed [35] developed a Caputo sense fractional order derivative model and
analysed its dynamics with control measures i.e treatment, hygiene consciousness
and vaccine. The result show that lower fractional order values gives lower values
of susceptible but gives higher number of infected individuals as shown in Figure
5.1 and Figure 5.3. The findings of the study further shows that the fractional
order results gave a better, efficient and portrays a successful useable controls due

its memory effect [24].

Fractional order derivative models are also useful in giving information about the
memory that can describe the model in real cases. Therefore, this study adopts
the use of Caputo fractional order time derivative to analyse the dynamics of
between-host cholera model (4.1) and compare its results with that obtained from
the analysis of ordinary derivatives between host cholera model in chapter (4).
The existence and uniqueness of the solution has been determined using Banach
fixed point analysis. Stability analysis of DF'E and E'E has been done in chapter

(4) which shows that its solutions are stable. In section (5.5), iterative solutions
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of the model has been done and the results show that the between-host Caputo
derivative cholera model is stable. Finally, graphical results for the model has
been done using Matlab software to show the effect of some sensitive parameters
for possible minimization of cholera infection in the population. Numerical analysis
of the Caputo fractional order derivative also show that cholera disease outbreaks

mostly occurs when there is low temperature of the environment.

5.2 Basic Fractional Model Description

In this section brief definitions regarding fractional derivative is given. These

definitions are applied to the analysis of the model.

Definition 5.2.1. Consider X € C™ be a function, then the well known classical

derivative with fractional order v in (n — 1,n) where n € N [24] is defined as

CDg = m fot 2" (p)(t — p)"~*dp Where DX (x(t)) — 2 (t)asa — t

Definition 5.2.2. Let x* denote the equilibrium point of the Caputo fractional
model then;

CDe(x(t)) = h(t, z(t)), a € (0, 1)if fA(t,z*) = 0

Definition 5.2.3. The corresponding integral with fractional order o > 0 of the
function © : RY — R is described as; I} = 15 [ 2(p)(t — p)*dp,0 < a < 1,t >
0

Definition 5.2.4. A function f(t,y) satisfy a Lipschitz condition in the variable
y on a set D € R? if a constant L > 0 exists with |f(t,y1) — f(t,v2)| < L|y1 — vo

whenever (t,y1) and (t,ys) are in D.

From the model described in chapter (4), the representation of the cholera model

in terms of fractional differential equation is given by;
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1

“Dg,(S(t) = m/o (t—p)~S (p)dp

“Dg,(1(t) = ﬁ/o (t—p)~ I (p)dp
CDg,t<R(t)) = ﬁ/o (t — p) "R (p)dp
“D3BU) = gy | (=B )y 65.)

Therefore the cholera model in Caputo operator form is given by;

~ wdSBay(T)  wbi(1 — p)uSBay(T)

C na _ _ —
D (S(t) = A K+ B K+ S — pvsS
C ma . (,L)HSBOQ(T) w91(1 —p>’USBOé1(T) _
Dg,(I(t) = K+ B + K+ B (m+et+tp+o)l
°D§,(R(t) = ml+pvS—puR
CDB() = f — B (52)

5.3 Positivity of the Model

Model (5.2) describes human population whose values will never be negative. We
therefore assume that all variables and parameters are non-negative for all time,

t > 0. Thus solutions of model (5.2) are positive.

5.4 [Existence and Uniqueness of the Model Solutions

In this section, existence and uniqueness of solutions for the Caputo operator is
explored with the help of fixed point theory. Let Q(G) denote a Banach space

consisting of real valued functions over the interval G=[0,a] with norm defined by;

IS = suprec| S

1| = supeec|l1(2)]]

66



This

1R[] = suprecl|| R(#)]]
1Bl = supiec| B

norm is given by [|(5, 1, R, B)|| = |[S]| + [[1]| + | &[] + || B]

Proof. Using Caputo integral, model (5.2) is written in the form

S = SO+ Iidh - =g K +B
1) = 1(0)+° ]&t{wﬁf{Bng) N wbq(1 —Kp):SBBal(T)
R(t) = R(0)+° Ig {mI + pvS — pR}
B(t) = B(0)+° I, {el - B}
From Definition 5.2.3
1 t _1
S(t) = S(0)+ m/o (t—G)* k(G S(G))dG
I(t) = I1(0)+ ﬁ /Dt(t — ) (G, I(@))dG
R(t) = R(0)+ ﬁ /Ot(t — G)* 'ks(G, R(G))dG
Blt) — B(0)+ ﬁ/{) (t— ) ka(G, B(G))AG
The constants ki, ko, k3 and k4 are;
It S®) = A — w@f{Bng) ~ whi(l —Kp):SBBal(T)
ko(t,I(t)) = wef(Bng) L whd _Kf) T%BQI(T) —(n+e+p+o)l
ks(t, R(t)) = ml+pvS—uR
k4(t7 B(t)) = el — ,U/IB

wdSBay(T)  whi(1 — p)vSBau(T)
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The expressions ky (t, S(t)), k2(t, I(t)), ks(t, R(t)) and ky(t, B(t)) satisfy the Lipchitz
conditions with S(t), I(t), R(t) and B(t) having an upper bound. Putting the
functions S(t) and S*(t) into consideration and using similar approach for the

remaining equations yields;

wdSBay(T)  whi(1 — p)vSBau(T) -
K+ B K+ B

1S () = poS(t) = S™ ()l

Let I = [|A, — 58D _ wOlopSBar@ _ 5 — pyS)|

1ka(2, S(8)) = k(8 ST = (1A =

Using the same approach for the remaining equations yields;
1k (2, S(8) = Ea(t, S* (@) < LII(S(E) = S*(0))]
1Ko (t, 1(8)) = Kot I ()| < L[| (Z(2) = I" (1))
ks, R(t)) = ks(t, R* ()| < ]| (R(t) — B (1))

1k, B(t)) = ka(t, B ()| < Ll[(B(t) = B*(1))]]
Hence the Lipchitz condition is satisfied. The equations in (5.5) can also be shown

recursively as;

S.(t) = S(0)+ — / (= Gy (G 8 (G)) G
/ (= G (G Lr (G))G
(1= G)* s (G, Ry (G)) G

(t — G)* " ky(G, Bpr(G))dG (5.6)



Therefore the corresponding differences among the successive terms along with the

initial conditions of the model takes the form

BS(t) = Sult) — Sur(t) = ﬁ /0 (t = G k(G S 1 (G)) — Ky (G S o(G)) VG

(I)Iln<t) = [n(t) - In—1<t) = ﬁ/{] (t - G)a_l{kl(len—l(G)) - kl(Ga In—Q(G))}dG

DRi(t) = Rult) = Ros(t) = ﬁ / (t = G {J1(G, R 1(G)) — I (G, R 5(G))}G
1

OBin(t) = Bu(t) = Bualt) = )/Ot(t—G)a_l{/ﬁ(G,Bn—l(G))—k‘l(G,Bn—2(G)X5dG

IN{e!
From the above equation it is noted that; S,,(t) = >=7_ ®S1;(t), In(t) = >_7_, ®L1;(t),
Rn(t) = Z?:O @le(t) and Bn<t> = Z?:O CI)BU (t)

It can now be considered that

BS) 1 () = Sp_1(t) — Sp_slt)

Ly o1 (t) = Tn-1(t) — Tn—2(?)
cI)Rl,n—l(t) = Rn—l(t) — Rn_g(t)
BBy 1(t) = Bus(t) — B o(t)

Therefore the following are obtained from the above

85 < psh [ (- G os,(@)dG
Or] < st [ (0= 6oL (GG
0RO < psts [ (6= Gr oR,AG) G
08O < psts [ (6= Gr 0B, (@) 53

Hence S(t), I(t), R(t) and B(t) describe the bounded functions and the expressions

k1, ko, ks and k4 satisfy the Lipchitz condition. O
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Theorem 5.4.1. The Caputo cholera epidemic model has a unique solution for
€ [0,a] if ﬁljm <1, j=1,...4.

Proof. Since S(t), 1(t), R(t) and B(t) are bounded and expressions ki, ko, k3 and

ky satisfy the Lipchitz condition. By recursive principle, the above equations (5.8)

implies that;

1251 (O < [1SoM(F—1)"

)
2Ll < ol (k)"
1B R ()] < |rRo<t>u<FT<7;)z3>”
@B ()] < HBo<t)ll(%l4)” (5.9)

Therefore the sequence (5.9) exists and obey the conditions described below;
|PS1, ()] — 0, [|PL1,(t)]]| = 0, || PR1,(2)]| — 0, and || PBy,(t)|| — 0 as n — oo

Therefore

[Sni(t) = Su(B)]] < an:élxﬂ _ X{”ri = i((f‘f‘l-i-l
[ Lni(t) = Ln()]] < ]nz:ilXj X{Hi:))gfﬂ—i—l
Raet) = Ral0)] < ZX e
1Bna(t) @ < jn;il Xi = X{”ri = §f+l+1

Therefore using the hypothesis = 1 l m < 1and S,, I,, R, and B, is the Cauchy
sequence and it implies that the fractional order cholera Caputo derivative has a

unique solution. Hence completes the proof for the desired results for the fractional

order model (5.2). O
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5.5 Iterative Solutions and Stability Analysis

In this section, the analysis of model (5.2) is performed to establish if the Caputo-

fractional between-host cholera model is stable.

Theorem 5.5.1. Let (B, |.||) denote a Banach space and G* define a self map
on B. Further, Z,.1 = h(G*,Z,) shows the recursive expression while C(G*)
denote the fized point set upon G*. Also by definition ||z}, — h(G*,x})| such
that {x € B}. Then the iterative approach x,.1 = h(G*,y,), G* is stable if
lim,, yoo ¢, = 0 for z,.1 = G* where n is taken as the picards iteration then G*

iteration s stable.

The above theorem is summarised as follows; (B, |.||) define a Banach space and

G* is a self map upon B, then for all x,y € B yield;

| wlBSBaoy (T w1 (1 — p)vSBoy (T
Snii(t) = Su(t) + L7z LA — K+j5§ Lo Kp>+B -

wlSBay (T) N wby (1 — p)vSBay (T)
K+ B K+ B

1
Rua(t) = Ra(t) + L7z Ll + pvS — uR]}

—uS —

Li(t) = L)+ LY

1
Bni(t) = Balt) +L71{§L[d — m Bl}
Let P define a self map then

P(Sn(t)) = Snia(t)

wfSBai(T)  wbhi(1 — p)vSBai(T)
K+ B K+ B

P(L,(t)) = Insa(t)

— S — pvS]}

S (t) + LA{%L[{A1 _

1 whSBo(T) N wbi (1 — p)vSBa;(T)

—1 o o
In(t) + L g L2 L (1 + e+ o)}
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PRA(1) = Rusa(6) = Ralt) + L™ g LT + puS — uR])
P(B,(1) = Busa(£) = Balt) + L™ g Llel — B}

Therefore P is stable if the following conditions are satisfied;

whor (T) . whi(1 — p)vau(T)

N £ Jo— (oo + k)] < 1
1— [WGO?((T) fi+ whil _[g)ml(T) fs—(m+et+pu+olk]<l

L—[y+pv—plky <1
1—[€—Ml]k}4<1

Proof. Since the map P is a fixed point, taking the norm of the following

1 wlS, B,ay(T)  whi(1— p)vS,Byai(T)
1 — —_— —_— — J— _
IE g LA = =5, K + B, puSn = w3
1 wlS,, By (T)  wb(1 — p)vSyBrar (T)
1y N 1 i 1 _ o
12 ge Ei K + B, K + B, puSm = 113}

(5 (t) = (Sm(®))l

This implies that;

IPICSn ()] = PLSm DI < 1(Sa(t) = (Sm(D)I] + L_l{%nsn(]n — L)+

“]n(sn - Sm)” + HBn(Sn - Sm)H}

From the above it follows that;



Hence the sequence S,,(t), I,,(t), R,(t) and B,,(t) are convergent and bounded.

Therefore for n =1,2....4, S > 0 for all t we have ;

wlay (T)
K

B wby (1 — p)vay (T)
K

I1P[(Sn(8))] = PI(Sm(O)]I < {1 = [Arfr = fo f3

—(pv + Wk ]}H[(Sn(t) = Sm(D)]]

IP(T.(t))] = Pl(Ln())]]| < {1 — [WQTNT) P l/;)val(T) 4

—(n+ e+ pt o)k HI(In(t) — I (1)

IPI(Bn ()] = PI(Rm (O < {1 = [y = plks}[(Ra(t) = R (D)
I1P[(Bn ()] = P(Bm(O)Il < {1 — [ = p]ka}[[(Bn(t) — B (1)

This completes the proof and it shows that G* iteration is stable. Hence implying

that the between host caputo derivative cholera model is stable.

5.6 Numerical Simulation

In this section, simulation results and discussion of the Caputo-cholera between
host model is presented. The model (5.2) is simulated for different parameter
values of the order of fractional derivative v € [0,1]. The numerical analysis done
based on the iterative solution of the model in order to help in determining the
impact of control measures and sensitive parameters that can help reduce cholera

disease. By fitting the iterative solution of the model (5.2) in MATLAB software,
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simulation results in section (5.6.2) is obtained. This is done using the biological

parameter values from existing literature as in Table (5.1).

1 wlSBa(T)  wbi(1 - p)oSBai(T)

_ 1 b o
B 1 w@SBay(T) | wbi(l —p)vSBay(T)

1
Rua(t) = Ra(t) + Lo LT + puS — uR]}

Bnoii(t) = Bu(t)+ L‘l{%L[el — 11 B} (5.11)
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5.6.1 Parameter Values

The parameters values below have been obtained from existing literature and oth-

ers estimated.

Table 5.1: Parameter values for the Fractional order Between-Host

Cholera Model

Description Parameters Initial value Source
Susceptible S Estimated
2000

Temperature T 0 < Ty < 23°C and Estimated
23°C < T < 43°C

Natural death rate i 0.06 day—* [5]

disease induced death o 0.7 day ™1 5]

vaccine v 0.2 [5]

Recovery rate o 0.1 day™* [5]

Recruitment rate of S Ay 0.02 day* Estimated

Caputo operator Q 0<a<l Estimated

Natural death rate of B 1 0.06 day—* Estimated

Effective contact rate 0 0.6 day~! Estimated

Transmission  probability 6, 0.2 day~* Estimated

for vaccinated group

Fraction of vaccinated indi- p 0.30 day™! Estimated

viduals who don’t get in-
fected

5.6.2 Simulation Results and Discussion

The figures 5.1, 5.2 and 5.3 describes the model’s different solutions illustrated

graphically for different values of a.. From Figure (5.1) it can be seen that healthy

individuals increases with decreases in the caputo operator o. The results show

that healthy individuals increases with decreases in the caputo operator a in the

range 0.4 to 0.7 as temperature increases in the range T = 23°C to T = 43°C.
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Figure 5.1: Graph of (S) against tile as Caputo operator increases.

For recovered individuals the population increases as « increases as shown in Figure

0.18 T T T T T T T
R, alpha=0.8
0.16 + R, alpha=0.9 =
R, alpha=0.7
0.14 - R, alpha=0.6 i
0.12 n
o
S o1r =
o
S
—
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0.04
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(0]
(0] 50 100 150 200 250 300 350 400

Time in mins

Figure 5.2: Graph of (R) against time as Caputo operator increases.
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The impact of effective contact rate € is shown in Figure (5.3). It is observed that
this parameter is reduced when 23°C' < T' < 43°C, thus significance decrease in
cases of infection as Caputo operator v decreases. When o = 0.9, T' = 23°C, o =
0.7, T =28°C, o = 0.6, T'= 35°C and a = 0.4, T = 43°C, This shows that cholera
incidence can be reduced if the environmental temperature is varied in the interval
23°C' < T < 43°C and through this the environmental vibrios are reduced.

< 10%

T
, alpha=0.4
, alpha=0.9
, alpha=0.6
, alpha=0.7

(0] 50 100 150 200 250 300 350 400
Time in mins

Figure 5.3: Graph of (I) against time as Caputo operator increases with
23°C < T < 43°C.

5.7 Conclusion

A fractional order cholera model has been presented, the existence and uniqueness
of solutions of the model has been done with the help of fixed point theory and
the results shows that S(t), I(t), R(t) and B(t) describe the bounded functions.
Iterative solution of the model show that its solution are stable. Numerical solution
of the model shows that population of healthy individuals will increase as Caputo
operator « decreases. Also as the contact rate increases when «;(7T) is in the range
23°C' < T < 43°C then there will be significance decrease in cholera disease, this

reduces the environmental vibrios.
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CHAPTER SIX
CONCLUSION AND RECOMMENDATION

6.1 Introduction

In this chapter, the conclusion of this study is presented. This will enable us to
draw recommendations of the study. We therefore make conclusions and recom-
mendations in section (6.2) and (6.3) respectively, the recommendations are in line

with the results of the study as in Chapter 3, Chapter 4 and Chapter 5 respectively.

6.2 Conclusion

This study focused on developing both within-host and between-host cholera model.
The main focus was to investigate the impact of vaccination on the dynamics of
in-host cholera infection. The findings shows that if vaccine efficacy « is high then
the rate of infection of cells will be low. The I F'E point of the models are both
locally and globally asymptotically stable. I E point is also locally asymptotically
stable when Ry > 1. Numerical analysis shows that when the vaccine efficacy is
high, there will be low infection of cells. Numerical simulation of the between-host
model 4.1 shows that Vibrio cholerae pathogens can spread and multiply faster
under low temperatures of 7' < 23°C' but between 23°C < T' < 43°C' their multi-
plication and spread is hindered, which implies that they can cause infection at a
higher rate when the temperature is low but at high temperature cholera infection
is reduced. Sensitivity shows that an increase in infection rate of pathogen a; that
is dependent on temperature by 10% would increase Ry by 10% and decreasing
it by 10% reduces Ry by 10%. It further shows that the effective contact rate
0 on unvaccinated individuals will increase Ry by 15.9% while the transmission

probability for the vaccinated group ¢; would be much less since if individuals are
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vaccinated their probability of getting infected would reduce by 4.44%. Therefore
increasing the temperature of the environment would help reduce the infection
rate of the pathogen that depends on temperature since this would help reduce
the reproduction number, Ry. A fractional order cholera model has been presented
in Chapter 5, the existence and uniqueness of solutions of the model has been done
with the help of fixed point theory and the results shows that the solutions are
bounded. Iterative solution of the model show that the solution of the model is
stable which conforms to the analysis done in Chapter 4. Numerical solution of
the model shows that population of healthy individuals will increase as Caputo
operator « decreases. Also as the contact rate increases when «;(7) is in the
range 23°C' < T < 43°C' then there will be significance decrease in infection since
there will be reduction in environmental vibrios. Finally the numerical simula-
tion of the Caputo fractional order derivative shows that cholera disease outbreaks
mostly occurs when there is low temperature of the environment hence useful in

predicting cholera outbreaks.

6.3 Recommendations

Since in our model analysis we observed that when vaccine efficacy is high the
number of cells getting infected reduces, and the lower the temperature of the
environment the higher the rate of infection, The study, therefore, recommends
that human population in cholera endemic areas should be vaccinated against
cholera before any outbreak occurs. This could help reduce the burden of cholera
disease when there is an outbreak. Secondly, since increasing the temperature of
food /water before consumption reduces the infection rate of pathogens, the study
therefore recommends that the public should be made aware that heating food

before consumption should be mandatory.
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